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Abstract

Intracellular signaling induced by peptide growth factors can stimulate release of these
molecules. In autocrine and paracrine networks, this can establish a positive feedback
loop between ligand binding and ligand release. When coupled to intercellular
communication by autocrine ligands, this positive feedback can generate constant-speed
traveling waves. To demonstrate that, we propose a mechanistic model of autocrine relay
systems. The model is relevant to the physiology of epithelial layers and to a number of
in-vitro experimental formats. Using asymptotic and numerical tools, we find that
traveling waves in autocrine relays exist and have a number of unusual properties, such
as an optimal ligand binding strength necessary for the maximal speed of propagation.
We compare our results to recent observations of autocrine and paracrine systems and

discuss the steps towards experimental tests of our predictions.



Introduction

The versatility of cell-cell communication relies on sophisticated modules for signal
generation, transmission, detection, and processing (Hunter, 2000; Jordan et al., 2000).
Compared to signal detection and intracellular transduction, signal generation and
transmission are relatively poorly understood. For instance, even though the Epidermal
Growth Factor Receptor (EGFR) signaling network has been studied over the past four
decades, the molecules that mediate the release of EGFR ligands are being identified only
now (Schlessinger, 2000; Lee et al., 2001; Merlos-Suarez et al., 2001; Sunnarborg et al.,
2002; Yan et al.,, 2002). Current work on regulated ligand release focuses on the
identification of the relevant molecules and intracellular events (Dello and Rovida, 2002).
At the same time, it is important to understand how these processes operate in tissues
(Peschon, Slack et al. 1998; Kheradmand and Werb 2002). Here, we suggest a role for
regulated ligand release in cell communication within epithelial layers. Motivated by a
number of recent reports of nonlinear behavior mediated by autocrine loops (Wasserman
and Freeman, 1998; Peri et al., 1999; Mandell et al., 2001; Shvartsman et al., 2002), we
develop and analyze a model of ligand generation and transport in autocrine systems.
Based on our analysis, we propose a mechanism for a long-range signal transmission in

epithelial layers.

Many growth factors and cytokines are released by intracellular or cell surface proteases
(Dello and Rovida, 2002). In a number of developmental and physiological contexts,
receptor activation is regulated by ligand release and delivery (Freeman and Gurdon,
2002; Kheradmand and Werb, 2002). The availability and activity of ligand-releasing
enzymes can be regulated both intra- and extracellularly. Notably, these enzymes can be
activated by the signaling pathways that are stimulated by the ligands they release.
Therefore, a positive feedback loop can be established in the regime when the producing
cell effectively recaptures and responds to the secreted ligand (Carpenter, 1999;
Gschwind et al., 2001; Dello and Rovida, 2002). Such feedback from ligand binding to

ligand release is a frequent component of autocrine and paracrine EGFR networks (Dent



et al., 1999; Fan and Derynck, 1999; Gechtman et al., 1999; Freeman, 2000; Chen et al.,
2001).

Intracellular signaling by the Ras-MAPK pathway can mediate positive feedback in the
EGFR system, Figure 1. In Drosophila, MAPK activated by EGFR induces the
transcription of Rhomboid, an intracellular protease, that processes Spitz, a secreted
EGFR ligand (Mantrova and Hsu, 1998; Sapir et al., 1998; Wasserman and Freeman,
1998; Guichard et al., 1999; Bang and Kintner, 2000; Hsu et al., 2001; Lee et al., 2001),
Figure 1A. In mammalian EGFR systems, MAPK can activate the cell-surface ligand-
releasing proteases, such as TACE and Kuzbanian (Peschon et al., 1998; Fan and
Derynck, 1999; Doedens and Black, 2000; Montero et al., 2000; Zhang et al., 2000; Chen
et al., 2001; Merlos-Suarez et al., 2001; Umata et al., 2001; Diaz-Rodriguez et al., 2002;
Montero et al., 2002; Sunnarborg et al., 2002; Yan et al., 2002), Figure 1B. The MAPK-
mediated feedback in the EGFR system is important in a number of developmental and
clinical contexts. The EGFR/MAPK/Rhomboid/Spitz feedback functions throughout the
fruit fly development (Casci and Freeman, 1999). The EGFR/MAPK/TACE/TGFa
network can protect cells against ionizing radiation and prevent the success of cancer
radiotherapy (Hagan et al., 2000; Huang and Harari, 2000; Harari and Huang, 2001).
These feedbacks rely on the regulation of production and/or activity of ligand-releasing
enzymes; other mechanisms relying on the induction of receptor or its ligands have also

been described (Doraiswamy et al., 2000; Albanell et al., 2001).

