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Abstract We prove the existence of a traveling wave solution of the equation
u; = Au + |Vul?u in an infinitely long cylinder of radius R, which connects
two locally stable and axially symmetric steady states at x3 = Fo00. Here u is a
director field with values in S*> € R3: |u| = 1. The traveling wave has a singular
point on the cylinder axis. Letting R — 0o we obtain a traveling wave defined in
all space.

Keywords Harmonic map - Director field - Traveling wave - Singularity -
Calculus of variations - Bistable potential

1 Introduction

Let u be a unit vector in R3 defined on the disk Dp C R? of radius R. Consid-
ering the Dirichlet integral | Dr |Vu|?dx for u € H'(Dg; S?), the corresponding
Euler-Lagrange equation is (see [24])

Au + |Vu|2u =0 inDp:= {(xl,xz) :x% +x22 < Rz}. (D)
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Given a constant b > %, we associate to Eq. (1) the boundary condition

2bx 2bxy 1—b*R2
1+b2R2’ 1+b2R?’ 1+b2R?

M(XLXZ):HI:(XLXZ)::( ) for (x1, x2) €9dDg.

(2)
Setting r := , /xl2 + x%, the following two functions are solutions of (1)—(2):
( ) 2bx) 2bxy 1 —b*r?
Uy (xy, x2) := , ) )
DA 14622 14652 1 + b22
2bR?x;  2bR?>xy 12 —b*R*
-1, X) = e T IR 2 L p2RA )
r<=+b*R* r=+b-R* r<+Db-R
Observe that |u4| = |u—| = 1, and that, since bR > 1,
8 8h*R?
/ Vu_Pdx = — = < / Vi Pdx = ——. 3)
D 1+b°R Dk 1+ bh2R

More precisely, u_ is a global minimizer of the Dirichlet integral in H'(Dg; S?)
subject to the boundary condition (2), while u is a local minimizer.
In the present paper we consider traveling wave solutions of the equation

u; = Au+|Vul’u inDg xR 4
which connect ©_ at x3 = —00 to u4 at x3 = oo:
u(xy, x2, x3,t) = v(xy, x2,x3 —ct) € Sz,
where ¢ € R and the function v = v(xy, x2, z) is a solution of the problem

Av+cv, + |VvPv=0and |v|]=1 inDg xR
v(xy, x2, £00) = ux(xy, x2) for (x1, x2) € Dg
v =up ondDpg x R.

In other words, the traveling wave is a connecting orbit between the two harmonic
maps #_ and u .

In view of the energy inequality (3) and the bistable character of the Dirich-
let integral, we expect that there exists a solution v for a certain positive wave
speed, cg. Actually, a similar result holds for bistable Ginzburg-Landau systems
[18], which can be considered as approximations of our problem (see [24]). In
the present paper we shall construct a traveling wave with speed cg > 0.In a
forthcoming paper [3] we shall use this construction to prove the existence of a
traveling wave for all wave speeds ¢ € R, a most surprising result which is un-
doubtfully counterintuitive, in particular if ¢ < 0. As we shall see in [3], this
result is intimately related to a nonuniqueness property of initial-boundary value
problems for Eq. (4) (see also [4, 5, 22]).
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Before stating our main results we observe that the asymptotic states u+ are
axially symmetric and can be written as

U (X1, xp) = (x—l sin B (r), 22 sin 64 (r), cos Qi(r)),
r r

where
04+ (r) := 2arctan(br) for0 <r <R,
bR? r
O_(r) :=2arctan| — | =7 — 2arctan | — forO <r <R.
r bR?

Therefore it is natural to consider axially symmetric traveling waves:
X1 . X2 .
v(xy,x2,z) = | —sinf(r, z), —sinb(r, z),cosO(r, z) |,
r r

where 6, the so-called angle function, is a solution of the problem

1 sin(20) ,
Orr + =0 +922+692—T=0 in(0,R) xR
r I
(Ie.R) Y O(R, 2) = 2 arctan(bR) forz € R
0(r, £o0) = 0+(r) for0 <r < R.

The axial symmetry implies that v(0, 0, z) = (0,0, 1). Since v(0, 0, £00) =
u+(0,0) = (0,0, £1), we expect that any solution of problem I. g has at least
one singular point at the cylinder axis (although, in principle, the singularity could
also occur at z = £00). This is confirmed by the following result:

Theorem 1.1 Let b, R > 0 be such that bR > 1. Then there exists cg > 0 such
that Problem I, r has a solution, O, which satisfies:

(i) O is real analytic in [0, R] x R\ {(0, 0)};

(ii) 0r(0,z) = ifz < 0,0g(0,2) =0ifz > 0;

(iii) O is strictly decreasing with respect to z in (0, R) x R;

(iv) the limits of Og to 6+ as z — 00 are uniform with respect to r.

The translation invariance of Problem 1. r with respect to z implies that Og
belongs to a one-parameter family of solutions of Problem I. g. If bR < 1,
the energy inequality (3) is reversed and, due to the symmetry of the problem,
Theorem 1.1 continues to hold with cg < 0.

Our second main result concerns the limit problem as R — oo:

1 sin(26) .
Orr + =60 + 0., 4 O, — 52 = 0 inRt xR
r r
(Ieoo) 160, 00) = 2 arctan(br) forr > 0
0@, —oc0)=m forr > 0.

