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Abstract We prove the existence of a traveling wave solution of the equation
ut = �u + |∇u|2u in an infinitely long cylinder of radius R, which connects
two locally stable and axially symmetric steady states at x3 = ±∞. Here u is a
director field with values in S

2 ⊂ R
3: |u| = 1. The traveling wave has a singular

point on the cylinder axis. Letting R → ∞ we obtain a traveling wave defined in
all space.

Keywords Harmonic map · Director field · Traveling wave · Singularity ·
Calculus of variations · Bistable potential

1 Introduction

Let u be a unit vector in R
3 defined on the disk DR ⊂ R

2 of radius R. Consid-
ering the Dirichlet integral

∫
DR

|∇u|2dx for u ∈ H1(DR; S
2), the corresponding

Euler-Lagrange equation is (see [24])

�u + |∇u|2u = 0 in DR := {
(x1, x2) : x2

1 + x2
2 < R2}. (1)
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Given a constant b > 1
R , we associate to Eq. (1) the boundary condition

u(x1, x2)=ub(x1, x2) :=
(

2bx1

1+b2 R2
,

2bx2

1+b2 R2
,

1−b2 R2

1+b2 R2

)

for (x1, x2)∈∂ DR .

(2)

Setting r :=
√

x2
1 + x2

2 , the following two functions are solutions of (1)–(2):

u+(x1, x2) :=
(

2bx1

1 + b2r2
,

2bx2

1 + b2r2
,

1 − b2r2

1 + b2r2

)

,

u−(x1, x2) :=
(

2bR2x1

r2 + b2 R4
,

2bR2x2

r2 + b2 R4
,

r2 − b2 R4

r2 + b2 R4

)

.

Observe that |u+| = |u−| = 1, and that, since bR > 1,

∫

DR

|∇u−|2dx = 8π

1 + b2 R2
<

∫

DR

|∇u+|2dx = 8b2 R2π

1 + b2 R2
. (3)

More precisely, u− is a global minimizer of the Dirichlet integral in H1(DR; S
2)

subject to the boundary condition (2), while u+ is a local minimizer.
In the present paper we consider traveling wave solutions of the equation

ut = �u + |∇u|2u in DR × R (4)

which connect u− at x3 = −∞ to u+ at x3 = ∞:

u(x1, x2, x3, t) = v(x1, x2, x3 − ct) ∈ S
2,

where c ∈ R and the function v = v(x1, x2, z) is a solution of the problem
⎧
⎪⎨

⎪⎩

�v + cvz + |∇v|2v = 0 and |v| = 1 in DR × R

v(x1, x2, ±∞) = u±(x1, x2) for (x1, x2) ∈ DR

v = ub on ∂ DR × R.

In other words, the traveling wave is a connecting orbit between the two harmonic
maps u− and u+.

In view of the energy inequality (3) and the bistable character of the Dirich-
let integral, we expect that there exists a solution v for a certain positive wave
speed, cR . Actually, a similar result holds for bistable Ginzburg-Landau systems
[18], which can be considered as approximations of our problem (see [24]). In
the present paper we shall construct a traveling wave with speed cR > 0. In a
forthcoming paper [3] we shall use this construction to prove the existence of a
traveling wave for all wave speeds c ∈ R, a most surprising result which is un-
doubtfully counterintuitive, in particular if c < 0. As we shall see in [3], this
result is intimately related to a nonuniqueness property of initial-boundary value
problems for Eq. (4) (see also [4, 5, 22]).
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Before stating our main results we observe that the asymptotic states u± are
axially symmetric and can be written as

u±(x1, x2) =
(

x1

r
sin θ±(r),

x2

r
sin θ±(r), cos θ±(r)

)

,

where

θ+(r) := 2 arctan(br) for 0 < r ≤ R,

θ−(r) := 2 arctan

(
bR2

r

)

= π − 2 arctan

(
r

bR2

)

for 0 < r ≤ R.

Therefore it is natural to consider axially symmetric traveling waves:

v(x1, x2, z) =
(

x1

r
sin θ(r, z),

x2

r
sin θ(r, z), cos θ(r, z)

)

,

where θ , the so-called angle function, is a solution of the problem

(Ic,R)

⎧
⎪⎪⎨

⎪⎪⎩

θrr + 1

r
θr + θzz + cθz − sin(2θ)

2r2
= 0 in (0, R) × R

θ(R, z) = 2 arctan(bR) for z ∈ R

θ(r, ±∞) = θ±(r) for 0 < r < R.

The axial symmetry implies that v(0, 0, z) = (0, 0, ±1). Since v(0, 0,±∞) =
u±(0, 0) = (0, 0, ±1), we expect that any solution of problem Ic,R has at least
one singular point at the cylinder axis (although, in principle, the singularity could
also occur at z = ±∞). This is confirmed by the following result:

Theorem 1.1 Let b, R > 0 be such that bR > 1. Then there exists cR > 0 such
that Problem IcR ,R has a solution, θR, which satisfies:
(i) θR is real analytic in [0, R] × R \ {(0, 0)};
(ii) θR(0, z) = π if z < 0, θR(0, z) = 0 if z > 0;
(iii) θR is strictly decreasing with respect to z in (0, R) × R;
(iv) the limits of θR to θ± as z → ±∞ are uniform with respect to r .

The translation invariance of Problem Ic,R with respect to z implies that θR
belongs to a one-parameter family of solutions of Problem Ic,R . If bR < 1,
the energy inequality (3) is reversed and, due to the symmetry of the problem,
Theorem 1.1 continues to hold with cR < 0.

Our second main result concerns the limit problem as R → ∞:

(Ic,∞)

⎧
⎪⎪⎨

⎪⎪⎩

θrr + 1

r
θr + θzz + cθz − sin(2θ)

2r2
= 0 in R

+ × R

θ(r, ∞) = 2 arctan(br) for r > 0
θ(r, −∞) = π for r > 0.