Here, we report a model-based analysis of cell communication in epithelial layers
equipped with autocrine positive feedback loops. Our main interest is the mechanisms of
signal transmission in autocrine systems. Consider a two-dimensional layer of cells
covered by a medium where a soluble ligand can diffuse, Figure 1C. The upper boundary
of the medium is impermeable to the ligand. The lower boundary, formed by the cellular
layer, can reversibly bind the secreted ligand. The ligand-receptor complexes on the cell
surfaces stimulate the intracellular processes leading to further ligand release, Figure 1D.
Imagine a quiescent epithelial layer, in which ligand release is in the “off” state, Figure

1C. A localized stimulation of the cellular layer creates a localized source of ligand. As a



result, receptor occupancy and, potentially, ligand release would increase in the
neighboring cells. Will this excitation spread across the layer? If yes, then how is the
speed of signal transmission in such an “autocrine relay” related to the parameters in the
modules for ligand release, binding, transport, and signaling? A mechanistic model of
ligand release and transport can provide a systematic framework for addressing these
questions. Quantitative measurements of EGFR binding and signaling enable the
estimation of the relevant time and length scales (Wiley et al., 1991; Lauffenburger and
Linderman, 1993; Dong, 1999; Haugh et al., 1999; Haugh et al., 2000; Burke et al., 2001;
DeWitt et al., 2001; Wiley and Burke, 2001). Theory and computations can probe the

effects of remaining parameters in the model.

A few words on the considered geometry of cell communication. In vitro, this geometry
can be realized within the cell and tissue culture assays, where an epithelial layer or a
confluent monolayer of autocrine cells is covered by liquid medium; the experimentalist
controls the height of the medium (Mandell et al.,, 2001). This arrangement is also
realized in a number of developmental contexts. For example, in Drosophila egg
development, a layer of epithelial follicle cells covers a large oocyte (Spradling, 1993;
Dobens and Raftery, 2000). Both the oocyte and the follicle cells secrete the EGFR
ligands, but EGFR is expressed only in the follicle cells. Hence, ligand diffuses in the gap
between the reflective and the receptor-covered surfaces; the size of this gap is less than

one micron.

The paper is organized as follows. In the next section we present a model for ligand
release, transport, and signaling. We analyze the model using a combination of analytical
and computational tools. First, asymptotic techniques are used to solve the simplified
version of the model in the regime when receptors are in excess and ligand release obeys
a simple threshold-like kinetics. These assumptions are relaxed during the computational
analysis of the model. We conclude with the outline of future directions for modeling and

suggest experimental tests of our predictions.

Model Formulation



Equations and scaling

We consider an infinite layer of cells covered by an extracellular medium of height 4.
The model describes the coupled dynamics of secreted ligands (S), surface receptors (R),

ligand-receptor complexes (C), and ligand-releasing proteases (P). Let us define the

ligand concentration at the cellular layer as S (x,¢)=S5(x,0,¢). O, is the rate of receptor

synthesis; g,and g, denote the linear gains in the protease and ligand production,

respectively. The balance equations and the corresponding boundary conditions take the

following form:
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where ¢ is time, x is the spatial coordinate parallel to the cellular layer, and y is spatial
coordinate perpendicular to it (see Figure 1C). The ligand reversibly binds to receptors at
the cell surface (y = 0). The parameters of the model and their typical values are listed in

Table 1.

The production of the ligand-releasing protease, O'(C), is described by the sigmoidal

function of the number of occupied receptors. This sigmoidal dependence can arise from



the true cooperativity in ligand release and/or from the composition of the intermediate

steps between ligand/receptor binding and protease activation.

The model is rendered dimensionless by the following transformations:
r=tk,, {=x/L,, n=y/h, s=8/S,, c=C/C,, p=P/F,, r=R/R, (6)

where
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The time scale is set by the dynamics of protease degradation. The vertical length scale is
scaled by the height of the medium. The horizontal length scale is derived from the
previous analysis of the spatial extent of autocrine loops. Specifically, the length scale L,
appears in the expressions for the cumulative distribution functions that characterize the
extrema of random trajectories followed by ligands diffusing above the receptor-covered

plane (Shvartsman et al., 2001).

After rescaling, we get:

dos 9’ 1 9%
= RS
ot d¢° o dn (8)
or
—=—y(rs—(1-F)c)-r+1
or ( ) 9
oc  _
T.—=rs—c,
ot (10)
P pro(e),
or (11)



ds 0.

=-a((1-B)c+Bp) %ﬂzl (12)

7=0

55
——=Qars
on

There are six dimensionless parameters in the rescaled model:

a:konROh/D ﬂ:kec/(ko_[}’-i-kec) }/:grgp/(karﬂ)
7,=kDJ(k,R) 7=k [(k, +k,) 7 =k, Jk, (13)

The first of these, a, is the Damkohler number that characterizes the relative rates of

diffusion and binding (Deen, 1998). Note that « is also the ratio of the geometric and

dynamic length scales, & and L,, respectively. The second dimensionless group, [,

characterizes the relative rates of endocytosis and dissociation; ¥ is proportional to the
ratio of the ligand and receptor generation rates (i.e. ratio of g,g, / k, and Q,); 7, 7> and
7. characterize the relative time scales of the extracellular ligand, and of the free and

bound receptors, respectively.
Steady-state multiplicity and traveling fronts

The spatially uniform steady states of Equations 8-12 satisfy:
c—0(c)=0, r=1-pyc, p=0o(), s=cl/(l-pyc). (14)