Observe that in this case the equilibrium solution 2 arctan(br) is no longer isolated
and belongs to the continuum {2 arctan(ar) : a > 0}.
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Fig. 1 Qualitative form of the traveling wave solution from Theorem 1.1. In a, the angle variable
0 as a function of z and r is shown as a density plot, with black corresponding to & = 0 and
white to & = . In b, the corresponding vector field is plotted. The wave is moving from left to
right

Theorem 1.2 Let b > 0 and let cg be defined by Theorem 1.1 for all R > }7 Then
CR —> Coo as R — o0 for some co € RY and Problem I, ~ has a solution, 0,
which satisfies:

(i) 6 is real analytic in RT x R\ {(0, 0)};

(ii) 000, 2) = ifz < 0,05(0,2) =0ifz > 0;

(iii) O is strictly decreasing with respect to z in Rt x R;

(iv) the limits of O, as z — £00 are uniform with respect to r.

Let us note that the problem of existence of traveling wave solutions for scalar
reaction-diffusion equations has been studied in great detail (see, e.g. [1, 28]).
In particular, problems in infinite cylinders with Dirichlet boundary data were
treated in [9, 14, 27]. In our case, the situation is complicated by the fact that
the nonlinearity in Problem I., g becomes singular as » — 0. This is why a
variational approach to this problem can be particularly useful.

The proof of Theorem 1.1 is based on the solution of a constrained minimiza-
tion problem which is similar to one introduced by Lucia, Muratov and Novaga in
the context of Ginzburg-Landau problems in cylinders [18-20] (see also the work
[14] of Heinze for a related approach). Methods introduced in [2] will be used to
handle some specific technicalities related to director fields and axial symmetry.
In Sect. 2 we introduce and solve the constrained minimization problem, and in
Sect. 3 we prove Theorem 1.1. In Sect. 4 we consider the limit R — oo and prove
Theorem 1.2.
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2 The constrained minimization problem

In the following, we follow closely the arguments of [19]. Formally the equation

for 6(r, z),

sin(20)
22

is the Euler-Lagrange equation of the functional

R ) )
I ..o o sin“6 y2 sintOp\
/RdZ/O Erec <9] ~|—92 ~|— r2 — (9+) — r—2 di.

The terms of the integrand containing 64 (r) = 2 arctan(br) have been added to
make the functional finite for certain functions 6 behaving like 64 as z — oo.
More precisely, setting f = 6 — 64 and denoting by LZ’,.((O, R) x (—o0, M)),
with —oo < M < 00, the set of Lebesgue measurable functions f on (0, R) X

(—00, M) such that
M R
/ dz/ res f2dr < oo,
—00 0

YM = {feL%,,,((o, R)x (=00, M)): fr, [ %e%,«o, R)x (—00, M),

&

1
Oy + 0, + 0. + . — 0 in(0,R) x R, 5)
r

we define the sets

f(R,z) =0forae.z € R},
Yer ={f € L2,((0, R)xR); f € Y forall M < oo}.

For all f € Y. r we define the functional

M R
. . "z 1 2 1 2
CDC’R(f)::A/Ih—rPooq)év’lR(f)::A/Ilgnoo/_oodZ/o re‘ (Ef' +§fz +V(r, f))dr,
where |
Vi, f):= ﬁ(sinz(ébr + f) — fsin(264) — sin® 6,).
I

It follows from the following proposition that ®. g : Y. p — (—00, 00] is well-
defined. Before stating it we recall an auxiliary result which we shall use several
times (see [2], Lemma A.1).

Lemma 2.1 Forallw € H}_

2 5 102
["5 (w% + S“;zw) dr = [ cos(w(p2)) — cos(w(pn)].
p

(0,00) C C((0,00)) and 0 < p; < p2

2
1
Ifk € Z,a € R and w(r) = kx + 2 arctan(ar), then, for all 0 < p; < p2,

p in2
|5 <w3 + S";j“) dr = | cos(w(py)) — cos(w(p1))|
0

2

1
1 —az,o% _ 1 —az,ol2
1+a%p3 1+a%p?
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Proposition 2.2 Let f € Y. pand 60 = f + 64.Then
(i) fora.e. .z € R

R R
[ <f' e f)) ar = | 5(93 0y - S‘“f*)w;
0 0 2 I I

(ii) there exists C > 0 such that for all 0 < M < oo and b > %

)
=M (f) : / e“dz / ( P00 gy “';%)w

> —CH| fI?, (©6)

where ||| is the norm in the weighted space L%’,. (0, R) x R);
(iii) Ze g (f) = limpy 00 M () exists, and —=CH?|| f|* < Te.r(f) < +00.

Proof (i) Forae. z € R, f(-,z) € C([0, R]) N H'(0, R) and ¥L©2 ¢ 12(0, R)
(see [26]). Here the subscript 7 in L2 and H,! indicates that the usual L? or
Sobolev spaces are to be considered with the weight function r. Since 6(-, z) €
C([0, R1) N H(0, R) and 2202 ¢ 12(0, R) for a.e. z € R, integration by parts
yields that

K R sin(20
/ rfr(r,2)0 dr = —/ Mdr forae.z € R.
0 0 2r

Hence (i) follows from the definition of & and V.

