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Abstract

The complexity and nonlinear dynamics of patterning networks in development
make modeling an important approach for the evaluation of the experimentally-
derived pattern formation mechanisms. As a rule, models of patterning networks
have large numbers of uncertain parameters and model analysis requires extensive
computational searches of the parameter space. Analytical techniques can circum-
vent these difficulties and offer important insights into the networks’ functional
capabilities. Here, we present an asymptotic analysis of the multiple steady states
and transitions between them in a mechanistic model of patterning events speci-
fying the formation of a pair organ in Drosophila oogenesis. The model describes
the interaction between the spatially nonuniform inductive signal and a network
of feedback loops within the layer of epithelial cells. Our approach dramatically
reduces the complexity of the problem and provides an explicit analytical method
for the construction and parametric analysis of the patterned states responsible for
signaling. The analysis reveals a skeleton structure for the patterning capability of
the considered regulatory module and demonstrates how a single regulatory network
can be used to generate a variety of developmental patterns.
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1 Introduction

The development of tissues and organs in multicellular organisms is guided
by a surprisingly small number of evolutionary conserved regulatory net-
works [1-3]. Tt is now becoming apparent that developmental instructions
in different species and in different developmental contexts are executed by a
set of subroutines, each with a particular developmental function. These sub-
routines are operated by biomolecular regulatory networks that involve gene
expression in individual cells and are integrated by the processes of cell-cell
communication. Understanding the functional capabilities of these networks
is therefore impossible without studying spatio-temporal dynamics of the un-
derlying signaling patterns.

In systems well characterized by genetics and biochemistry, regulatory mech-
anisms can be systematically explored via mechanistic modeling and compu-
tational analysis (see, for example, [4-7]). Generally, such modeling leads to
complicated systems of nonlinear partial differential equations. To gain basic
understanding of the underlying patterning mechanisms and predict possible
outcomes of genetic manipulations one needs to study, among other things,
existence and multiplicity of the stable steady solutions of these equations.
These studies are computationally challenging, especially in the presence of a
large number of the control parameters. Computational analysis is necessarily
limited to particular choices of nonlinearities, parameter sets, etc. Further-
more, interpreting its results may often be difficult because of the presence of
“pathological” solutions. In this sense distinguishing the classes of solutions
that can be robustly realized in a large family of models with certain general
properties, as well as the origin of their robustness, is a problem that may lie
beyond mere computational studies. This is why direct analytical methods for
characterizing these solutions are highly desirable.

Cell communication is crucial in development of multicellular organisms. An
important group of cell communication mechanisms relies on regulated release
of peptide growth factors [3]. After their release in the extracellular medium,
these molecules diffuse to the neighboring cells and activate the cognate re-
ceptors on the cell surfaces. The range of signals mediated by secreted growth
factors is from one to ~ 10 cells [3,8]. Recent studies in Drosophila have identi-
fied a network of growth factors with a rich pattern formation capability. This
network includes the Epidermal Growth Factor Receptor (EGFR); signaling
through EGFR can activate expression and/or release of its stimulatory and
inhibitory ligands, thus forming positive and negative feedback loops [9].

This network is used at many stages of the Drosophila development [9, 10].
In oogenesis, it has been proposed to convert the spatially simple, single-
peaked signal, into a more complex, two-peaked pattern of signaling activity
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Fig. 1. Network connectivity and signaling by autocrine loops in the follicular ep-
ithelium in Drosophila oogenesis. The oocyte locally secretes a stimulatory ligand
Gurken that binds to EGFRs on the surface of follicle cells (FC). EGFR activation in
the FC initiates expression of the genes rhomboid and argos. The corresponding pro-
tein product Argos is secreted into the narrow gap between the FC and the oocyte,
where it diffuses around and binds to EGFRs, inhibiting their activity. Protein
Rhomboid is an intracellular protease that processes an inactive intracellular pre-
cursor of Spitz into the biologically active, secreted form. After it is secreted, Spitz
diffuses and can then bind to and activate EGFRs on the surfaces of Spits-producing
cells and their neighbors.