The first equation is the balance of linear and sigmoidal functions, a classical mechanism
for the generation of steady state multiplicity, Figure 2A (Keener, 1998; Fall et al., 2002).
Thus, depending on the parameters of the sigmoidal nonlinearity, the system of Equations
14 may have either one or two stable steady states. In the case of bistability, the first of
the steady states corresponds to the “off” state of the autocrine loop, with the zero rate of

ligand release — ¢=0, p=0, r=1, s=0. The second steady state corresponds to the



“on” state of the autocrine loop, with nonzero level of ligand-receptor complexes and

appreciable rate of ligand release.

We study how the system switches between the two stable steady states of the autocrine
loop. In particular, we look for solutions in the form of constant speed traveling fronts
that connect these steady states. We analyze the dependence of the front properties on the

molecular, cellular, and geometric parameters of the autocrine relays.

Our main finding is that such fronts may indeed be realized in autocrine relay systems.
They arise as a result of the coupling of cells by secreted autocrine ligands; this coupling
is provided through the diffusion of the ligand in the extracellular space. Note that this
form of coupling is different from the one that is usually encountered in models of
bistable media, in which an autocatalytic substance both propagates by diffusion and
undergoes the autocatalytic reaction at the same time (Mikhailov, 1994; Keener, 1998).
In our model, the diffusing variable is just a messenger mediating communication within
the layer of autocrine cells. The positive feedback results from the interaction between
the messenger and the localized species - in our case, bound receptors and ligand-
releasing proteases. Furthermore, the nature of transport in our problem makes the
coupling nonlocal. A localized change in the values of non-diffusing variables affects the
entire distribution of the messenger concentration. See (Kerner and Osipov, 1994) for

examples of such coupling in a number of physical settings.

The fronts are analyzed using a combination of analytical and computational approaches.
In the computational experiments, we were starting with the autocrine layer in the “off”
state and following the spatiotemporal evolution of the localized disturbance that
activated the protease dynamics. We characterize the shape and speed of the traveling
front that is established after the initial transient period. In the following, the description
of computational experiments is preceded by the discussion of the analytical solution for
the fronts in a certain limiting regime. Specifically, we consider the regime that is
characterized by the fast dynamics of ligand-receptor complexes, the vast excess of

empty receptors, and infinitely sharp nonlinearity of the protease production term. The



analytical solution obtained in this regime enables a complete parametric analysis of the

fronts and reveals a number of their unusual properties.
Analytical solution of the simplified model

The ligand-limited regime is characterized by the small ratio of the rates of ligand release
and receptor synthesis, y<<1. In this case, the first term in the right-hand side of the
equation 9 for the dynamics of empty receptors can be neglected. As a result, the balance
for empty receptors is effectively uncoupled from other variables and the dimensionless
concentration of free receptors is constant: » =1. When the relaxation of ligand-receptor

complexes in the surface layer (7=0) is fast, 7, <<1, these species can be eliminated
using a pseudo-steady state approximation: ¢({,7)=s({,0,7). Thus, under the

conditions 7, <<1, y<<1, the system 8-12 is reduced to the two equations for the

extracellular ligand (s), Equation 8, and the ligand-releasing protease (p), Equation Al in
the Appendix. The only source of nonlinearity is provided the sigmoidal generation term

in protease dynamics. A sharp sigmoidal nonlinearity can be approximated by a

Heaviside function: o(c) = H (¢ —¢, ), Figure 2B. In this case, the problem can be solved

analytically; see Appendix. The main result is the implicit equation that links the front
speed to the geometric, molecular, and cellular parameters of the autocrine loop,
Equation A18. This equation was solved graphically to produce the parametric plots in

the next section.
Results and Discussion
Fronts in the asymptotic regime

In the ligand-limited regime (y <<1) with fast binding (7. <<1) and sharp nonlinearity
(o(c)=H(c—c,)), the properties of propagating fronts depend on four dimensionless

parameters. The value of ¢y defines the threshold of the nonlinearity, 7z; is the relative

time scale for the relaxation of the extracellular ligand, & compares the rates of binding
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and transport, £ depends on the kinetic parameters of the ligand-receptor complex. Given
the values of these parameters, the formulas derived in the Appendix provide the spatial
profile and the speed of the propagating front. Figure 3 presents the spatial profiles of
ligand and protease for a particular set of parameters corresponding to advancing “on”

state of the autocrine loop.