Observe that in this case the equilibrium solution 2 arctan(br) is no longer isolated
and belongs to the continuum {2 arctan(ar) : a ≥ 0}.
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Fig. 1 Qualitative form of the traveling wave solution from Theorem 1.1. In a, the angle variable
θ as a function of z and r is shown as a density plot, with black corresponding to θ = 0 and
white to θ = π . In b, the corresponding vector field is plotted. The wave is moving from left to
right

Theorem 1.2 Let b > 0 and let cR be defined by Theorem 1.1 for all R > 1
b . Then

cR → c∞ as R → ∞ for some c∞ ∈ R
+ and Problem Ic∞,∞ has a solution, θ∞,

which satisfies:
(i) θ∞ is real analytic in R

+ × R \ {(0, 0)};
(ii) θ∞(0, z) = π if z < 0, θ∞(0, z) = 0 if z > 0;
(iii) θ∞ is strictly decreasing with respect to z in R

+ × R;
(iv) the limits of θ∞ as z → ±∞ are uniform with respect to r .

Let us note that the problem of existence of traveling wave solutions for scalar
reaction-diffusion equations has been studied in great detail (see, e.g. [1, 28]).
In particular, problems in infinite cylinders with Dirichlet boundary data were
treated in [9, 14, 27]. In our case, the situation is complicated by the fact that
the nonlinearity in Problem IcR ,R becomes singular as r → 0. This is why a
variational approach to this problem can be particularly useful.

The proof of Theorem 1.1 is based on the solution of a constrained minimiza-
tion problem which is similar to one introduced by Lucia, Muratov and Novaga in
the context of Ginzburg-Landau problems in cylinders [18–20] (see also the work
[14] of Heinze for a related approach). Methods introduced in [2] will be used to
handle some specific technicalities related to director fields and axial symmetry.
In Sect. 2 we introduce and solve the constrained minimization problem, and in
Sect. 3 we prove Theorem 1.1. In Sect. 4 we consider the limit R → ∞ and prove
Theorem 1.2.
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2 The constrained minimization problem

In the following, we follow closely the arguments of [19]. Formally the equation
for θ(r, z),

θrr + 1

r
θr + θzz + cθz − sin(2θ)

2r2
= 0 in (0, R) × R, (5)

is the Euler-Lagrange equation of the functional
∫

R

dz
∫ R

0

1

2
recz

(

θ2
r + θ2

z + sin2 θ

r2
− (θ ′+)2 − sin2 θ+

r2

)

dr.

The terms of the integrand containing θ+(r) = 2 arctan(br) have been added to
make the functional finite for certain functions θ behaving like θ+ as z → ∞.
More precisely, setting f = θ − θ+ and denoting by L2

c,r ((0, R) × (−∞, M)),
with −∞ < M ≤ ∞, the set of Lebesgue measurable functions f on (0, R) ×
(−∞, M) such that ∫ M

−∞
dz

∫ R

0
recz f 2dr < ∞,

we define the sets

Y M
c,R =

{

f ∈ L2
c,r ((0, R)×(−∞, M)); fr , fz,

sin f

r
∈ L2

c,r ((0, R)×(−∞, M)),

f (R, z) = 0 for a.e.z ∈ R

}

,

Yc,R = {
f ∈ L2

c,r ((0, R)×R); f ∈ Y M
c,R for all M < ∞}

.

For all f ∈ Yc,R we define the functional

�c,R( f ) := lim
M→∞�M

c,R( f ) := lim
M→∞

∫ M

−∞
dz

∫ R

0
recz

(
1

2
f 2
r + 1

2
f 2
z +V (r, f )

)

dr,

where

V (r, f ) := 1

2r2
(sin2(θ+ + f ) − f sin(2θ+) − sin2 θ+).

It follows from the following proposition that �c,R : Yc,R → (−∞,∞] is well-
defined. Before stating it we recall an auxiliary result which we shall use several
times (see [2], Lemma A.1).

Lemma 2.1 For all w ∈ H1
loc(0,∞) ⊂ C((0, ∞)) and 0 < ρ1 < ρ2

∫ ρ2

ρ1

r

2

(

w2
r + sin2 w

r2

)

dr ≥ | cos(w(ρ2)) − cos(w(ρ1))|.

If k ∈ Z, a ∈ R and w(r) = kπ + 2 arctan(ar), then, for all 0 ≤ ρ1 < ρ2,
∫ ρ2

ρ1

r

2

(

w2
r + sin2 w

r2

)

dr = | cos(w(ρ2)) − cos(w(ρ1))|

=
∣
∣
∣
∣
∣

1 − a2ρ2
2

1 + a2ρ2
2

− 1 − a2ρ2
1

1 + a2ρ2
1

∣
∣
∣
∣
∣
.
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Proposition 2.2 Let f ∈ Yc,R and θ = f + θ+. Then
(i) for a.e. z ∈ R

∫ R

0
r

(
f 2
r

2
+ V (r, f )

)

dr =
∫ R

0

r

2

(

θ2
r + sin2 θ

r2
− (θ ′+)2 − sin2 θ+

r2

)

dr ;

(ii) there exists C > 0 such that for all 0 < M < ∞ and b > 1
R

�M
c,R( f ) :=

∫ M

−∞
eczdz

∫ R

0

r

2

(

θ2
r + sin2 θ

r2
− (θ ′+)2 − sin2 θ+

r2

)

dr

≥ −Cb2‖ f ‖2 , (6)

where ‖·‖ is the norm in the weighted space L2
c,r ((0, R) × R);

(iii) �c,R( f ) := limM→∞ �M
c,R( f ) exists, and −Cb2‖ f ‖2 ≤ �c,R( f ) ≤ +∞.

Proof (i) For a.e. z ∈ R, f (· , z) ∈ C([0, R]) ∩ H1
r (0, R) and sin f (r,z)

r ∈ L2
r (0, R)

(see [26]). Here the subscript r in L2
r and H1

r indicates that the usual L p or
Sobolev spaces are to be considered with the weight function r . Since θ(· , z) ∈
C([0, R]) ∩ H1

r (0, R) and sin θ(r,z)
r ∈ L2

r (0, R) for a.e. z ∈ R, integration by parts
yields that

∫ R

0
r fr (r, z)θ ′+ dr = −

∫ R

0

sin(2θ+) f

2r
dr for a.e. z ∈ R.

Hence (i) follows from the definition of θ and V .