[11,12]. Specifically, the layer of identical epithelial cells is locally stimulated
by an EGFR ligand. This primary signal is then amplified and expanded by
the positive feedback loop that involves the release of a diffusing stimulatory
ligand. During this process, an inhibitory ligand is produced, splitting the
pattern into two smaller domains of high signaling (for a summary of the
signaling network and the identification of the concrete molecular components,
see Fig. 1). The resulting pattern with two domains of high receptor activity
serves as a blueprint for the development of a pair organ (dorsal appendages)
[13,14].

Interestingly, in other stages of Drosophila development the same patterning
network generates only single domain signaling patterns from localized inputs
[15-17]. A question then arises as to whether the same regulatory network can
account for different responses to inductive signals in different developmental
contexts. In particular, would extra molecular components be required for
establishing different types of signaling patterns (for a discussion, see [11]). To
answer these questions, one needs a deeper understanding of the functional
capabilities of the regulatory mechanisms involved.

To this end, we take on an analytical approach to the study of signaling pat-
terns in the mechanistic model of a regulatory network in Drosophila oogenesis.
We perform an asymptotic analysis of the stationary signaling profiles in the
model to obtain an analytical characterization of the solutions. Our approach
captures the properties of the signaling patterns and allows to investigate their
robustness. More importantly, it reveals the core subset of the stationary solu-



tions that are responsible for signaling and demonstrates that their existence
and properties do not depend on the details of the model. Our analysis shows
that different types of patterns can be obtained in the network of the same
topology by varying only a few control parameters.

2 Model

A mathematical model based on the mechanism of EGFR signaling mediated
by positive and negative autocrine feedback loops [11] takes the following
form [18]:
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Here, S is the concentration of the stimulatory ligand (the active form of
Spitz), G is the concentration of the stimulatory signal (Gurken), A is the
concentration of the inhibitory ligand (Argos), all three in the extracellular
space; R is the intracellular concentration of the ligand-processing protein
(Rhomboid); E is the concentration of the activated EGFRs in the follicle
cell membranes (Fig. 1); = is the coordinate along the circumference of the
egg, and t is time. The distribution of GG serves as a localized inductive signal
whose amplitude is ramped up from zero to a steady level at long times. The
model involves various rate constants (k’s, D’s, ¢g’s) as well as the sigmoidal
nonlinearity o(x) which is characterized by offsets and steepnesses (v’s and
d’s, respectively). The level of EGFR activation is positively stimulated by S
and G and is negatively stimulated by A, characterized by constants o and

p 18],

Within the framework of the model, the outcome of the patterning events
is identified with the stable steady state of the network attained after the
transient following the switching on of the inductive signal. Computational
analysis of Eqgs. (1) — (4) shows that the model can robustly generate complex
signaling patterns from simple spatially-distributed inductive signals [18,19].
Numerical bifurcation studies of the stationary solutions reveal multiple coex-
isting steady states, whose existence and selection as a function of the control
parameters can be correlated with the observed eggshell phenotypes and is in
agreement with the large amount of genetic and biochemical data [13].



3 Asymptotic reduction

Below we develop an asymptotic procedure for analyzing the stationary solu-
tions of Egs. (1) — (4) in the limit of strong length scale separation between
the positive and negative feedback loops. After an appropriate dimensional
reduction [18], Egs. (1) — (4) can be written as
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(e, 1) = go(t) exp(—a*/a2), o(e) = T,
where s, a,r, g are the dimensionless concentrations and 6(z) is the Heaviside
function. For concreteness we assumed a particular form of the dependence of
g on z and a particular form of the sigmoidal function o(z). Functionally, s
is a short-ranged messenger, r is an autocrine switch, a is the long-ranged in-
hibitor, and g is the localized stimulating inductive signal [18]. Since the exper-
imentally observed patterns are highly localized [20,21], the no flux boundary
conditions for Eqs. (5) and (6) can be pushed off to infinity.

Thus, the qualitative properties of the solutions are determined by a number
of dimensionless parameters: ¢, , are the dimensionless offsets and b, , are the
dimensionless steepnesses of the sigmoidal functions in the production of r and
a, respectively; A is the relative strength of the negative feedback; go(t) and xg
characterize the amplitude and width of the time-dependent inductive signal;
Ts.o are the time scales of s and a relative to that of r, and € is the ratio of the
length scales of s and a. The available biochemical information suggests that
the latter is a small parameter: € ~ 0.1, while o ~ 3 [11,20,22]. Therefore, we
will take advantage of this fact and construct the solutions of Egs. (5) — (7)
in the limit ¢ — 0. We are also going to make another simplifying assumption
supported by the experiments that the response of a to the activation of EGFR
is characterized by a sharp threshold higher than that of  [11,17,21,23]. In the
model, this translates to taking the limit b, — 0, thus replacing the sigmoidal
function in Eq. (6) with the Heaviside step, and assuming that ¢, > ¢,.