The molecular and cellular parameters, such as the density of cell surface receptors
(R,=0,/k, ) and binding rate constant (%, ) appear in several dimensionless groups;
hence, their effect on the front properties is not immediately obvious. In the ligand-
limited regime, the total number of receptors and the rate constant of the forward binding
reaction always appear as a product, k, R,, that characterizes the intensity of ligand
binding; this product has the dimension of velocity. The kinetic properties of the ligand-
receptor complex are combined in the dimensionless ratio of rates of dissociation and

internalization: k,. /(k,; +k,.). The geometric length scale, 4, appears in the Damkohler

number, ¢, that regulates the nonuniformity of solution in the vertical direction, see

Equations 8, 12.

Figures 4 and 5 show the effects of molecular, cellular, and geometric parameters on the
speed of the propagating solutions. We fix the diffusion coefficient and the height of the
extracellular medium and analyze the effect of the binding and trafficking parameters.
The height of the medium is 1 mm, a typical value encountered in cell and tissue culture
assays of autocrine loops (DeWitt et al., 2001); ligand diffusivity is set to 10° cm?’s™, a

typical value for the diffusivity of a protein in solution.

Figure 4A presents a two-parameter plot of the front speed on the rate of forward-binding

reaction (k,,and R;) and the kinetic properties of ligand-receptor complexes (%, and
k,; ). Interestingly, we find that the front speed has a maximum with respect to the

intensity of forward binding reaction. In particular, for any given value of the kinetic rate

constants, there exists an optimal number of cell surface receptors. The speed of the front
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is maximal at this optimal value; see Figure 4B for the typical one-dimensional cut

through the two-parameter plot in Figure 4A.

The nonmonotonic dependence of the front speed on the number or surface receptors
and/or the forward binding rate constant is a result of the particular nature of coupling in
autocrine relays. A sufficient number of cell surface receptors must be occupied in order
to sustain the protease activation; this explains the ascending part of the curve. At the
same time, the traveling front is slowed down when ligand spends most of its time bound
to cell surface receptors; this qualitatively explains the descending part of the curve. A
more detailed study of the parametric dependences of the velocity will be presented

elsewhere. The maximum in the dependence of the front speed on kR, is robust property

of autocrine relays; it exists for any value of the threshold in the nonlinearity and the rate
constants of dissociation and internalization. The speed of the front depends on the
kinetic properties of ligand-receptor binding. Hence, it is not possible to compare front
speeds in ligand-receptor systems based only on the corresponding equilibrium binding

constant.

The height of the medium can be easily adjusted in cell and tissue culture assays. Figure
5A presents the dependence of the front speed on the ratio of the geometric and dynamic
length scales in the problem (i.e. ratio of 4 and L,). When the ratio of these two length
scales is small, the front speed is an increasing function of the medium height. Once
again, this is the result of the nature of coupling in autocrine epithelial layers. For small
height of the medium, the time interval between successive binding events of secreted
ligand is short; the ligand spends a large fraction of its time in the bound form.
Consequently, increasing the height of the medium increases both the duration and the
span of the ligand trajectories and, as a result, the speed of the propagating front. In this
regime, the fronts are essentially one-dimensional, in a sense that they are nearly uniform
in the vertical direction; see the two top profiles in Figure 5B. This is easy to understand:
the small value of the medium height translates into the low value of the Damkohler
number, ¢, that determines variation of the solution in the vertical direction, see

Equations 8-12. In fact, a conventional “thin fin” approximation (Deen 1998) derived in

12



the limit & — 0 captures these fronts and their dependence on the height of the medium

very accurately (results not shown).

When the height of the medium is comparable to the dynamical length scale L, of the
problem, the fronts become fully two-dimensional; see the two bottom profiles in Figure
5B. The dependence of the front speed on the medium’s height 4 asymptotically
approaches a constant value, Figure 5A. This behavior can be explained in terms of the
results of a recent analysis of autocrine loops in the semiinfinite medium (Shvartsman et
al., 2001). The statistical properties of both the vertical and the lateral spans of the
random trajectories followed by autocrine ligands are characterized by the single length
scale given by L,. Specifically, half of the ligand trajectories are captured for the first
time before their maximal lateral displacement reaches L,. This is precisely the dynamical
length scale in our problem, see Equation 6. In other words, autocrine loops are spatially
localized even in the semiinfinite medium. This means that, above some critical value,
increasing the height of the medium would stop contributing to the effective range of the
messenger variable in our problem. Consequently, the dependence of the front speed on
the height of the medium should vanish at high ratios of the geometric and the dynamic

length scales in the problem, Figure 5A.