(ii) Since bR > 1, θ(R, z) = 2 arctan(bR) > π
2 . Let ρb ∈ (0, R) be such that

θ+(ρb) = π
3 . For every z ∈ R we define Az = {r ∈ [3−1/2ρb, ρb] ; | f (r, z)| >

π
6 } and, denoting by µ the 1-dimensional Lebesgue measure,

B =
{

z ∈ R : µ(Az) ≥ ρb

(

1 − 1√
3

)}

=
{

z ∈ R : µ(Az) = ρb

(

1− 1√
3

)}

.

A simple computation shows that ‖ f ‖2 ≥ π2ρ2
b

36
√

3
(1−3−1/2)

∫
B ecz dz , where ‖·‖ is

the norm in L2
c,r ((0, R)×R). Hence

∫
B ecz dz ≤ K b2 ‖ f ‖2 for some K > 0. On

the other hand, if z 
∈ B there exists ρ(z) ∈ [ρb3−1/2, ρb] such that | f (ρ(z), z)| ≤
π
6 , and therefore |θ(ρ(z), z)| ≤ π

2 . Since θ(R, z) > π
2 , there exists r(z) ∈ [0, R]

such that θ(r(z), z) = π
2 . For a.e. z ∈ R, f (0, z) is a multiple of π [26], and,

using Lemma 2.1 and computing the following integral separately over (0, r(z))
and (r(z), R), we obtain that

∫ R

0

r

2

(

θ2
r (r, z) + sin2(θ(r, z))

r2
dr

)

dr ≥ 2b2 R2

1 + b2 R2
for a.e. z ∈ R \ B.
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By Lemma 2.1

�(z) :=
∫ R

0

r

2

(

θ2
r (r, z) + sin2(θ(r, z))

r2
− (θ ′+)2 − sin2 θ+

r2

)

dr

=
∫ R

0

r

2

(

θ2
r (r, z) + sin2(θ(r, z))

r2

)

dr − 2b2 R2

1 + b2 R2
for a.e. z ∈ R.

Hence �(z) ≥ 0 for a.e. z 
∈ B, and, for every M > 0,

�M
c,R( f )≥

∫

(−∞,M]∩B
�(z)eczdz ≥ −2b2 R2

1 + b2 R2

∫

(−∞,M]∩B
eczdz ≥ −2K b2‖ f ‖2 .

(iii) For every M > 0 we have that

�M
c,R( f ) =

∫

(−∞,M]\B
�(z)ecz dz +

∫

(−∞,M]∩B

(

G(z) − 2b2 R2

1 + b2 R2

)

ecz dz,

where G(z) = ∫ R
0

r
2

(
θ2

r (r, z) + sin2(θ(r, z))r−2
)

dr . Since G is nonnegative, �

is nonnegative in R \ B, and
∫

B ecz dz ≤ K b2 ‖ f ‖2 < ∞, the result follows at
once. ��

Observe that, reasoning as in the proof of (ii), we obtain that

�c,R( f ) − �M
c,R( f ) ≥ �c,R( f ) − �M

c,R( f )

= lim
N→∞

(
�N

c,R( f ) − �M
c,R( f )

) ≥ −Cb2‖ f ‖2.
(7)

Corollary 2.3 The functional �c,R : Yc,R → (−∞, ∞] is well defined and
�c,R( f ) ≥ −Cb2‖ f ‖2 for all f ∈ Yc,R, where ‖·‖ is the norm in L2

c,r ((0, R)×R).
If θ = f + θ+, then

�c,R( f ) =
∫

R

eczdz
∫ R

0

r

2

(

θ2
r + θ2

z + sin2 θ

r2
− (θ ′+)2 − sin2 θ+

r2

)

dr . (8)

Setting

�c,R( f ) :=
∫

R

dz
∫ R

0

r

2
ecz f 2

z dr,

Corollary 2.3 and the following result imply that �c,R is bounded from below on
the set

Xc,R := { f ∈ Yc,R;�c,R( f ) = 1}.
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Lemma 2.4 For all f ∈ Yc,R such that fz ∈ L2
c,r ((0, R) × R)

�c,R( f ) ≥ c2

8
‖ f ‖2 ,

where‖ · ‖ is the norm in L2
c,r ((0, R) × R). Moreover, for all z ∈ R

∫ R

0
r f 2(r, z) dr ≤ 2e−cz

c
�c,R( f ). (9)

Proof For a.e. r ∈ (0, R) the function f (r, z)e
cz
2 belongs to H1(R) and hence

vanishes as z → ±∞. Therefore, integrating by parts and using Hölder’s inequal-
ity, we obtain that c

2‖ f ‖2 ≤ ‖ f ‖ · ‖ fz‖ = ‖ f ‖√2�c,R( f ). The proof of (9) is
equally simple: given any z ∈ R, from the inequality

∫ ∞

z
ecydy

∫ R

0
r

(√
c f + fz√

c

)2

dr ≥ 0

we derive that

c
∫ ∞

z
dy

∫ R

0
recy f 2dr + 1

c

∫ ∞

z
dy

∫ R

0
recy f 2

z dr

≥ −
∫ ∞

z
dy

∫ R

0
recy ∂

∂y
( f 2)dr =

∫ R

0
recz f 2(r, z) dr + c

∫ ∞

z
dy

∫ R

0
recy f 2dr

and this last inequality implies (9). ��
In the remainder of this section we shall solve the following constrained min-

imization problem for all c > 0:
(MP) Find h ∈ Xc,R such that �c,R(h) = Ic,R := inf

f ∈Xc,R

�c,R( f ) .

Lemma 2.5 There exists M0 = M0(b, c) such that for any M ≥ M0 and f ∈
Xc,R

�c,R( f ) ≥ �M
c,R( f ) .

Proof Given any f ∈ Xc,R , we define ρb, Az, �(z) (z ∈ R) and B as in the proof
of Proposition 2.2. It follows from (2.9) that

π2ρ2
b

108
≤

∫ ρb

ρb√
3

r f 2(r, z)dr ≤ 2e−cz

c

for z ∈ B. Since ρb = 1√
3b

, this implies that there exists M0 = M0(b, c) such

that B ⊆ (−∞, M0]. At the same time, for any z ∈ R \ B we have that �(z) ≥ 0
(see proof of Proposition 2.2). So, if M ≥ M0, then

�c,R( f ) − �M
c,R( f ) ≥ �c,R( f ) − �M

c,R( f ) =
∫ ∞

M
ecz�(z)dz ≥ 0 .