Numerical simulations of Eqs. (5) — (8) show that for sufficiently slowly vary-
ing signal amplitudes go(t) the dynamics are governed by a series of abrupt
transitions between different types of quasistationary signaling patterns [18].
To illustrate this, we show a simulation in which go(¢) is slowly ramped up
from zero to a certain level and then decreased back to zero in the same fash-
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Fig. 2. A sequence of transitions and the hysteresis by slowly varying inductive
signal. The snapshots of the distributions of s at different times are shown on the
left. The color-coded space-time plot of the distribution of s is shown in the center,
with “red” corresponding to s ~ 1 and “blue” corresponding to s ~ 0. Results
of the numerical solutions of Egs. (5) — (8) with ¢ = 0.05, A = 1.6, ¢, = 0.5,
be = 0.05, ¢, =04, b, =02, zg = 3, 75 = 0.1, 7, = 1. The signal amplitude is
taken to be go(t) = 1.6 x t/2500 for 0 < ¢t < 2500 and go(t) = 1.6 x (2 —¢/2500) for
2500 < t < 5000 (right).

ion (Fig. 2). One can see a sequence of transitions from no signaling (0 pulses)
— 1 narrow pulse — 2 pulses — 1 broad pulse when gy is increased. Similarly,
upon decreasing gy the 1 broad pulse solution transforms into 2 pulses, which
then disappear at a critically low level of inductive signal. Note the hysteretic
character of the transitions.

4 The nature of large-amplitude patterns in the model

For similar systems of reaction-diffusion equations without any inductive sig-
nals it is well established that for e < 1 stable large amplitude stationary
solutions have the form of domains separated by narrow domain walls (see,
for example [24-27]). This is also what we see as outcomes of the transitions
triggered by the adiabatic variation of the inductive signal (see Fig. 2). There-
fore, in the following we will be looking for the solutions of this type. In the
limit € — 0 these stationary solutions break up into the inner and outer solu-
tions, which vary on the length scales of € and 1, respectively (see also [24-30]).
Let us introduce a slowly varying quantity

(@) = a(z) = g(z) + ¢ (9)



Then, on the inner scale we can assume that v(x) ~ vy = const, so the
stationary Eqgs. (5) and (7) for the inner solution become

0262511+f(87U0)7 f(S?IUO):_S_'_O-{S;UO}‘ (10)

It is easy to see that for small enough b, (b. < 0.6086 for our choice of o)
the nonlinearity f(s) is N-shaped, so equation f(s,v9) = 0 has three roots:
s_(vg) < so(vo) < s4(vp), whenever vy, < Vg < Upax. Furthermore, when vy
satisfies

s+ (vo)

/ F(s,00)ds = 0, (11)

s—(vo)

Eq. (10) has solutions in the form of the domain walls connecting s_(vg) with
s+ (vg) [24-26,29,30]. The quantities above can be easily calculated numerically
for any fixed value of b,. For example, for b, = 0.2, we find that vy ~ 0.2398,
Umax =~ 0.4042 and vy, ~ —0.0101.

On the outer scale the derivative term in Eq. (5) can be neglected, so s obeys
the local coupling relation s = si(v), where s, (v) and s_(v) are the smallest
and the largest roots of equation f(s,v) = 0 corresponding to the “on” and
“off” states of the positive feedback, respectively, with s, (v) defined for v <
Umax and s_(v) defined for v > vp,. Furthermore, for ¢, not much larger than
¢, and b, — 0 the distribution of a satisfies Eq. (6), in which the sigmoidal
function is replaced by the characteristic function of the “on” state. If the i-th
“on” domain, which we will call a pulse, is characterized by the position of
its center r; and width wj;, then it is not difficult to show that the solution of
Eq. (6) inside the i-th pulse is

— ot i o=l
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7]
Bl

+1—e 2 cosh(x —1y)|, (12)

while outside all the pulses it is given by
_ : Wi —lz—r;|
a(x) = )\Zsmh7e il (13)
J

Matching the outer and inner solutions at the boundaries of the pulses, we
obtain the self-consistency condition



v(r; £ w;/2) = vo. (14)

This equation, together with Eq. (12), determines the positions and widths
of each pulse in a stationary pattern with an arbitrary number of pulses.
Note that the sigmoidal nonlinearity in the positive feedback now enters the
problem only through the values of vy, Vi and vyax.