(i1) Since bR > 1,0(R,z) = 2arctan(bR) > % Let pp € (0, R) be such that

O+ (pp) = % For every z € R we define A, = {r € 3=2pp, pp] ; |f(r,2)| >
%} and, denoting by  the 1-dimensional Lebesgue measure,

B={Z€R : M(Az)Zpb<l_%)}={ZeR : M(Az)=pb(l—%>}.

A simple computation shows that I FI% > ;16 p”3 (1-3"1/2) fB e““dz , where ||| is

the norm in L%’,.((O, R) x R). Hence fB e“dz < sz || £ |* for some K > 0.On

the other hand, if z & B there exists p(z) € [p»3~1/2, pp] such that | f(p(2), z)| <
% and therefore [0 (o(2), 2)| < 7. Since O(R, z) > 7, there exists 7(z) € [0, R]
such that 0(r(z),z) = Z.Forae.z € R, f(0, z) is a multiple of 7 [26], and,
using Lemma 2.1 and computing the following integral separately over (0, r(z))

and (r(z), R), we obtain that

/R T (626 + sin?(0.(r, z))d 0 2b%R? ; cR\ B
— “(r,z —dar r > — ora.e. z .
o 2\’ r2 14 b2R?
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By Lemma 2.1

R
Y(z) = f
0

R ) 2p2
o(r, 2b°R
= / % (9’_2(13 )+ w> dr — ——— forae.z e R.
0 r

NS R

: 2 -2
sin“(0(r, z)) sin” 6
(9,,2(r, Dt 0 - = *) dr

1+ b2R2

Hence X(z) > 0 for a.e. z € B, and, for every M > 0,

. —2b°R?
SM(f) > / S()edz >

= e““dz > —2Kb*| f%.
(=00, M]NB 1+ b?R? /(—oo,M]mB

(iii) For every M > 0 we have that

Y (z)e“ dz + / G(z2) 25 R ““d
z)e“ dz 7)) — — e dz,
(—o0,M]NB 14+ b2R2

where G(z) = fOR 5 (62(r, 2) + sin*(0(r, 2))r~2) dr. Since G is nonnegative, =
is nonnegative in R \ B, and fB e“dz < Kb? | f|I*> < oo, the result follows at
once. O

2V (f) = /

(—oo,M\B

Observe that, reasoning as in the proof of (ii), we obtain that

D r(f) = M () = Zer(f) = ZM () ;
(=N — 5M () = —cppie. D

lim
N—o0

Corollary 2.3 The functional &, r : Y. r — (—00, 0] is well defined and
e r(f) = —C2|fII* forall f € Yc g, where ||| is the norm in L2 . ((0, R) xR).
If0 = f+04, then

. Ry sin? 6 sin% 9
O r(f) = /e“dz/ (02 +0P+ -0 - ——T)dr. ®)
R 0o 2 r r

Setting

R
r. (f) Z/dZ/ C cz 2d
(,,R . 4 z r9
R Jo 2

Corollary 2.3 and the following result imply that ®. g is bounded from below on
the set

Xegr i ={f €Yer: Ter(f) =1}
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Lemma 2.4 Forall f € Y. g suchthat f. € Lz,r((O, R) x R)

2
Fer(f) > %Ilfllz,

where]|| - || is the norm in Lf’r((O, R) x R). Moreover, for all z € R

R
2
/rfz(r,z)drf ¢
0

—CzZ

Ler(f). )

c

Proof For ae.r € (0, R) the function f(r, z)e% belongs to H!(R) and hence
vanishes as z — F00. Therefore, integrating by parts and using Holder’s inequal-

ity, we obtain that S| fI> < I /Il - /2l = 1 1ly/2T¢,r(f). The proof of (9) is

equally simple: given any z € R, from the inequality

I R \/_ f 2
ecydy/ r( cf+—z> dr >0
/z 0 Je
we derive that

00 R 1 00 R
cf dy/ re"nydr + —/ dy/ re("yf'zzdr
z 0 CJ; 0

o) R 9 R o] R
> — / dy / re —(f?)dr= / re f2(r, z)dr + ¢ / dy f re® f2dr
P 0 dy 0 P 0

and this last inequality implies (9). O
In the remainder of this section we shall solve the following constrained min-
imization problem for all ¢ > 0:
(MP) Find h € &, g such that &, p(h) =1 g 1= fig{f . r(f).
€Ac,R

Lemma 2.5 There exists My = Mo(b, ¢) such that for any M > Mgy and [ €
XC,R
e r(f) = OYR(f).

Proof Givenany f € X g, we define pp, A;, £(z) (z € R) and B as in the proof
of Proposition 2.2. It follows from (2.9) that

2.2 Db —cz
TP ) ) 2e
T08 < be rfe(r,z)dr < E

NG

for z € B. Since p, = ﬁ, this implies that there exists My = My(b, ¢) such

that B C (—oo, My]. At the same time, for any z € R \ B we have that X(z) > 0
(see proof of Proposition 2.2). So, if M > My, then

Be k() — OV () = Ten(f) — SMe(f) = fM €T (2)dz = 0.
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Proposition 2.6 Let {h,} be a minimizing sequence for ®. g in X, r. Then there
exist h € Y. p and a subsequence, which we denote again by {h,}, such that
hy, — hae.in(0,R) x Rand, for every M > 0,

in(h 0 in(h + 6
b h. . — . sin(h, +64)  sin(h +64) (10)
r r

in Lf’,.((O, R) x (=00, M)) asn — oo, and ®. r(h) <L, g.