��
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Proposition 2.6 Let {hn} be a minimizing sequence for �c,R in Xc,R. Then there
exist h ∈ Yc,R and a subsequence, which we denote again by {hn}, such that
hn → h a.e. in (0, R) × R and, for every M > 0,

hnr ⇀ hr , hnz ⇀ hz,
sin(hn + θ+)

r
⇀

sin(h + θ+)

r
(10)

in L2
c,r ((0, R) × (−∞, M)) as n → ∞, and �c,R(h) ≤ Ic,R.

Proof Since �c,R(hn) = 1, the functions hnz and, by Lemma 2.4, hn are uni-
formly bounded in L2

c,r ((0, R) × R). Fixing M > 0, we claim that

hnr and
sin(hn + θ+)

r
are uniformly bounded in L2

c,r ((0, R) × (−∞, M)). (11)

By (7) and Lemma 2.4,

∫ M

−∞
dz

∫ R

0

recz

2
h2

nr dr = �M
c,R(hn) −

∫ M

−∞
dz

∫ R

0
recz V (r, hn) dr

≤ �c,R(hn) + K1 +
∫ M

−∞
dz

∫ R

0
ecz

(
hn sin(2θ+)

2r
+ sin2 θ+

2r

)

dr ,

where K1 is a constant depending only on b and c. Observe that hn sin(2θ+)
2r =

hn(rθ
′
+)′ and the L2

r (0, R)-norm of sin θ+
r and θ

′
+ are bounded by 2. Hence, inte-

grating by parts and applying Hölder’s inequality, we obtain that

∫ M

−∞
dz

∫ R

0
reczh2

nr dr ≤ C1

⎛

⎝1 +
√∫ M

−∞
dy

∫ R

0
reczh2

nr dr

⎞

⎠ ,

where C1 depends on b, c, M and Ic,R .
Similarly, it follows from the equality

∫ M

−∞
dz

∫ R

0
recz sin2(hn + θ+)

2r2
dr = �c(hn, M) − 1

2

∫ M

−∞
dz

∫ R

0
reczh2

nr dr

+
∫ M

−∞
eczdz

∫ R

0

sin(2θ+)hn

2r
dr +

∫ M

−∞
eczdz

∫ R

0

sin2(θ+)

2r
dr ,

that also sin(hn+θ+)
r is uniformly bonded in L2

c,r ((0, R)× (−∞, M)), and we have
proved (11).

In view of the uniform bounds on hn , it follows from a standard diagonal
procedure that, up to a subsequence, there exists a limit function h ∈ Yc,R (observe
that, by the compactness of the usual trace operator, h vanishes at r = R for
a.e. z ∈ R).
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If for every M > 0 and f ∈ Y M
c,R we define the functional

E M
c,R( f ) =

∫ M

−∞
eczdz

∫ R

0

r

2

(

f 2
r + f 2

z + sin2 f

r2
− (θ ′+)2 − sin2 θ+

r2

)

dr

=
∫ M

−∞
eczdz

∫ R

0

r

2

(

f 2
r + f 2

z + sin2 f

r2

)

dr − 2b2 R2ecM

c(1 + b2 R2)
,

then, by Proposition 2.2, �M
c,R(h) = E M

c,R(h+θ+) and �M
c,R(hn) = E M

c,R(hn +θ+)
for every n ∈ N. By Fatou’s Lemma

∫ M

−∞
eczdz

∫ R

0

sin2(h + θ+)

2r
dr ≤ lim inf

n→∞

∫ M

−∞
eczdz

∫ R

0

sin2(hn + θ+)

2r
dr ,

therefore for all M > 0

�M
c,R(h) = E M

c,R(h + θ+) ≤ lim inf
n→∞ E M

c,R(hn + θ+) = lim inf
n→∞ �M

c,R(hn) ,

and, by Lemma 2.5, for all M > M0

�M
c,R(h) ≤ lim inf

n→∞ �c,R(hn) = Ic,R .

The thesis follows then from the definition of �c,R . ��
Since �c,R(h) ≤ 1, we don’t know whether h is a solution of Problem (MP).

The following result provides a criterion for the existence of a minimizer.

Lemma 2.7 If �c,R(w) ≤ 0 (resp. < 0) and �c,R(w) > 0 for some w ∈ Yc,R,
then Ic,R ≤ 0 (Ic,R < 0) and Problem (MP) has a solution.

Proof Reasoning along the lines of [19], we set a := −c−1 log(�c,R(w)) and
wa(r, z) := w(r, z − a). Then �c,R(wa) = eca�c,R(w) = 1 and �c,R(wa) =
eca�c,R(w) ≤ 0 (resp. < 0). Hence wa ∈ Xc,R and Ic,R ≤ 0 (resp. Ic,R < 0).

If Ic,R = 0, wa itself is a minimizer.
If Ic,R < 0, we use the function h defined by Proposition 2.6 to construct

a minimizer: since 0 < �c,R(h) ≤ 1, d := −c−1 log(�c,R(h)) ≥ 0; setting
hd(r, z) := h(r, z −d) we have that �c,R(hd) = 1 and �c,R(hd) = ecd�c,R(h) ≤
�c,R(h) ≤ Ic,R . Hence hd is a solution of Problem (MP). ��
Proposition 2.8 Let b, R > 0 be such that bR > 1. Then there exists c∗

R = c∗
R(b)

such that for every c ∈ (0, c∗
R) Problem (MP) has a solution and Ic,R < 0.

Proof In view of Lemma 2.7, it is enough to prove that there exists c∗
R > 0

such that for all 0 < c < c∗
R there exists f ∈ Yc,R such that �c,R( f ) < 0 and

�c,R( f ) > 0.
We define the function

ϑ(r, z) := max

(

2 arctan(br), 2 arctan

(
A(z)

r

))

for (r, z) ∈ [0, R] × R ,
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where

A(z) =

⎧
⎪⎨

⎪⎩

0 if z ≥ 1
bR2(1 − z)2 if 0 < z < 1
bR2 if z ≤ 0 .

Observe that ϑ(r, z) = 2 arctan(br) if z ≥ 1, ϑ(r, z) = 2 arctan(bR2r−1) if
z ≤ 0, and, for z ∈ (0, 1),

ϑ(r, z) =

⎧
⎪⎨

⎪⎩

2 arctan

(
A(z)

r

)

r <

√
A(z)

b

2 arctan(br) r ≥
√

A(z)
b .