4.1 State of no signaling

When the system is in the “off” state, we have a = 0, so from Eq. (9) we see
that such a solution exists as long as v = —g(x) + ¢, > Vyin. If the value of gg
is increased, the first point at which this condition gets violated is z = 0, so
when gy = géoél) = ¢, — Umin, the all “off” solution disappears. Dynamically,
this corresponds to switching of the positive feedback on at z = 0 and leads to
a transition from zero to one pulse (“ignition”) (Fig. 2). Let us point out that
in our model a Turing-like instability is never realized even for very broad
inductive signals, since the positive feedback is switched on at the level of
EGFR activity at which the diffusive inhibitor is not produced. Therefore, in
our model signaling patterns can develop only through a series of abrupt tran-
sitions between large-amplitude localized patterns. See [18] for more discussion
of the distinctions with the classical activator-inhibitor mechanism [24,31-33].
Let us emphasize that in our model pattern formation scenarios are governed
by the interplay between long-range inhibition and strong localized stimula-
tion by an inductive signal.

4.2 Single pulse solution

Most of the properties of the signaling patterns forming in the model can
be inferred from the analysis of the simplest inhomogeneous pattern: a single
pulse. These patterns, also called autosolitons, play a fundamental role in
systems with competing positive and negative feedbacks [24].

Since for a single pulse the function a(x) given by Eq. (12) is symmetric relative
to its center, Eq. (14) can only be satisfied when r; = 0. Substituting this into
Egs. (9), (12), and (14), after a simple calculation we obtain that the pulse of

width w, exists when gy = g(()l), where

A
g(()l) — <§(]— — e_wl) + Cr — UO) ew%/4x3 . (15)

By inspection, this is a monotonically increasing function of wy, so for each
large enough value of gy there is a unique one pulse solution. An example of
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Fig. 3. Asymptotic one and two pulse solutions (only half of the solution is shown).
The parameters are: b, = 0.2, ¢, = 0.4, A = 1.6, go = 0.7, o = 3.

such a solution is shown in Fig. 3(a).

In the model, the value of ¢, is chosen to be greater than vy, so that the one
pulse solutions do not exist in the absence of the inductive signal, consistent
with the experimental data [34]. Therefore, since w; > 0, we must have gy >

g(()lﬂo) = ¢, — vy for the solution to exist. Dynamically, the one pulse solution

collapses when gy is slowly decreased below gél_)o) (“extinction”) [18]. Thus,

0) (0—1)

for gél_) <90 < gy there is coexistence of zero and one pulse solutions.

The regions of existence of the one pulse solutions are limited by the possibil-
ity of the local breakdown in the center or the tails of the pulse (for general
reaction-diffusion systems see, for example, [24,35-40]). In our model the local
breakdown will occur in the center of the pulse when the value of v reaches
Umax at * = 0 (see Fig. 3), making the value of s jump down to the lower
branch of the local coupling curve s4(v). Using Eq. (12) to calculate v(0) and
combining it with Eq. (15), after a simple calculation we obtain that the local

breakdown in the pulse center occurs when xy > xélHQ), with
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This equation, together with Eq. (15), determines parametrically the boundary
of existence of the one pulse solution due to the local breakdown in the center.
Dynamically, upon crossing this boundary the positive feedback switches off
in the center of the pulse, so one pulse solution splits into two pulses (Fig. 2).

Alternatively, the value of v can reach vy, somewhere outside the pulse (see
Fig. 3). This will occur first at the point = at which v reaches a minimum, so,
using Eq. (13) to calculate v, we obtain a system of transcendental equations:

Umin = A sinh % e " —go AL +c,, (17)
2
0= —Asinh ke +g_02zc SAL (18)
2 xj

These equations, together with Eq. (15), are solved numerically to find the
value of xy = xélﬁg) as a function of gy at which the one pulse solution
disappears. Once again, dynamically this results in the ignition of a pair of
pulses in the tails of the one pulse solution and thus leads to a transition from

one to three pulses [18,19].