Proof Since I'¢ g(h,) = 1, the functions h,; and, by Lemma 2.4, h, are uni-
formly bounded in Lz,,.((O, R) x R). Fixing M > 0, we claim that

in(h, + 0
iy and S ) uniformly bounded in L2, (0, R) x (—o0, M)). (11)
. ,

By (7) and Lemma 2.4,

M R ret? M R
/ dz/ —h2, dr = Z;WR(hn)—/ dzf re*V (r, hy) dr
—00 0 2 ’ —00 0

hy, sin(26 29
<d>cR<hn)+K1+/ dz/ ( Sin26y) | sin *)dr,

2r 2r
where K is a constant depending only on b and c. Observe that % =

hn(rﬁjr)/ and the L%(O, R)-norm of qm’i and 0; are bounded by 2. Hence, inte-
grating by parts and applying Holder’s inequality, we obtain that

M R M
f dz/ re“hi dr < Cy |1+ / d)’/ rehy. dr |,
—00 0 % 0

where C depends on b, ¢, M and Z; g.
Similarly, it follows from the equality

2 M R
hn + 0 1
/ dz/ 2Si0 ( . STt 404 e s, M — -/ dz/ reSh2 dr
2 —00 0

M R ; 20.)h M R ;2 0
+/ €CZdZ/ Md,‘ +/ eCZdZ/ Sln—(+)dr s
—00 0 2r —00 0 2r

that also Sntt0:)
proved (11).

In view of the uniform bounds on #,, it follows from a standard diagonal
procedure that, up to a subsequence, there exists a limit function 4 € Y, r (observe
that, by the compactness of the usual trace operator, 4 vanishes at r = R for
ae.z € R).

is uniformly bonded in Lg,,. ((0, R) x (—o0, M)), and we have
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M

Ifforevery M > 0Oand f €Y CZE’IR we define the functional
R ) 2
. r sin” f sin“ 6
EMy(f) = / e“dz / 5 (f,.2 P = 0~ +) dr
oo 0 7 r

M Ry sin® f 2b2R%eM
— czyg - 2 2 dr — ,
/_Ooe Z/O 5 F+fr+ 2 r S

then, by Proposition 2.2, ®M, (h) = EY, (h+6,) and @Y (h,) = EY (h,+64)
for every n € N. By Fatou’s Lemma

M R .:.2 h ) M R ;.2 h )
/ 7 dz / ST+ 604) 1 liming / e“dz / sy +04)
0 0

o0 r n—oo J_ o 2r

therefore for all M > 0
ollp(h) = EXp(h +64) < liminf EYp (hy + 64) = liminf &7 () .
and, by Lemma 2.5, for all M > M
oM. (h) < liminf ® g(h,) = L, g.
’ n—oo

The thesis follows then from the definition of ® g. m]

Since I'¢ g (h) < 1, we don’t know whether / is a solution of Problem (MP).
The following result provides a criterion for the existence of a minimizer.

Lemma 2.7 If ®, g(w) < 0 (resp. < 0) and I'c gp(w) > O for some w € Y, g,
then Z. g < 0(Zq r < 0)and Problem (MP) has a solution.

Proof Reasoning along the lines of [19], we set a := —c! log(I'¢, g (w)) and
Wy (r,z) == w(r,z —a). Then I'c p(wy) = e“Ter(w) = 1 and P, g(w,) =
e““ P, g(w) <0 (resp. < 0). Hence w, € X, g and Z. g < 0 (resp. Z. g < 0).
IfZ. r = 0, w, itself is a minimizer.
If Z..k < 0, we use the function £ defined by Proposition 2.6 to construct

a minimizer: since 0 < I'c g(h) < 1,d = —c! log(I'c,.r(h)) > 05 setting
ha(r,z) == h(r,z—d) we have that I'c g(hg) = 1 and . g(hg) = e"dCDC,R(h) <
@, r(h) <Z. r.Hence hy is a solution of Problem (MP). a

Proposition 2.8 Let b, R > 0 be such that bR > 1. Then there exists ¢ = cj(b)
such that for every c € (0, cy) Problem (MP) has a solution and I, g < 0.

Proof In view of Lemma 2.7, it is enough to prove that there exists ¢ > 0
such that for all 0 < ¢ < ¢} there exists f € Y g such that ®. g(f) < 0 and
e r(f) > 0.

We define the function

¥ (r, z) := max <2arctan(br), 2 arctan <@)> for (r,z) € [0, R] x R,



Traveling wave solutions of harmonic heat flow 499

where
0 ifz>1
A(z)={bR*(1—2)% if0<z<1
bR? ifz<0.

Observe that 9 (r, z) = 2arctan(br) if z > 1, 9(r,z) = 2arctan(bR%r~1) if
z <0, and, forz € (0, 1),

A
2 arctan (ﬁ> r< %
O(r,z) = r

2 arctan(br) r> %.