Since (A′)2 A−1 = 4bR2 in (0, 1), one easily checks that the function f := ϑ −
2 arctan(br) belongs to Yc,R . It follows from (8) that

�c,R( f ) =
∫ 0

−∞
2ecz 1 − b2 R2

1 + b2 R2
dz +

∫ 1

0
2ecz 1 − bA(z)

1 + bA(z)
dz

+
∫ 1

0
ecz(A′(z))2

(

log

(

1 + 1

bA(z)

)

− 1

1 + bA(z)

)

dz

≤ 2

c

(
1 − b2 R2

1 + b2 R2
+ ec−1

)

+
∫ 1

0
ecz (A′(z))2

bA(z)
dz

= 2

c

(
1 − b2 R2

1 + b2 R2
+ (ec − 1)(1 + 2R2)

)

.

Hence there exists c∗
R = c∗

R(b) > 0 such that �c,R( f ) < 0 for all c ∈ (0, c∗
R).
��

Now we are ready to prove the main result of this section:

Theorem 2.9 Let b, R > 0 be such that bR > 1.
(i) For all c > 0 the constrained minimization problem (MP) has a solution, hc,R.
(ii) There exists cR = cR(b) > 0 such that IcR ,R = 0, and

Ic,R = 1 −
(cR

c

)2
for all c > 0. (12)

Proof Let c, c̃ > 0 and let T : Xc̃,R −→ Xc,R be the map defined by
T ( f )(r, z) ≡ f (r, c

c̃ z + β), where β = 1
c̃ log

( c
c̃

)
. One easily verifies that T

is well-defined and bijective, and that

�c(T ( f )) = 1 +
(

c̃

c

)2

(�c̃( f ) − 1) for all f ∈ Xc̃,R . (13)
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Let c∗
R(b) be defined by Proposition 2.8, let c̃ ∈ (0, c∗

R) and let hc̃,R be a mini-
mizer of �c̃,R on Xc̃,R . Since T is bijective, relation (13) implies that T (hc̃,R) is
a minimizer of �c,R on Xc,R , and that

hc,R(r, z) = hc̃,R

(

r,
c

c̃
z + 1

c̃
log

(c

c̃

))

if c > 0.

In particular

Ic,R = 1 +
(

c̃

c

)2 (
Ic̃,R − 1

)
. (14)

Since Ic̃,R < 0, it follows from (14) that there exists cR > c̃ such that IcR ,R = 0.
Replacing c̃ by cR in (14), we obtain (12). ��
Corollary 2.10 Let cR be defined by Theorem 2.9. Then �cR ,R(w) ≥ 0 for all
w ∈ YcR ,R.

The proof is immediate: if �cR ,R(w) < 0 for some w ∈ YcR ,R , then
�cR ,R(w) > 0 and, by Lemma 2.7, IcR ,R < 0. On the other hand, by definition,
IcR ,R = 0 and we have found a contradiction.

3 Proof of Theorem 1.1

In this section we shall prove our first main result:

Theorem 3.1 Let bR > 1 and let cR and hc,R be defined by Theorem 2.9. Then
there exists zR ∈ R such that the function

θR(r, z) := θ+(r) + hcR ,R(r, z + zR)

satisfies all properties listed in Theorem 1.1.

We shall often omit the subscripts of cR , hcR ,R , �cR ,R and �cR ,R .
The proof of Theorem 3.1 consists of several steps. First we introduce some

function spaces. Let V be the Hilbert space

V :=
{

η : η

r
∈ L2

c,r ((0, R)×R); ηr , ηz ∈ L2
c,r ((0, R)×R); η(R, z) = 0 for a.e.

}

with scalar product

〈u, v〉V =
∫

R

dz
∫ R

0
recz

(
uv

r2
+ urvr + uzvz

)

dr .

We remark that if η ∈ V , then η(0, z) = 0 for a.e. z ∈ R (see [26]). For each
M > 0 let SM be the subspace of V containing the functions η ∈ C1([0, R] × R)
such that supp(η) ⊆ [0, R] × (−∞, M], η(R, z) = 0 for z ∈ R, and ‖η‖V < ∞.
Let VM be the closure of SM in V . Then VM is a Hilbert space with scalar product
〈· , ·〉V .
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Lemma 3.2 Let c = cR and h = hcR ,R. For all ε ∈ (0, 1) there exist M > 0 and
η ∈ VM such that 〈hz, ηz〉 > 2(1 − ε)�(h) and ‖ηz‖2 < (1 + ε)2‖hz‖2, where
〈· , ·〉 and ‖ · ‖ are the scalar product and norm in L2

c,r ((0, R) × R).

Proof Since ‖hz‖2 = 2�(h), we have that 2(1 − ε)�(h) − 〈hz, ηz〉 = 〈hz, hz −
ηz〉 − ε‖hz‖2 ≤ ‖hz‖ (‖hz − ηz‖ − ε‖hz‖). Hence it is sufficient to show that for
all ε ∈ (0, 1) there exist M > 0 and η ∈ VM such that ‖hz − ηz‖ < ε‖hz‖. Let
{gn} ⊂ C1

0((0, R) × R) be a sequence such that gn → hz in L2
c,r ((0, R) × R). For

every n ∈ N we define

ηn(r, z) := −
∫ ∞

z
gn(r, t)dt (r, z) ∈ [0, R] × R .

For all n ∈ N there exists Mn > 0 such that ηn = 0 in [0, R] × (Mn, ∞).
Moreover, ηn(R, z) = 0 for z ∈ R and ‖ηn‖V < ∞. Therefore ηn ∈ VMn for all
n, and, since (ηn)z = gn , the proof is complete. ��
Proposition 3.3 Let c = cR and h = hcR ,R. Then h is a distributional solution of
the equation

hzz + chz + hrr + hr

r
− sin(2h + 2θ+) − sin(2θ+)

2r2
= 0 in (0, R) × R. (15)

Proof For M > 0 we define the following functionals on VM :

FM (η) = �(h + η) and G M (η) = �(h + η) .

G M is locally Lipschitz continuous on VM , Frechet differentiable in zero and its
differential in 0 is ∇G M (η) = 〈hz, ηz〉. By Lemma 3.2, ∇G M 
≡ 0 on VM if M
is large enough.