Numerical Simulations of Propagating Fronts

The analysis of the traveling fronts in the ligand-limited regime with fast binding and
sharp nonlinearity of protease activation relies on a number of assumptions about the
relative time scales of the processes in autocrine relays. To test the predictions of the
asymptotic analysis, we carried out direct numerical simulations of the full model
described by Equations 8-12. The spatial derivatives in Equations 8 and 12 were replaced
by finite differences and the resulting set of ODEs was solved using the RKC (Sommeijer
et al., 1998). Our main result can be summarized as follows: traveling fronts predicted in
the simplified model exist for a wide range of parameters in the full model. Moreover,

they exhibit the properties predicted by the analysis of the simplified model.
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Figures 6A,B present the profile of the fully developed front computed in the full model
with the Hill nonlinearity, a nonzero value of the time scale of ligand receptor complex,
and a nonnegligible ratio of the ligand and receptor generation rates. This front was
computed in a transient simulation that started with the system in the “off state” and
followed the evolution of a localized disturbance activating the ligand release. After the
initial transient, this disturbance evolves into a fully developed self-similar solution — a
constant speed front, Figure 6C. Figure 6D shows that, in agreement with the predictions
of the analysis of the ligand-limited regime with fast binding and sharp nonlinearity of
protease activation, the speed of the fronts in the full model exhibits a maximum with

respect to the intensity of the binding process (k,, R, ).

Finally, we use numerical simulations of the full model to analyze the interaction of
propagating fronts with heterogeneities in the cellular layer. Our computational
experiments are motivated by recent observations of Mandell and coworkers (Mandell et
al., 2001). They have visualized the spatiotemporal dynamics of ERK2/MAPK activation
that was induced in the layer of astroglial cells by a localized injury. Such a stimulus
induced a wave-like transient that propagated away from the injured region of the
epithelium, Figure 3 in Mandell et al (Mandell et al., 2001). They have suggested that this
effect is mediated by a paracrine relay mechanism that is initiated at the place of injury.
To support their hypothesis, they have shown that waves induced by the localized
mechanical stimulus can “jump over” the gaps in the cellular layer. Hence, signal

transmission is not mediated by direct cell-cell contact, but depends on diffusing signal.

Figure 7 illustrates that traveling waves in the model of autocrine relays can “jump” over
the heterogeneities in the cellular layer. This behavior is not unexpected, since the
mechanism of signal transmission is mediated by diffusion through the extracellular
medium. What is interesting, however, is that the fronts can be both accelerated and
impeded by the heterogeneities. This effect can be explained by the maximum in the
dependence of the front speed on the number of cell surface receptors, Figure 6D. When
the parameters of the monolayer correspond to the ascending part of the curve, the front

is slowed down by the heterogeneity. In this regime, the heterogeneity provides a

14



localized break in the positive feedback loop, Figure 7B. However, to the right of the
maximum, when the front speed is a decreasing function of the number of receptors, the
front will be accelerated by the local heterogeneity. In this regime, the front motion in the
unperturbed layer is slowed down by frequent ligand-receptor binding. Thus,
heterogeneity characterized by the absence of cell surface receptors provides a localized
“escape path” for autocrine ligands, increasing the range of their action, Figure 7C.
Notice that in both cases the fronts regain the constant velocity after their interaction with
local heterogeneity. This computational experiment underscores the unusual properties of

traveling waves in autocrine systems.

Conclusions

We have developed a mechanistic model of autocrine relays. The model enables a
systematic analysis of nonlinear interaction between ligand release, transport, and
binding. Our transport model accounts for the nonlocal coupling between different
regions of the epithelial layer; the range of the coupling is directly related to the transport,
binding, and endocytosis of the secreted ligand. When combined with a positive feedback
by ligand release, the model robustly predicts the existence of propagating fronts. These
fronts travel at constant speeds and can deliver signals to arbitrary distances. This wave-
like propagation is very different from the one that relies on pure diffusion. Specifically,
we predict the existence of traveling waves mediated by the autocrine release of growth
factors. In other systems, traveling waves can be mediated by the regulated release of
extracellular calcium, ATP, cAMP (Kessler and Levine, 1993; Tang and Othmer, 1995;
Tang et al., 1996; Palsson et al., 1997; D'andrea et al., 1998; Muller et al., 1998; Sneyd et
al., 1998; Homolya et al., 2000; Scemes et al., 2000; Dormann et al., 2001; Shiga et al.,
2001; Hofer et al., 2002; Schuster et al., 2002). The fronts mediated by autocrine loops
have a number of unusual properties, such as a nonmonotonic dependence of the front

speed on the total number of surface receptors and/or the forward binding rate constant.