Since (A")2A~' = 4pR? in (0, 1), one easily checks that the function f := ¢ —
2 arctan(br) belongs to Y, . It follows from (8) that

0 1 — b2R? ! 1 —bA(2)
@, - 207" " g 207"
e&(f) /_oo 1Y R? Z+/0 C T¥pap

1 1 1
cz 4 2
+/0 e“(A'(2)) <log (1 + bA(z)) T —i—bA(Z)) 4
2 (1-R> L (A2)?
: (m“ ‘1) A

_ 12p2
_2 (ﬂ—i—(e’f— 1)(1+2R2)>.
C

IA

1 + b2R?

Hence there exists ¢ = cx(b) > 0 such that . g(f) < 0 forall ¢ € (0, c}).
O

Now we are ready to prove the main result of this section:

Theorem 2.9 Let b, R > 0 be such that bR > 1.
(i) For all ¢ > 0 the constrained minimization problem (MP) has a solution, h. g.
(ii) There exists ck = cgr(b) > 0 such thatZ., p =0, and

oy 2
Zer=1-— (%) forall c > 0. (12)

Proof letc,¢ > OandletT : Xzp — A& g be the map defined by
T(f)(r,z) = f(r,%z + B), where B = Llog(%). One easily verifies that T
is well-defined and bijective, and that

DT (f) = 1+ (‘

C

2
) (®z(f) —1) forall f € Xsp. (13)
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Let ¢ (b) be defined by Proposition 2.8, let ¢ € (0, ¢j) and let iz p be a mini-
mizer of ®z p on Az . Since T is bijective, relation (13) implies that T (hz ) is
a minimizer of ®. r on A, g, and that

c 1 c .
her(r,z) = hz g (r, —z+ =log (:)) ifc > 0.
¢ c ¢

In particular

2
Tor=1+ (%) (Zeg —1). (14)

Since Z; g < 0, it follows from (14) that there exists cg > ¢ such thatZ., g = 0.
Replacing ¢ by cg in (14), we obtain (12). a

Corollary 2.10 Let cg be defined by Theorem 2.9. Then ®., r(w) > 0 for all
w e YcR, R-

The proof is immediate: if ®., p(w) < 0 for some w € Y., g, then
Lep,r(w) > 0 and, by Lemma 2.7, Z., g < 0. On the other hand, by definition,
Zcr. R = 0 and we have found a contradiction.

3 Proof of Theorem 1.1

In this section we shall prove our first main result:

Theorem 3.1 Let bR > 1 and let cg and h. r be defined by Theorem 2.9. Then
there exists zg € R such that the function

Or(r,z) :=04(r) + hep rR(r,z + 2R)
satisfies all properties listed in Theorem 1.1.

We shall often omit the subscripts of cg, hcg g, g, g and @, g.
The proof of Theorem 3.1 consists of several steps. First we introduce some
function spaces. Let V' be the Hilbert space

V= {n : geLf’,,((O, R)xR); 1y, - € L2,((0, R) xR); n(R, z) = 0 for a.e. }

with scalar product

R uv
(u,v)y = /dz/ re”(l—2 +u, v, +uzvz>dr.
R 0 i

We remark that if n € V, then (0,z) = O for a.e. z € R (see [26]). For each
M > 0 let Sy, be the subspace of V containing the functions n € C 1[0, R] x R)
such that supp(n) € [0, R] X (—o0, M], n(R,z) = 0forz € R, and |||y < oo.
Let V) be the closure of Sys in V. Then V) is a Hilbert space with scalar product

<'7 ')V'
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Lemma 3.2 Letc = cg and h = hey g. Forall € € (0, 1) there exist M > 0 and
n € Vi such that (h-, n:) > 2(1 — &)’ (h) and |n-||*> < (1 + €)2||h-||?, where
(-, -) and || - || are the scalar product and norm in L%’I.((O, R) x R).

Proof Since ||h.||> = 2I'(h), we have that 2(1 — &)["(h) — (h, n.) = (h., h, —
n-) — ellh-|1> < |lh-|l (lh- — n-|| — €llh-|)). Hence it is sufficient to show that for
all e € (0, 1) there exist M > 0 and n € Vj; such that ||h; — n.|| < €]lh;]. Let
{gn} C Cé((O, R) x R) be a sequence such that g, — h; in L%’r((O, R) x R). For
every n € N we define

nu(r, z) := —f gn(r,t)dt (r,z) € [0, R] x R.

For all n € N there exists M,, > 0 such that n, = 0 in [0, R] x (M,, 00).
Moreover, n,(R, z) = 0for z € R and ||n,||ly < oo. Therefore n, € Vy, for all
n, and, since (n,); = gn, the proof is complete. O

Proposition 3.3 Let ¢ = cgp and h = h¢y r. Then h is a distributional solution of
the equation

h sin(2h + 26,.) — sin(26
hzz 4 chz + hyr + ;_~r N ( 2—:)2 ( +) =

0 in(0,R) x R. (15)

Proof For M > 0 we define the following functionals on V;:
Fy(m) = ®(h+n) and Gy =Th+n).

Gy is locally Lipschitz continuous on Vyy, Frechet differentiable in zero and its
differential in 0 is VG () = (h;, n;). By Lemma 3.2, VG #£ Oon Vy if M
is large enough.