Also FM is differentiable in 0 and its differential in 0 is

∇FM (η) =
∫

R

dz
∫ R

0
recz

(

∇h∇η + sin(2h + 2θ+) − sin(2θ+)

2r2
η

)

dr .

Let GM := {η ∈ VM : G M (η) = G M (0)} = {η ∈ VM : �(h + η) = 1}. Since
η + h ∈ XcR ,R for all η ∈ GM , we have that �(h) ≤ �(h + η) if η ∈ GM . By the
Lagrange’s multiplier theorem and the inclusion VM ⊆ VM ′ for M ′ > M , there
exists λ ∈ R such that ∇FM = λ∇G M on VM for all M > 0. In particular, for all
η ∈ C1

0((0, R) × R) we have that

∫

R

dz
∫ R

0
recz

(

hrηr + (1 − λ)hzηz + sin(2h + 2θ+) − sin(2θ+)

2r2
η

)

dr = 0,

(16)
i.e. h is a distributional solution of the equation

(1−λ)(hzz + chz)+ hrr + hr

r
− sin(2h + 2θ+) − sin(2θ+)

2r2
= 0 in (0, R)×R.
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It remains to prove that λ = 0. By Lemma 3.2, applied with ε = 1
2 , there exist

M > 0 and η ∈ VM such that 〈hz, ηz〉 > �(h) = 1 and ‖ηz‖ < 3
2‖hz‖ = 3√

2
,

where the scalar product and the norm are taken in L2
c,r ((0, R) × R).

First we suppose that λ > 0. Let a < 0 and ηa := aη. Then

∇FM (ηa) = λ∇G M (ηa) = λa〈hz, ηz〉 < λa < 0,

whence
�(h + ηa) < �(h) + λa + ‖η‖V o(a) as a → 0−.

Since �(h) = 0, we can choose a < 0 so small that �(h + ηa) < 0. On the other
hand, since h +ηa ∈ YcR ,R it follows from Corollary 2.10 that �(h +ηa) ≥ 0 and
we have found a contradiction.

Hence λ ≤ 0. Arguing by contradiction we suppose that λ < 0. Reasoning as
before, with a > 0 instead of a < 0, the result follows at once. ��

Standard regularity theory (see [17]) implies

Corollary 3.4 Let c = cR and h = hcR ,R. Then h is real analytic in (0, R] × R,
h is a classical solution of (15) in (0, R] × R, and h(R, z) = 0 for every z ∈ R.

Proposition 3.5 Let h = hcR ,R. Then

0 < h(r, z) < ϕ(r) := π − 2 arctan
( r

bR2

)
− 2 arctan(br) (17)

for 0 < r ≤ R and z ∈ R.

We observe that, properly speaking, Proposition 3.5, as well as some Proposi-
tions to be announced below, should state that “we may assume that h satisfies....”,
meaning that we can choose the minimizing sequence {hn} such that its limit h
satisfies the required property.
Proof Let f1(r, z) = max(0, h(r, z)) and f2(r, z) = min( f1(r, z), ϕ(r)). Rea-
soning as in the proof of Theorem 4.1(ii) in [2], it follows that fi ∈ YcR ,R , �( f2) ≤
�( f1) ≤ �(h), �( f2) ≤ �( f1) ≤ �(h) ⇒ �( f2) ≤ �( f1) ≤ �(h) = 0. At the
same time �( fi ) > 0, since �( fi ) = 0 would imply fi ≡ 0 and then we would
have 0 = �( fi ) ≤ �(h) = �(h) − �(h) = −1, which is clearly absurd.

Arguing as in the first part of the proof of Lemma 2.7, there exists a con-
stant k such that the function f2(r, z − k) belongs to XcR ,R and is a mini-
mizer of Problem (MP). Replacing h(r, z) by f2(r, z − k) we have shown that
0 ≤ f2(r, z − k) ≤ ϕ(r). The strict inequalities follow from the strong maximum
principle. ��
Lemma 3.6 Let h = hcR ,R. Then h(·, z) → 0 in C2

loc((0, R]) as z → ∞.

Proof Let ρ ∈ (0, R) be fixed and let Wρ(z) = ∫ R
ρ

h2(r, z) dr . It follows from

Lemma 2.4 that
∫
R

ecz Wρ(z) dz ≤ 8
c2ρ

, whence
∫ ∞

0 Wρ(z) dz < ∞. Standard
Schauder estimates (see [17]) imply that there exists K = K (c, b, λ, ρ) > 0
such that

‖h‖C4([ρ,R]×R) ≤ K . (18)
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Hence Wρ is uniformly Lipschitz continuous in R and h(·, z) → 0 in L2(ρ, R) as
z → ∞. The convergence in C2([ρ, R] × R) follows from (18) and the arbitrari-
ness of ρ completes the proof. ��

Lemma 3.7 Let h = hcR ,R. Then hz < 0 in (0, R) × R.

Proof Arguing as in Sect. 5 of [2], we apply a one-dimensional rearrangement
technique (with respect to z) to θ(r, z) = h(r, z) + θ+(r), or, equivalently, to h.
This procedure yields a function h̃ ∈ Yc,R which is nondecreasing with respect
to z and satisfies 0 < �(h̃) ≤ 1 and �(h̃) ≤ �(h) = 0. It is better to remark
that �(h̃) > 0 follows from the observation that ∀r ∈ (0, R) supz∈R h̃(r, z) =
supz∈R h(r, z) > 0, while �(h̃) = 0 would imply h̃ ≡ 0. Arguing as in the proof
of Lemma 2.7, a suitable translation of h̃ with respect to z yields a minimizer of
Problem (MP) which is decreasing in z. The strict monotonicity follows from the
strong maximum principle. ��
Proposition 3.8 Let h = hcR ,R. Then there exists zR ∈ R such that h(0, z) = π
if z < zR and h(0, z) = 0 if z > zR.

Proof Since h(0, z) = limr→0+ h(r, z) = k(z)π for some k(z) ∈ Z for a.e. z ∈ R

[26], Theorem 3.5 implies that k(z) is either 0 or 1. Hence, by Lemma 3.7, there
are three possibilities for the behavior of h(0, z):

(A) h ∈ C([0, R] × R) and h(0, z) = 0 for all z ∈ R;
(B) there exists zR ∈R such that h(0, z) = π if z < zR and h(0, z) = 0 if z > zR ;
(C) h ∈ C([0, R] × R) and h(0, z) = π for all z ∈ R.