At this point, there is no direct evidence for traveling waves mediated by the regulated

secretion of peptide growth factors. Recently, however, a paracrine mechanism has been
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proposed to cause the wave-like spread of signaling activity induced by localized
mechanical stimulus (Mandell et al., 2001). A wealth of experiments supporting the
release-mediated positive feedback in growth factor systems indicates that these waves
can be observed (Hunter, 1998; Carpenter, 1999; Dent et al., 1999; Fan and Derynck,
1999; Gechtman et al., 1999; Moghal and Sternberg, 1999; Albanell et al., 2001; Chen et
al., 2001; Gschwind et al., 2001; Ma et al., 2001; Merlos-Suarez et al., 2001; Murphy et
al., 2001; Carraway and Sweeney, 2002; Diaz-Rodriguez et al., 2002; Montero et al.,
2002). Usually, this feedback is studied in cell culture, where cells are randomly
dispersed on the surface. We predict that experiments with confluent cell monolayers or
with model epithelial layers will uncover traveling waves mediated by autocrine growth
factors. The EGFR network is a particularly promising experimental system. The
experiments require an ability to locally stimulate ligand release and to follow the
progress of activation across the cellular layer. Localized stimulation can be mechanical,
chemical, or rely on gamma or UV radiation. Excitation can be followed either in-situ
(e.g., using fluorescent reporters) or ex-situ (e.g., using Western blots epithelial layers at
different time points). The A431 carcinoma cell line with a positive
EGFR/MAPK/TGFa feedback is a good experimental system for these studies (Dent et
al., 1999; Shvartsman et al., 2002). Cell surface receptor density can be regulated by
addition of antireceptor antibodies (Forsten and Lauffenburger, 1992; Lauffenburger et

al., 1995).

Our continuum model allows gradients of localized variables, e.g., the intracellular
activity, at the length scale less than a single cell. In order to explore the relevance of our
predictions to the in-vivo physiology and development of epithelial layers, it might be
necessary to adapt our model in order to explicitly resolve individual cells. In this model
localized variables will be considered space-independent inside the cells. These discrete
elements will be coupled by diffusion through the extracellular medium. The behavior of
this hybrid model is expected to significantly differ from the predictions of the fully
continuum model in the regimes where the length scale for ligand transport and the height
of the medium become comparable to the size of a single cell. In this regime, we expect

the existence of localized patterns.
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Almost invariably, nonlinear traveling waves in cell communication are modeled as
reaction-diffusion systems, where the amplification processes in the active medium
happens in the same region as transport. In our model, these processes are separated in a
sense that active processes at different parts of the surface are nonlocally coupled by
diffusion through the volume. The properties of traveling waves in such systems are yet

to be characterized in details; this work is currently underway in our group.

The positive feedback from ligand binding to ligand release is just one of the many
regulatory patterns in autocrine and paracrine networks. Some of the other mechanisms
involve binding-stimulated receptor shedding (Ni et al., 2001), decrease of receptor
mRNA stability (Sturtevant et al., 1994), and release of extracellular ligand/binding
components (Guan et al., 2001; Freeman and Gurdon, 2002; Gerlitz and Basler, 2002).
The physiological significance of these processes is only starting to be appreciated. We
suggest that a combination of computational and experimental approaches to local growth
factor networks may become indispensable for uncovering their role in tissue physiology

(Slepchenko et al., 2002).

The next stage of modeling should account for the dynamics of intracellular signaling. A
number of “lumped” models of EGFR signaling can be incorporated into our models of
autocrine epithelial layers (Bhalla and Iyengar, 1999; Kholodenko et al., 1999; Brigthman
and Fell, 2000; Haugh et al., 2000; Schoeberl et al., 2002). For this, a model of protease
dynamics is necessary. A simplified description, accounting for the stimulation-induced
downregulation of the protease and the kinetic patterns of EGFR ligand release, has been
recently developed (Dong, 1999; Fan and Derynck, 1999; Gechtman et al., 1999;
Doedens and Black, 2000; Shvartsman et al., 2002). A growing number of studies of
regulated ligand release can be used to develop and validate a more detailed model. This
model would simultaneously account for multiple species and processes leading to
binding-induced ligand release (Zhang et al., 2000; Albanell et al., 2001; Merlos-Suarez
et al., 2001; Pierce et al., 2001; Umata et al., 2001; Dello and Rovida, 2002; Diaz-
Rodriguez et al., 2002; Kheradmand and Werb, 2002; Montero et al., 2002; Sunnarborg
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et al., 2002). Once this is accomplished, computational analysis of autocrine relays can be

used to study the properties of traveling waves and to guide their experimental analysis.
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Appendix

The analytical solution is constructed in the limiting case of 7, -0, ¥y — 0, and
o(c)=H(c—c,), where H (x) is the Heaviside function and ¢, is the threshold. Under
these assumptions, we have r =1 and ¢(£,7) =5 (£,7) on the time scale of the wave, so
Equations 9-12 simplify to

P piH(5—c,).

or (A1)

(ﬁ_aﬂSJ aS :O.
a7

=-afp  —
an n=l1 (AZ)
We are looking for the traveling wave solutions s =s({'—v7,77), p=p({—-v7)

n=0

connecting the steady state s =1, p =1 at { = —oo with the steady state s =0, p=0 at
¢ =400, moving with speed v > 0to the right. Introducing the reference frame moving

with the wave
5 = ; —-Vv7, (A3 )
and rewriting, Equations 8, A1 in terms of & we obtain

d’s os 1 9%
Vot —=537=0
4 ¢ o Jn (A4)