4.3  Two pulse solution

Let us now consider a symmetric (ro = —r1, wy = wy) two pulse solution which
corresponds to the established signaling pattern in the wild type phenotype

[11]. A long but straightforward calculation from Egs. (12) and (14) shows

that a solution with the given values of r; and w; exists when gy = g(()Q) and
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In general, existence and multiplicity of the two pulse solutions can be studied
graphically by looking at the level sets generated by these equations. We find
that for a wide range of the parameters there is a unique symmetric two pulse
solution for a given inductive signal. An example of such a solution is shown
in Fig. 3(b).

Equations (19) and (20) allow to determine two boundaries of existence for the
two pulse solutions in the parameter space. One corresponds to disappearance
of solutions as both r; and w; go to zero. According to these equations, this
(2-0) _ (1-0) _
can happen for any xy, when gy approaches g; =gy = ¢, —vp. The other
comes from the geometric constraint that r; > w;/2, crossing this boundary
corresponds to merging of pulses into a single broad pulse (Fig. 2). Substituting
r1 = wy/2 into Eq. (19), we find the value of zy = 237V at which the two

pulse solution disappears:

5| ¢ —vo+ A(1—e™)
¢ — g+ 3A(1 — e 2wr)

237 = In Y

(21)

It is also possible to study boundaries of existence of the two pulse solutions
associated with the local breakdown and ignition in the tails in the way similar
to that for a single pulse.

4.4 More complex solutions

In a similar manner, it is possible to construct and analyze more complex
patterns consisting of more than two pulses. For a given set of the model
parameters, one can solve Egs. (14) for r; and w; numerically. Figures 4(a)
and 4(b) show the solutions with three and and four pulses for a particular
set of parameters. Numerical analysis shows that the three and four pulse
solutions exist in a wide range of the parameters and are a robust feature of
the considered regulatory network. Moreover, they can coezist with the two
pulse solution and are therefore potential candidates for the time-asymptotic
patterns established by the inductive signal. Therefore, in the wild type (which
is characterized by a two-pulse signaling pattern) the network must be tuned
to avoid reaching these states.

In addition to these patterns, we found the existence of asymmetric two pulse
solutions. An example of such a pattern is shown in Fig. 4(c). Furthermore,
we found that the asymmetric solution bifurcates from a symmetric two pulse
solution via a pitchfork bifurcation. Dynamically, this means that a symmetric
two pulse solution undergoes a repumping instability [24] resulting in a trans-
formation of a symmetric two pulse solution to the asymmetric one. The value
of 98262,) at which this happens can be obtained by linearizing Eq. (14) around

11
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Fig. 4. Asymptotic solutions in the form of complex signaling patterns. The param-
eters are as in Fig. 3, except: g = 4, go = 1 in (a) and (b), g = 2.75,90 = 1.2 in

(c).

the symmetric two pulse solution and requiring that this linearization contains
a zero eigenvalue. A straightforward calculation shows that this requirement
leads to the following equation

2r1— - 2 — _ _ _
go( 7"112 w1)€ 422 +%(€ 1 _ e wl) _% (e w_ 27"1>
0
det _ @ +w))?
— — 2 2 —
_% (6 wi _ ¢ 27’1) _ 9o rljwl)e 4 + % (6 2r1 __
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where gg and z( are given by Egs. (19) and (20). This equation is solved
2

numerically to obtain the values of g(()2ﬂ parametrically.

Numerical solution of Eqgs. (5) — (6) shows that the symmetric two pulse so-
lution becomes unstable when gg > g(()zﬂz/). Note, however, that according to
the simulations this instability may develop on the time scales much longer
than the time scale for pulse splitting, which may be beyond the time scale
of the validity of the model. Nevertheless, from the symmetry considerations
such an instability must be a generic feature of systems stimulated by simple
symmetric inductive signals and must therefore be considered as a potential
outcome of the signaling activity. This, in turn, implies a possibility of ex-
istence of a phenotype with an asymmetric pair (one thin and one thick) of
dorsal appendages.