Also F); is differentiable in O and its differential in O is

R in(2h + 20.) — sin(260
VFEy(n) = /dz/ re (VhVn—i— sin(2h + +)2 sin(20.+) n) dr.
R 0 2}’

LetGy ={neVy : :Gyn) =Gu0)} ={n e Vy :T'(h+n) = 1}. Since
n+he X g forall n € Gy, we have that ®(h) < ®(h +n) if n € Gy. By the
Lagrange’s multiplier theorem and the inclusion Vy; € Vyy for M’ > M, there
exists A € Rsuchthat VFy; = AVGys on V) for all M > 0. In particular, for all
n e Cé((O, R) x R) we have that

R in(2h + 26,) — sin(20
/dz/ ret? (hrnr +(1 _)\)hznz + Sln( + +) SlIl( -l-))7 dr — 07
R 0

2r2
(16)
i.e. h is a distributional solution of the equation
h in(2h + 264) — sin(20
(U= 2) e ) by 40— SNCAE200) ZS0@0) 5 0 Ry xR,
r

2r2
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It remains to prove that A = 0. By Lemma 3.2, applied with ¢ = %, there exist

M > 0and n € Vi such that (h.,n.) > ['(h) = land ||In:| < 3|h| = %
where the scalar product and the norm are taken in L%y +((0, R) x R).
First we suppose that A > 0. Leta < 0 and 5, := an. Then

VEy(a) = AVGy(a) = ralhz, n:) < ra <0,

whence
D(h+1ny) < D) +ra+|nllyoa@) asa— 0.

Since & (h) = 0, we can choose a < 0 so small that ® (% + n,) < 0. On the other
hand, since & + 1, € Y¢,, g it follows from Corollary 2.10 that ® (% 41,) > 0 and
we have found a contradiction.

Hence 1 < 0. Arguing by contradiction we suppose that & < 0. Reasoning as
before, with a > 0 instead of a < 0, the result follows at once. O

Standard regularity theory (see [17]) implies

Corollary 3.4 Let ¢ = cg and h = hey g. Then h is real analytic in (0, R] x R,
h is a classical solution of (15) in (0, R] x R, and h(R, z) = 0 for everyz € R.

Proposition 3.5 Let h = h¢, g. Then

0<h(r,z) <e@):=mx —2arctan (#) — 2 arctan(br) (17

forO0 <r <RandzeR.

We observe that, properly speaking, Proposition 3.5, as well as some Proposi-

tions to be announced below, should state that “we may assume that / satisfies....”,
meaning that we can choose the minimizing sequence {/,} such that its limit %
satisfies the required property.
Proof Let f1(r,z) = max(0, h(r,z)) and fo(r,z) = min(f;(r, z), ¢(r)). Rea-
soning as in the proof of Theorem 4.1(ii) in [2], it follows that f; € Y., r, I'(f2) <
I(f1) =T, 2(f2) = 2(f1) = E(h) = (f2) = P(f1) < P(h) = 0. At the
same time I'(f;) > 0, since I'(f;) = 0 would imply f; = 0 and then we would
have 0 = X(f;) < X(h) = ®(h) — I'(h) = —1, which is clearly absurd.

Arguing as in the first part of the proof of Lemma 2.7, there exists a con-
stant k& such that the function f>(r,z — k) belongs to X, g and is a mini-
mizer of Problem (MP). Replacing h(r, z) by f2(r,z — k) we have shown that
0 < fo(r,z — k) < @(r). The strict inequalities follow from the strong maximum
principle. O
Lemma 3.6 Leth = hey, g. Then h(-,z) — 0in C2_((0, R]) as z — oc.

loc

Proof Let p € (0, R) be fixed and let W, (z) = pr h2(r, z) dr. Tt follows from
Lemma 2.4 that [p e“W,(z)dz < %, whence fooo W,(z)dz < oo. Standard

Schauder estimates (see [17]) imply that there exists K = K(c,b,A,p) > 0
such that

||h||C4([p,R]xR) <K. (18)
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Hence W, is uniformly Lipschitz continuous in R and 4(-, z) — Oin L%(p, R) as

z — 00. The convergence in C 2([p, R] x R) follows from (18) and the arbitrari-
ness of p completes the proof. O

Lemma 3.7 Let h = h¢, gr. Then h; < 0in (0, R) x R.

Proof Arguing as in Sect. 5 of [2], we apply a one-dimensional rearrangement
technique (with respect to z) to 8(r, z) = h(r, z) + 64+(r), or, equivalently, to 4.
This procedure yields a function # € Y..r which is nondecreasing with respect
to z and satisfies 0 < I'(h) < 1and ®(h) < ®(h) = 0. It is better to remark
that I'(h) > O follows from the observation that Vi € (0, R) sup,.g h(r, z) =
sup,cg h(r, z) > 0, while I'(h) = 0 would imply / = 0. Arguing as in the proof
of Lemma 2.7, a suitable translation of / with respect to z yields a minimizer of
Problem (MP) which is decreasing in z. The strict monotonicity follows from the
strong maximum principle. O

Proposition 3.8 Let h = hcj, g. Then there exists zg € R such that h(0,z) =
ifz<zpand h(0,z) =0ifz > zp.

Proof Since h(0,z) = lim,_, o+ h(r, z) = k(z)m forsome k(z) € Zforae.z e R
[26], Theorem 3.5 implies that k(z) is either O or 1. Hence, by Lemma 3.7, there
are three possibilities for the behavior of (0, z):

(A) h e C([0, R] x R) and h(0,z) =0 forall z € R;
(B) there exists zg € R such that (0, z) = w if z<zg and h(0, z) = 0 if z > zp;
(C) heC(0,R] xR)and h(0,z) = forall z € R.