We have to prove that cases (A) and (C) do not occur.
Arguing by contradiction, we first suppose that case (C) occurs. Let θ =

h + θ+, a > b and 0 < ρ < 1. By Lemma 3.6, there exists zρ such that
0 < θ(

ρ
a , z) < 2 arctan ρ for all z ≥ zρ . Since θ(0, z) = π for all z ∈ R, it

follows from Lemma 2.1 that

∫ ∞

zρ

eczdz
∫ R

0

r

2

(

θ2
r + sin2 θ

r2
− (

θ ′+
)2 − sin2 θ+

r2

)

dr

≥
∫ ∞

zρ

2

(
1 − ρ2

1 + ρ2

)

eczdz = ∞.

Hence �(h) = ∞ and we have found a contradiction.
It remains to exclude case A: suppose that h ∈ C([0, R] × R) and h(0, z) =

θ(0, z) = 0 for all z ∈ R. Then, by Lemma 2.1,

∫ R

0

(
1

2
|hr |2 + V (r, h)

)

dr =
∫ R

0

(

θ2
r + sin2(θ)

r2
− (θ ′+)2 − sin2(θ+)

r2

)

dr ≥ 0

for a.e. z ∈ R. Hence �(h) ≥ �(h) = 1. But �(h) = 0 and we have found a
contradiction. ��
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Proposition 3.9 Let h = hcR ,R. Then

h(·, z) →
{

0 as z → ∞
ϕ as z → −∞

in C2
loc((0, R]) and uniformly in [0, R], where ϕ(r) is defined by (17).

Proof The convergence to 0 as z → ∞ is an immediate consequence of Proposi-
tion 3.8 and Lemmas 3.6 and 3.7.

Since hz ≤ 0, the limit H(r) := limz→−∞ h(r, z) is well-defined for all
r ∈ [0, R] and satisfies 0 ≤ H ≤ ϕ and H(R) = 0. By (18), h(·, z) → H in
C2

loc((0, R]) as z → −∞, and, for all r ∈ (0, R], hz(r, z) and hzz(r, z) vanish as
z → −∞. Hence H ∈ C2((0, R]) and satisfies

Hrr + Hr

r
− sin(2H + 2θ+) − sin(2θ+)

2r2
= 0 in (0, R).

It follows from Proposition 3.8 and Lemma 3.7 that H is continuous down to
r = 0 and H(0) = π . Setting θ− = H + θ+, we have that θ− is a classical
solution of

⎧
⎪⎨

⎪⎩

ψrr + ψr
r − sin(2ψ)

2r2 = 0 in (0, R)

ψ(0) = π, ψ(R) = 2 arctan(bR)

θ+(r) ≤ ψ(r) ≤ ϕ(r) + θ+(r) in [0, R] .

(19)

This problem has a unique solution, π − 2 arctan(b−1 R−2r), and hence H = ϕ in
(0, R).

As before, the uniform convergence to ϕ in [0, R] follows from Proposition 3.8
and Lemma 3.7. ��

Theorem 3.1 follows almost at once from Propositions 3.4, 3.8 and 3.9, Corol-
lary 3.4 and Lemma 3.7. We omit the proof of the real analyticity of hcR ,R in
[0, R] × R \ {(0, zR)}. It is similar to the proof of Proposition 6.3 in [2].

4 Proof of Theorem 1.2

In this section we consider the limit of hcR ,R as R → ∞ to construct a solution
of Problem Ic∞,∞, where c∞ is the limit of cR as R → ∞. Here cR and hcR ,R
are defined by Theorem 2.9 (throughout this section we shall assume that b > 0
is fixed and bR > 1).

We first prove the existence of the limit speed c∞.

Lemma 4.1 The wave speed cR is nondecreasing with respect to R and

c∞ := lim
R→∞ cR < ∞.
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Proof Let 0 < ρ < R and

w(r, z) =
{

hcρ,ρ(r, z) if 0 ≤ r ≤ ρ, z ∈ R

0 if ρ < r ≤ R, z ∈ R.

Since w ∈ Ycρ,R and �cρ,R(w) = �cρ,ρ(hcρ,ρ) = 0, it follows from Lemma 2.7
that Icρ,R(w) ≤ 0. Hence, by (12), cρ ≤ cR .

It remains to show that cR ≤ C for a constant C which does not depend on R.
By Proposition 2.2, there exists a constant K such that

0 = �cR ,R(hcR ,R) = �cR ,R(hcR ,R) + 1 ≥ −K b2‖hcR ,R‖2 + 1

for all b and R, and by Lemma 2.4,

0 ≥ −8K b2

c2
R

+ 1 ⇒ cR ≤ √
8K b .

��
The following result can be viewed as a stronger version of Proposition 3.8.

Lemma 4.2 There exist z∗−, z∗+ ∈ R and 0 < r∗ < 1
b such that for all R > 1

b

hcR ,R + θ+ >
π

2
in [0, R] × (−∞, z∗−) (20)

and
hcR ,R + θ+ <

π

2
in [0, r∗] × (z∗+, ∞) (21)

Proof To prove (20) we argue by contradiction and suppose that for all n ∈ N

there exist Rn > 1
b , rn ∈ [0, Rn] and zn → −∞ as n → ∞ such that

θn(rn, zn) ≤ π

2
,

where θn = hcRn ,Rn + θ+. The monotonicity with respect to z implies that

θn(rn, z) ≤ π

2
for z ≥ zn .

Setting

An =
∫ zn

−∞
dz

∫ Rn

0

recRn z

2

(

(θn)
2
r + sin2 θn

r2
− (θ ′+)2 − sin2 θ+

r2

)

dr,

it follows from Lemma 2.1, applied in the intervals (0, rn) and (rn, Rn) for z > zn ,
that

0 = �cRn ,Rn (hn) ≥ �cRn ,Rn (hn) + An = 1 + An .