5 Multiparametric analysis

The analytical expressions for the boundaries of existence of different types of
stationary solutions obtained above can be easily used to perform multipara-
metric studies in all of the parameters involved in the asymptotic formulation.
Let us, for example, show a two-parameter “cut” through the parameter space,
corresponding to the fixed network parameters (Fig. 5). This diagram shows
regions of existence of zero, one, and symmetric two pulse solutions as func-
tions of the inductive signal, and transitions between them. In this figure, we
also showed the boundaries of existence of one and two pulse solutions asso-
ciated with more complex transitions. Note that in this diagram we did not
show the regions of existence of the more complex solutions which coexist with
the zero, one, and symmetric two pulse solutions.

The diagram in Fig. 5 can be conveniently used to quantify signaling patterns
for different network parameters. We find that variations in the threshold ¢, or
steepness b, of the positive feedback, or the strength of negative feedback A do
not change significantly the structure of Fig. 5, they basically stretch or shift
it around in the gy — xy plane. This demonstrates robustness of the consid-
ered patterning network with respect to variations of the network parameters.
On the other hand, we found that the structure of the diagram in Fig. 5 is
strongly affected by the shape of the sigmoidal nonlinearity o, expressed in the
relationship between vy, v, and vy.. Changing the location of vy relative
t0 Umax and vy, results in the relative motion of the 1 — 2 and the 1 — 3
transition curves. It turns out that in order for the transition 1 — 2 to occur
before the 1 — 3 transition, the value of vy must be shifted closer to vpax.
This requires a substantial degree of asymmetry between the “on” and “off”
states of the positive feedback loop. Note that such an insight must be very
difficult to obtain in merely computational studies.

13
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Fig. 5. Multiple steady states and transitions between them as functions of the
inductive signal’s width and amplitude. The network parameters are: b, = 0.2,
¢ =04, A=1.6.

Let us summarize the results of our asymptotic analysis of the stationary
signaling patterns (see Fig. 5). First, there are large regions of the parameter
space where the inhomogeneous patterns including those consisting of one
and two pulses exist. Second, the regions of existence of different types of
stationary patterns overlap, so for certain values of the parameters different
patterns may coexist. Third, crossing the boundaries of existence of a pattern
results in an abrupt transition to a different kind of pattern; these transitions
will govern selection of the outcome. Thus, the formation of a two-peaked
signaling pattern in Drosophila oogenesis may be viewed as a sequence of
transitions from zero to one to two pulses driven by a slow increase of the
inductive signal’s amplitude as the egg develops, Fig. 6(a).

For comparison, let us examine the one-parameter bifurcation cuts together
with transitions between the quasistationary patterns obtained computation-
ally for the same network and inductive signal parameters, but different values
of . At e = 0.05 the diagram in Fig. 6(d) essentially coincides with the asymp-
totics [Fig. 6(a)]. When the value of € is increased [Figs. 6(c),(b)], the overall
structure of the transitions remains; however, a number of deviations may be
observed. First, for small values of gy the amplitude of the one pulse solution
becomes very small, down to 10% at the threshold. Second, the transition
between two pulse solution and the one broad pulse solution splits into a se-
quence of two transitions, with a new two pulse solution appearing in a very
narrow region of the parameters. This solution has two peaks, however the
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Fig. 6. (a) The sequence of transitions upon the adiabatic variation of the inductive
signal’s amplitude. (b) — (d) One parameter bifurcation cuts showing the value
of s in the center of the system in the stationary solutions of the full model and
transitions between them [Egs. (5) — (8)]. The parameters are as in Fig. 2, except
€ =0.15 (b), e = 0.1 (b), and € = 0.05 (d). N in (a) is the number of pulses; numbers
in (b) — (d) indicate different stationary solutions with the corresponding number
of peaks, solid lines show stable, and dashed lines — unstable solutions.

level of signaling remains relatively high in the center of the pattern. Let us
emphasize that at the present level of modeling these solutions cannot be reli-
ably identified with the underlying signaling patterns in Drosophila oogenesis
and may be artifacts of the model.