We have to prove that cases (A) and (C) do not occur.

Arguing by contradiction, we first suppose that case (C) occurs. Let 6 =
h+64,a > band 0 < p < 1. By Lemma 3.6, there exists z, such that
0 < 9(5,2) < 2arctan p for all z > z,. Since 0(0,z) = 7 for all z € R, it
follows from Lemma 2.1 that

00 R, sin 6 »  sin?6
czq — 02 —(6) - ) ar
/z e Z/O 2 7 + r2 ( +) ’.2 Uy

Hence ® (k) = oo and we have found a contradiction.
It remains to exclude case A: suppose that 7 € C ([0, R] x R) and h(0, z) =
6(0, z) = 0 for all z € R. Then, by Lemma 2.1,

R 1 R c 02 0 .2 9
0 \2 0 r ’

for a.e. z € R. Hence ®(h) > I'(h) = 1. But ®(h) = 0 and we have found a
contradiction. O
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Proposition 3.9 Let h = h, r. Then

he.z) — 0 asz— oo
¢ asz—> —o0

. 2
n Cloc

((0, R)) and uniformly in [0, R], where ¢(r) is defined by (17).

Proof The convergence to 0 as z — 00 is an immediate consequence of Proposi-
tion 3.8 and Lemmas 3.6 and 3.7.

Since h, < 0, the limit H(r) := lim,_, o h(r, z) is well-defined for all
r € [0, R] and satisfies 0 < H < ¢ and H(R) = 0. By (18), h(-,z) — H in
CIZOC((O, R]) as z - —o0, and, for all » € (0, R], h.(r, z) and h.(r, z) vanish as
z — —o0. Hence H € C2((0, R]) and satisfies

H,  sin@H +26,) — sin(26
H,y 4 Hr _ SnGH & 2*; SN0 _ o in (0, R).
r r

It follows from Proposition 3.8 and Lemma 3.7 that H is continuous down to
r = 0and H(0) = m. Setting 6_ = H 4 604, we have that 0_ is a classical
solution of

Yo + 4 — B0 — 0 in (0, R)
v () =m, Y(R)=2arctan(bR) (19)
O04(r) =¥ () <) +04(r) in [0, R].

This problem has a unique solution, 7 — 2 arctan(b~'R~2r), and hence H = ¢ in
(0, R).

As before, the uniform convergence to ¢ in [0, R] follows from Proposition 3.8
and Lemma 3.7. O

Theorem 3.1 follows almost at once from Propositions 3.4, 3.8 and 3.9, Corol-

lary 3.4 and Lemma 3.7. We omit the proof of the real analyticity of h., g in
[0, R] x R\ {(0, zg)}. It is similar to the proof of Proposition 6.3 in [2].

4 Proof of Theorem 1.2

In this section we consider the limit of s., g as R — 00 to construct a solution
of Problem I, o0, Where co is the limit of cg as R — oo. Here cg and A, g
are defined by Theorem 2.9 (throughout this section we shall assume that b > 0
is fixed and bR > 1).

We first prove the existence of the limit speed co.

Lemma 4.1 The wave speed cg is nondecreasing with respect to R and

Coo := lim cp < 00.
R—o0
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Proof Let0 < p < R and

hc,,,p(raz) if0<r<p,zeR

w(r,2) = 0 ifp<r<R,zeR.

Since w € Y., g and @, g(w) = D¢, p(hc,.p) = 0, it follows from Lemma 2.7
that ICP,R(w) < 0. Hence, by (12), ¢, < cg.

It remains to show that cg < C for a constant C which does not depend on R.
By Proposition 2.2, there exists a constant K such that

0= Pcp.rlhep ) = Beg.r(hep.g) + 1= —Kb* || heg > + 1
for all » and R, and by Lemma 2.4,

—8K b?
0> s— +1=cr =+V8KD.
CR
O
The following result can be viewed as a stronger version of Proposition 3.8.

Lemma 4.2 There exist z* ,z7 € Rand 0 <r* < ,l) such that for all R > %

hopk +0s > 5 in [0, R] x (=00,2%) 0)
and

h 0p <= in[0.r"] x (2 21
cr. R+ +<3 in[0,r7] x (27, 00) (21)

Proof To prove (20) we argue by contradiction and suppose that for all n € N
there exist R, > %, r, €10, R,] and z, — —o0 as n — oo such that

b
On(rn, zn) < 7
where 0, = hey, g, + 04 The monotonicity with respect to z implies that
On(rn, z) < % forz > z,.

Setting

Zn Ry CR,Z - 2 -2
re“Rn sin“ 0 sin“ 0

Ap =/ dz/ > ((en),? + =0 *) dr,
oo 0 r r

it follows from Lemma 2.1, applied in the intervals (0, r,) and (r,, R,) for z > z,,
that

0= CI)CR”,R" (hn) = 1—1CR,Z,R,, (hn) + An =1+ An.

Hence A, < —1. On the other hand, using again Lemma 2.1,

n 1 — b?R? T
A, > 2/ JR i ——— —2/ efnfdz - 0 asn — oo,
1+ b°R2

—0o0 —00
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where we have used that z;, — —oo and cg, is uniformly bounded (by
Lemma 4.1). Hence we have found a contradiction.