Va—p—p+H(—§):O, 5(0,0)=c,,
Cl4 (A5)

where we assumed that s (f, 0) is a monotonically decreasing function of £ and placed

the point of the onset of the protease production at the origin.
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Equation A5 can be straightforwardly integrated

p(&)=H(=5)(1-exp(&/v))
(A6)

This solution can be substituted into Equations A2, A4, which can then be solved by

separation of variables. Let us look for the solution of Equations A2, A4 in the form

o

s(f,ﬂ)=p(§)+;¢n(§)%(77)a (A7)

where (77) are the orthonormal eigenfunctions of the Sturm-Liouville problem

v+ Ay, =0, w,(0)-cfy,(0)=0, w,(1)=0. (A8)
A simple calculation gives

A, tan(ﬂn)za,b’ n=123,..., 4 (A9)

1
w,(n) = [21,1/[/1" +sin A cos A, HE cos(A, —A,1). (A10)

Substituting Equation A7 into A4, multiplying it by ¥ , and then integrating over 77, we

n

obtain an equation for ¢ (£), where ¢ (£) and ¢, (£) are the solutions for £>0 and

£ <0, respectively:

dZ +
2, +VT,

ag g

P T 1 1005 Y e Ve R
o " | A, (4, +sind, cos 4, ) ’

A%
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This equation has to be supplemented by the boundary conditions at £ =0 and & — feo.
At infinity we must use the exact fact that s(+e2,0)=0 and s(—e0,0)=1. We should also

use the fact that s together with its first derivatives must be continuous at £ =0. In view

of Equation A7, this translates to

> 67 (0)w, (n)=>.0, (0)w,(n), (A12)

3 49, _5 .| _ .
;wn(ﬂ) il ;l//n(n) €l (A13)

Once again, multiplying Equations A12, A13 by , , integrating over 77 and combining

n

them with the behavior at infinity, we obtain that ¢~ should satisfy the following

boundary equation

g, (+)=0,  ¢,(0)=¢,(0) (Al4)
dag;| _de;| 2 2sin/, (A15)
d¢ |._, s de co | A (4, +sind, cos4,) v o

After a rather long, but straightforward calculation, we obtain

1
asin 4, exp{{vars +(44) +v'a’] )2}5/(205)}
X
1

¢, (£)= T
[24,(A,+sin 4, cos 4,) |2 (A16)
1
V[Z’Saz (Z'sz + 1) +247 } —a(rsvz + 1) (4/1,12 +Va't )E
(V42 —a (zv +1)](44 +vie's? ’
and
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asin exp{—{vars —(4/13 +via’tr? );}5/(20{)}

[24, (A, +sin A, cos 4, )}%

X

¢, ()=

1

V|:Z'S0{2 (Z’SVz +1) +2ﬂ,ﬂ+a(rsvz +1)(4ﬂf +V20{21S2)2 ) (A17)

(VA2 —a? (v +1)] (42 4 viae )

207 (Z'sz + 1) sin 4, exp(&/v)

[Vz,lnz -t (TSVZ "‘1)][2/1;1 (A, +sin4, cos 4, )]% |

Substituting this solution into Equation A7 and using it in the self-consistency condition

in Equation A5, we obtain the implicit expression for the speed of the traveling wave

4047 sin 4, cos A, /(A, +sin 4, cos 4,)

=2

n=1 ()((Tyvz +1)(4/1; + Vza'zz'sz)+ V[Z/lnz +0{21_S (Tsvz +1)}(4/ij +V20(21'S2 )5 (A18)
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TABLE 1 MODEL PARAMETERS

Parameter Description Range

D ligand diffusivity 1x10"7-1x10""m%s"

h height of the extracellular medium 10 um — 1000 um

kec ligand-induced internalization rate constant 0.01 — 0.3 min™'

ko constitutive internalization rate constant 0.01 — 0.1 min™

kon receptor/ligand association constant 1x10* = 1x10° m*mol 'min’!

k protease degradation rate constant 0.01 min™

Kp=kyykon,  ligand/receptor-complex equilibrium constant 1x107 - 1x107

mol m”

Rop=0//ke, number of receptors per cell surface in absence of a ligand 1x10° — 1x10°

receptors/cell surface area
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FIGURE CAPTIONS:

FIGURE 1 Positive feedback in autocrine systems. (4) The feedback is mediated by the
activation of the ligand-releasing enzyme. (B) Positive feedback relying on transcription.
Intracellular signaling activated by autocrine ligands induces and maintains the
transcription of the ligand-releasing enzyme. (C) The geometry of cell communication in
the model of an autocrine relay. Ligand is diffusing in extracellular medium above the
cellular layer. (D) Receptor-mediated processes in the model: ligand release, extracellular
transport, reversible binding, and endocytosis. D — ligand diffusivity, ,, — ligand-receptor
association constant, k,;y— complex dissociation constant, k.. — ligand-induced

internalization rate constant.