Finally, our analysis indicates that there exists a large region in the parameter
space in which two pulse solutions exist while single pulse solutions do not (see
Fig. 5). This feature of the asymptotic limit persists in the full model [18].
In this region a simple one-peaked inductive signal must necessarily result
in complex spatial response. We believe that this is a robust feature of the
considered patterning mechanism and is at the heart of the induction of a pair
organ by a simple single-peaked input.
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6 Discussion

In conclusion, we have performed an asymptotic analysis of the large-amplitude
solutions in a mathematical model of a spatially distributed patterning net-
work in Drosophila oogenesis. Our method allows a very efficient way of con-
structing strongly nonlinear solutions, characterizing the domains of their ex-
istence, and interpreting the dynamics of the patterns. Furthermore, it reveals
the core subset of the stationary solutions which provide the skeleton structure
for the considered patterning mechanism. We have verified that the obtained
solutions are in fact good approximations for the solutions of the full model.
Moreover, our approach allows to guide computational studies of patterning
mechanisms by quickly identifying the parameter regions of interest and then
focusing on them in the large-scale computational analysis.

The fact that the one pulse solutions cease to exist for a wide range of single-
peaked inductive signals is a striking result. It means that in this range single
peaked signals will always be converted into complex patterns. Let us em-
phasize that signaling patterns in development are biological blueprints, so
this patterning capability might be employed in the mechanisms leading to
complex tissue morphologies in a number of developmental contexts [2, 11].
We emphasize that crucial for understanding the functional capabilities of the
regulatory networks in development is the question of pattern selection. Our
analysis provides a major first step in that direction.

The existence of multiple steady states of the signaling network suggests ver-
satility of the considered patterning mechanism. Hence, the irreversible com-
mitment mechanism does not have to be invoked in order to explain why
inhibition by Argos generates single-domain signaling patterns in other stages
of fruit fly development (compare with [11]). Furthermore, the mechanism ro-
bustly predicts the existence of patterns with more than two domains of high
signaling, suggesting a possibility of more complex eggshell phenotypes. Such
phenotypes can indeed be generated by genetic manipulations of the pattern-
ing network [41,42]. They are also observed in the wild type phenotypes of
the related fly species [20,43].

Our results also indicate that the peak-splitting network is plastic, i.e. it can
form a wide range of patterns in response to the quantitative variations of the
single-peaked input. An interesting prediction of our analysis is related to the
emergence of complex (three- and four-peaked) patterns by strong and broad
inductive signals. Since the number of peaks in the pattern corresponds to
the number of dorsal appendages, this predicts eggshells with three and four
appendages. Recently, we have started a genetic experiment aimed at testing
this prediction [44]. Our preliminary results are encouraging: we have indeed
observed that strong and broad inputs can induce novel morphologies with
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well-formed additional appendages in Drosophila melanogaster.

Our method provides a direct way of assessing robustness of the patterning
mechanism by giving explicit analytical criteria for the existence of the sta-
tionary solutions. Moreover, it allows reformulation of the problem of existence
in terms of the parameters of the solutions (like the width of the pulses and
the distance between them for the two pulse solution, for example) rather
than in terms of the control parameters. Thus, it allows to solve the inverse
problem of finding appropriate parameter ranges and nonlinearities in order
for a specified type of a signaling pattern to be realized.

Our asymptotic technique allows a number of natural extensions. It is possi-
ble to generalize our analysis to higher-dimensional stationary patterns in the
presence of multiple inhomogeneous inductive signals. There is a number of
experimental and computational indications that this extension is necessary
and relevant to the real patterning module [12,18,19]. In another direction,
the analysis of the stationary patterns can be generalized to patterns in the
form of moving pulses (for similar approaches, see [38,45-49]). In this descrip-
tion, pulses will be created or destroyed as a result of the local breakdown.
This hybrid kinematic description will allow to assess stability and selection
of the outcomes of patterning events and may provide a way to probe the op-
timal dynamical strategies for inductive signal design necessary for selecting
a particular pattern out of the multitude of possible ones.

Incidentally, while our analysis was performed in the context of a problem in
developmental biology, its mathematical aspects are not limited to the model
considered. From the mathematical point of view, we have investigated the
effect of strong inhomogeneities on pattern formation in reaction-diffusion sys-
tems with positive and negative feedbacks. Our results are quite general and
may be relevant to a variety of pattern formation problems in physics, chem-
istry and biology.

This work was supported by the National Science Foundation Grant DMS-
0211864.
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