It remains to prove (21). Let a > b and p > 0 be such that ap < 1, i.e.

2arctan(ap) < 7. It follows from the proof of Lemma 3.6 that the convergence

of hep,r t00in C([p, R]) as z — oo is uniform with respect to R. Hence, setting
Ocg,R = hcg,r + 04 there exists z, € R such that for all R > %

Ocg,R < 2arctan(ar) in[p, R] x (z,, 00).

We claim that there exists z* > z, such that (21) holds with 7* = p. Arguing by

contradiction we suppose that there exists z,, — 0o, 7, € (0, p) and R;, > /l, such
that, setting 6, = 6., R,

s
On(rn, zn) = 5

Hence .
On(ry, z) > E if z < z,.

Applying, forz, < z < z,, Lemma 2.1 to the intervals (0, ), (rs, p) and (p, R;),
we find that

z R 2 2
R,z nr 5 SIn“ 6, 2 sintop\
/; eCR dZ/o 3 ((9,1),. + 7 (9+) i ) di

P
Zn 1 — 2 )
> / 2 Lp)z efnidz — 0o asz, — 0o,
z 1+ (ap)

P

since cg, is uniformly bounded. Hence 0 = ®., g, (hcg, .R,) — 00 asn — 00
and we have found a contradiction. m|

For any M > 0 we define LA+4 as the Hilbert space formed by all the functions
£ which are measurable on RT x (—oo, M) and for which

M o0
Ifllm s = / dz / rek?| f2dr < o0,
—00 0

with the natural scalar product. Similarly we define the Hilbert space L} with the

norm
o0 o 2
1 f oot = f dz / re® | f2dr
R 0

In what follows we shall denote by 4 g the function

hep r(ryz) ifr <R
0 otherwise.

hgr(r,z) = {

Proposition 4.3 For any R > }7 and M > 0 we have

oh
L% oot < V2
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2. hglloos <28

<
oh in(/
3ok < QSRR ), L < O

where Q and Q' are constants depending only on b, cg and M.

Proof 1t is sufficient to prove the estimates for the functions /., g. Given any
R > 1/b, we can repeat for ., g the same arguments used in the proof of Propo-
sition 2.6 to obtain the estimates for a generic element %, of a minimizing se-
quence. Since P g(heg.r) = Zep.r = 0, the constants Q and Q' only depend
onb,crand M. O

Theorem 4.4 There exist zoo € R and a function hos € C*((0,00) x R) N
([0, 00) x R\ {(0, zoo)}) such that:
(i) hoo solves the differential equation

hy  sin(2h + 264) — sin(20
hzz+coohz+h,,+7r_ ( 2+’)2 (261) _

(ii) hoo(r,z) = 0 as z - 400 and hoo(r,z) - m — 64 as z — —oo uniformly
with respect tor;

(iii) hoo(0,2) =T if 2 < Zoo, hoo(0,2) =0if 2z > zoo;

(iv) hoo is strictly decreasing with respect to z in RT x R;

(v) hso is real analytic in [0, 00) x R\ {(0, zx0)}.

0 in(0,00) xR (22)

Proof Thanks to the Lemma 4.1 and to the uniform bounds 0 < hg < 7, through
Schauder estimates we can get to say that for any p > 0 there exists a constant
K = K(p,b) such that for all R > 1/b  ||hrllcaqp r1xr) < K. By using the
previous estimate and Proposition 4.3 together with Lemma 4.1, we deduce the
existence of a sequence R,, — oo and of a function # € C 2Rt x R) such that

Al) hg, — hinC*([p, p'] x R) forany 0 < p < p';

A2) h,h; € Ly + and A, sin(h)r_1 € Ly + forany M > 0O;
A3) 0<h<m—06y;

Ad) h, <0.

From (A1) follows that 4 is a solution of (22). From (A2) follows (see [26]) that
for a.e. z € R there exists #(0, z) = lin})h(r, z) = k(z)mr with k(z) € Z. In view
r—

of (A3) and (A4) only one of the following cases can occur:

(A) h(0,z) =0forall z € R;

B) h(0,z) = forallz e R;

(C) there exists ¢ € R such that 2(0,z) = 0forz > ¢, h(0,z) = 7w forz < ¢.
Since both (A) and (B) are excluded by Lemma 4.2, we conclude that (C) must
occur.

The monotonicity of 4 with respect to z implies that 2 € C°([0, 00) x R\
{(0, £)}). By reasoning as in the proof of Proposition 6.3 in [2], it easily follows
that 6 := h + 6 is real analytic on the set [0, co) x R\ {(0, ¢)}. So, the same is
true for /.

By the strong maximum principle, 7; < O and 0 < & < 7w — 64 in the set
RT x R.

It follows from (A1) and Proposition 3.9 that 4 (r,z) — 0 as z — +o0 and
h(r,z) — m — 04 as z — —oo uniformly in [p, p'], forany 0 < p < p’. Then,
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(A3) and (A4) imply that in both cases the convergence is actually uniform with
respect tor € [0, 0o). Setting zoo = Mo and /s, = & the proof is complete. O

One easily checks that coo and O (7, z) 1= hoo(r, z + Zoo) + 64+ (1) satisfy
Theorem 1.2.
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