FIGURE 2 (A4) Graphical solution of Equation 14, where o(c) is chosen to be a Hill

function o (c)=c" / (k" + c”) . (B) The case of the Heaviside nonlinearity:

o(c)=H(c—c,). No ligand is released in the “off” steady state. Autocrine loop is

activated in the “on” steady state.

FIGURE 3 A traveling front in the ligand-limited regime with fast binding and sharp
nonlinearity of protease activation (see Appendix A). (4) and (B) present the profiles of
the extracellular ligand and ligand-releasing protease, respectively. The arrows denote the
direction of wave’s motion. The value of the dimensionless velocity is v =1.967, the
threshold in the Heaviside function ¢y = 0.25. Other dimensionless model parameters are
a=55.36, B=0.5, 7,=5.439x10* (based on k,, = 1x10° m’mol 'min”', Ry is based on
5x10* receptors/cell surface area (25 um?), ko, = 0.1 min™, k,;=0.1 min™', D = 1x10™"

m’s™, k,=0.01 min, /= 1x10° um).

FIGURE 4. Dependence of the dimensional front speed on the kinetic and transport
parameters in the ligand-limited regime with fast binding and sharp nonlinearity of

protease activation (see Appendix A). (4) Dependence on the rate of forward binding on
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the forward-binding rate constant, k,,Ry, ligand-induced internalization rate constant k..

and complex dissociation constant k,;. The dark red area corresponds to the maximal

value of the velocity (v ~ 4x107 ums™). Conversely, the dark blue area denotes the

minimal value of the velocity (v ~ 4x10* pms™). The threshold in the Heaviside function

co = 0.25. Other model parameters are & = 1x10° wm, D = 110" m%s™, k,=0.01 min™".
(B) A one dimensional cut (kec/( kec + ko) = 0.5) through the two-parameter plot in (4).
The arrows indicate that increasing the ratio k../( ke. + kop) shifts the velocity maximum

to a lower value of k,,R .

FIGURE 5 Dependence of the wave propagation velocity on the ratio of the geometric
length scale / and the dynamic length scale L, in the ligand-limited regime with fast
binding and sharp nonlinearity of protease activation (see Appendix A). (4) Dependence

of the dimensionless velocity on the ratio h/ L_ computed for several thresholds ¢ in the
Heaviside function. The propagation velocity increases with the ratio until log;o(4/L,) ~

1. Above this value, the velocity does not depend on this geometric parameter. The
parameters are = 0.5, 5, = 5.439x10™ (based on k,, = 1x10° m3mol'1min'1, R, is based
on 5x10* receptors/cell surface area (25 um?), ke.=0.1 min™, koy=0.1 min™, D= 1x10"
" m’", &, = 0.01 min™). (B).Colormaps of the distributions s(¢,7) of the ligand in a
traveling wave in both horizontal and vertical directions, with ¢y = 0.25. The spatial
distributions of the ligand correspond to the filled circles in (4). The profiles were

computed for logo(A/Ly) = -1, 0, 1, 2. The dark red/dark blue regions correspond to the

“on”/”off” steady states (s = 1, s=0), respectively.

FIGURE 6. Numerical analysis of the full model. (4) and (B) Ligand and protease

distributions computed across the front. The ligand release function is modeled by a Hill

functiono (¢) = c”/(k” + c”) , with k= 0.25 and n = 5 . Other parameters are &= 1, =

0.5, 7=0.2, 7.=0.1, 7, = 3.334, 7.= 2. (based on k,,= 1.807x10° m’mol'min™", R, =

O,/k.- is based on 5x10* receptors/cell surface area (O, = 500 receptors/cell surface/min,
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k.=0.01 min'l, cell surface area 25 p,mz), kee=0.1 min'l, ko= 0.1 min'l, D=1x10"°
m’s”, k,=10.02 min™, 7= 1x10° pm, 0, = g8k, = 50 ligand molecules/cell
surface/min). (C) The wave velocity was computed from the linear part of the
dependence of the front position on time. (D) Dependence of the wave propagation
velocity on the ligand-receptor affinity &,,Ry. The points are the results of the numerical

analysis; the curve is drawn to guide the eye.

FIGURE 7. Interaction of fronts with heterogeneities in the cellular layer. (4) The
heterogeneities can both accelerate and slow down the fronts. (B,C) — the location of the
front as a function of time in an intact (solid line) and damaged layer (broken line). (B)
The case of low binding rate, k,,Ry = 0.1 Mrns'1 (based on k,, = 1.807x10° m* mol'lmin'l).
The extent of the damaged tissue is Ax/L, = 2.5. The values of the parameters of the Hill
nonlinearity and the other model parameters are the same as in Figure 64,B. (C) The case
of high ligand-receptor affinity k,,Ry = 10 Mrns'1 (based on k,, = 1.807x10° m*mol 'min”
1. The extent of the damaged tissue is Ax/L, = 10. Other parameters as in Figure 64,B.
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