Hence An ≤ −1. On the other hand, using again Lemma 2.1,

An ≥ 2
∫ zn

−∞
ecRn z 1 − b2 R2

n

1 + b2 R2
n

≥ −2
∫ zn

−∞
ecRn zdz → 0 as n → ∞,
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where we have used that zn → −∞ and cRn is uniformly bounded (by
Lemma 4.1). Hence we have found a contradiction.

It remains to prove (21). Let a > b and ρ > 0 be such that aρ < 1, i.e.
2 arctan(aρ) < π

2 . It follows from the proof of Lemma 3.6 that the convergence
of hcR ,R to 0 in C([ρ, R]) as z → ∞ is uniform with respect to R. Hence, setting
θcR ,R = hcR ,R + θ+ there exists zρ ∈ R such that for all R > 1

b

θcR ,R < 2 arctan(ar) in [ρ, R] × (zρ, ∞).

We claim that there exists z∗+ > zρ such that (21) holds with r∗ = ρ. Arguing by
contradiction we suppose that there exists zn → ∞, rn ∈ (0, ρ) and Rn > 1

b such
that, setting θn = θcRn ,Rn ,

θn(rn, zn) = π

2
.

Hence
θn(rn, z) ≥ π

2
if z ≤ zn.

Applying, for zρ < z < zn , Lemma 2.1 to the intervals (0, rn), (rn, ρ) and (ρ, Rn),
we find that

∫ zn

zρ

ecRn zdz
∫ Rn

0

r

2

(

(θn)
2
r + sin2 θn

r2
− (

θ ′+
)2 − sin2 θ+

r2

)

dr

≥
∫ zn

zρ

2

(
1 − (aρ)2

1 + (aρ)2

)

ecRn zdz → ∞ as zn → ∞,

since cRn is uniformly bounded. Hence 0 = �cRn ,Rn (hcRn ,Rn ) → ∞ as n → ∞
and we have found a contradiction. ��

For any M > 0 we define L+
M as the Hilbert space formed by all the functions

f which are measurable on R
+ × (−∞, M) and for which

‖ f ‖M,+ :=
∫ M

−∞
dz

∫ ∞

0
recR z | f |2dr < ∞ ,

with the natural scalar product. Similarly we define the Hilbert space L+∞ with the
norm

‖ f ‖∞,+ :=
∫

R

dz
∫ ∞

0
recR z | f |2dr

In what follows we shall denote by h R the function

h R(r, z) =
{

hcR ,R(r, z) if r ≤ R
0 otherwise.

Proposition 4.3 For any R > 1
b and M > 0 we have

1. ‖ ∂h R
∂z ‖∞,+ ≤ √

2
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2. ‖h R‖∞,+ ≤
√

8
cR

3. ‖ ∂h R
∂r ‖M,+ ≤ Q, ‖ sin(h R)

r ‖M,+ ≤ Q′

where Q and Q′ are constants depending only on b, cR and M.

Proof It is sufficient to prove the estimates for the functions hcR ,R . Given any
R > 1/b, we can repeat for hcR ,R the same arguments used in the proof of Propo-
sition 2.6 to obtain the estimates for a generic element hn of a minimizing se-
quence. Since �cR ,R(hcR ,R) = IcR ,R = 0, the constants Q and Q′ only depend
on b, cR and M . ��
Theorem 4.4 There exist z∞ ∈ R and a function h∞ ∈ C2((0,∞) × R) ∩
C0([0, ∞) × R \ {(0, z∞)}) such that:
(i) h∞ solves the differential equation

hzz + c∞hz + hrr + hr

r
− sin(2h + 2θ+) − sin(2θ+)

2r2
= 0 in (0,∞)×R (22)

(ii) h∞(r, z) → 0 as z → +∞ and h∞(r, z) → π − θ+ as z → −∞ uniformly
with respect to r;
(iii) h∞(0, z) = π if z < z∞, h∞(0, z) = 0 if z > z∞;
(iv) h∞ is strictly decreasing with respect to z in R

+ × R;
(v) h∞ is real analytic in [0,∞) × R \ {(0, z∞)}.
Proof Thanks to the Lemma 4.1 and to the uniform bounds 0 ≤ h R ≤ π , through
Schauder estimates we can get to say that for any ρ > 0 there exists a constant
K = K (ρ, b) such that for all R > 1/b ‖h R‖C4([ρ,R]×R) ≤ K . By using the
previous estimate and Proposition 4.3 together with Lemma 4.1, we deduce the
existence of a sequence Rn → ∞ and of a function h ∈ C2(R+ × R) such that

A1) h Rn → h in C2([ρ, ρ′] × R) for any 0 < ρ < ρ′;
A2) h, hz ∈ L∞,+ and hr , sin(h)r−1 ∈ L M,+ for any M > 0;
A3) 0 ≤ h ≤ π − θ+;
A4) hz ≤ 0.

From (A1) follows that h is a solution of (22). From (A2) follows (see [26]) that
for a.e. z ∈ R there exists h(0, z) = lim

r→0
h(r, z) = k(z)π with k(z) ∈ Z. In view

of (A3) and (A4) only one of the following cases can occur:
(A) h(0, z) = 0 for all z ∈ R;
(B) h(0, z) = π for all z ∈ R;
(C) there exists ζ ∈ R such that h(0, z) = 0 for z > ζ , h(0, z) = π for z < ζ .
Since both (A) and (B) are excluded by Lemma 4.2, we conclude that (C) must
occur.

The monotonicity of h with respect to z implies that h ∈ C0([0, ∞) × R \
{(0, ζ )}). By reasoning as in the proof of Proposition 6.3 in [2], it easily follows
that θ := h + θ+ is real analytic on the set [0,∞) × R \ {(0, ζ )}. So, the same is
true for h.

By the strong maximum principle, hz < 0 and 0 < h < π − θ+ in the set
R

+ × R.
It follows from (A1) and Proposition 3.9 that h(r, z) → 0 as z → +∞ and

h(r, z) → π − θ+ as z → −∞ uniformly in [ρ, ρ′], for any 0 < ρ < ρ′. Then,
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(A3) and (A4) imply that in both cases the convergence is actually uniform with
respect to r ∈ [0,∞). Setting z∞ = M0 and h∞ = h the proof is complete. ��

One easily checks that c∞ and θ∞(r, z) := h∞(r, z + z∞) + θ+(r) satisfy
Theorem 1.2.
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