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Abstract This paper applies the variational approach developed in part | of this work
[22] to a singular limit of reaction—diffusion—advection equations which arise in combustion
modeling. We rst establish existence, uniqueness, monotonicity, asymptotic decay, and the
associated free boundary problem for special traveling wave solutions which are minimizers
of the considered variational problem in the singular limit. We then show that the speed of
the minimizers of the approximating problems converges to the speed of the minimizer of
the singular limit. Also, after an appropriate translation the minimizers of the approximating
problems converge strongly on compacts to the minimizer of the singular limit. In addition,
we obtain matching upper and lower bounds for the speed of the minimizers in the singular
limit in terms of a certain area-type functional for small curvatures of the free boundary. The
conclusions of the analysis are illustrated by a number of numerical examples.

AMS Classification Numbers 35R35. 35J60- 35J20

1 Introduction

This paper continues the analysis of propagation phenomena for gradient reaction—diffusion—
advection equations from a variational point of vie2?]. Here we will treat an important
special case arising in combustion modeling which leads to a singular limit and can be refor-
mulated as a free boundary problem. We refer the reader toSech review of the physical
background of the problem.
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522 C. B. Muratov, M. Novaga

For 0 < ¢ « 1, consider the equation

ol g
ot

inY = QxR c R", whereQ c R"1is a bounded domain with boundary of clag$
(not necessarily simply connected). As befd@8][ u, = u.(x,t) € R,andx = (y,z) € &
denotes a point with coordinatese 2 on the cylinder cross-section apds R along the
axis. Furthermor@d X4 o = Q2+ o x R, with 32 being the union of disjoint portiort<2. o
corresponding to the inlets, the outlets, and the impermeable walls, respectivelyjsaad
transverse potential ow:

+ V- Vi = Aug + fo(uy), u8|m: 0, v- wg|azoz 0, (1.1)

v=(-V,0,0, ¢eC @) (1.2)

for somey < (0, 1). For the nonlinearityf,, we assume:

(H4) The functionf, (1) = ¢ 1g (1*”), whereg € CO(R) has the following properties:

&

1

¢>0, supe) = (0,1, ge (0, 1)), / swdu=1  (13)
0

This assumption implies that (u) — §(u — 17) ase — 0 and leads to theharp reaction
zone limit, the main subject of this paper.

Itis not dif cult to see that under hypothesis (H4) the resultsa#f| apply to (L.1) for any
¢ < 1. In particular, under hypothesis (H3) &7 one gets existence of the traveling wave
solutions, i.e. solutions ofl(1) in the formu, (x, t) = u.(y, z — ct), wherei, satis es

_ ou _ _ _ _
Aug +C87Z€ + Vy(ﬂ : vy”s + fe(ue) =0, ”5|82i: 0, v- vus|3202 0 (1.4)

with speedt = ¢!, which are minimizers of the functional
1 u
®fu] = /e“*“’(” (EIWIZ+ Vs(u)) dx, Ve(u) = _/fs(s) ds. (1.5)
) 0

whereu € H}(E) (see R2, De nition 2.1]). Moreover, fore € (0, 1) we havelf.(0)/du =0,
hence the equilibrium = 0 is a stable solution ofl(1) andvg > 0, where

fg e‘/’(y)|Vy1ﬁ|2dy

vo= min RW), R = - 1.6
0 eria) W) ¥) o0y 2dy (1.6)
Ylay =0
So, by P2, Theorem 3.9] existence of solutions @f4) is guaranteed if and only if
inf  E.[v] <O, 1.7)
veHL(Q)
U‘BQiZO
where
1
Eq[v] = /e‘ﬂ@) (§|v},u|2+ Vg(v)) dy. (1.8)
Q

Also, by [22, Theorem 5.9], the spee@l is the propagation speed of the solutiansof the
initial value problem for {.1) for a broad class of front-like initial data.
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Front propagation in in nite cylinders. Il. The sharp reaction zone limit 523

Rigorous studies of this type of problems go back to the works of Berestycki and the
co-workers 5-7]. In particular, the question of the limit behavior of the traveling wave
solutions of (.1) ase — 0 in cylinders was rst analyzed by Berestycki, Caffarelli and
Nirenberg in #], who proved convergence of the solutions of equations of the type.4f (
on a sequenceg, — 0 to a solution of the free boundary problem of S&cfThe studies of
the singular limit itself go back to the works of Alt and Caffarefl],Jand more recently to
the works by Weissq7] and Caffarelli et al. 11] (see also10,25]). The approximations in
(H4) for the singular reaction term were also used to establish existence of solutions of the
free boundary problem in cylinders with Neumann boundary conditions in the presence of a
shear ow [4].

Here we revisit the problem of existence of traveling wave solutions and propagation
phenomena forl(.1) from a variational point of view by studying the minimizers of the
functional in (L.5). As we showed in part | of this workp], these solutions are of special
significance for the propagation phenomena governedlbly (vith front-like initial data
and, therefore, allow us to give a sharp characterization of the propagation velocity (in the
sense of the average velocity of the leading e@de?]) for a wide class of initial data. Our
variational method becomes especially powerful in the sharp reaction zone linditpf (
since one can pass to the limit directly ih %) to obtain a free boundary problem that has
been investigated earlier for this kind of probler@gi]25].

Using our variational approach, we are able to obtain existence, uniqueness, monotonicity,
and asymptotic decay ahead of the front for the minimizers of the limiting functional, see
TheorenB.1 The results of SecB generalize the work of Alt and CaffarelR]to the case of
transverse potential ows and in nite cylinders. The latter aspect of our analysis is novel and
is related to what was done if9,22] to overcome the lack of compactness associated with
the translational symmetry in the considered problem. We also obtained a novel variational
formulation, a kind of an area functional, which gives an upper bound for the propagation
speed of the traveling waves, see Theore Importantly, together with a suitable choice
of a trial function, this novel variational formulation also provides a matching lower bound
for the propagation speed in the limit of vanishing front curvature, Thedr&nthus giving
arigorous justi cation to the Markstein model of a ame fror2(]. This formulation for the
case of an attached ame is also related to the functional introduced by Jadin [

We also prove convergence of the minimizers of the approximating problerisirtq
the minimizers of the limit problem. Our convergence analysis of Theotefrand5.3is
a counterpart of that of Berestycki et ad].[ Note that our analysis treats a more general
class of boundary conditions and a transverse potential ow, instead of a shear axial ow.
Moreover, our limit is a full limit ag — 0 and not a limit on a sequeneg — 0, as in {].

We also obtained explicit estimates on the propagation speed for the regularized problem in
terms of that of the free boundary. Let us point out that our approach is substantially different
from that of H], in view of our a priori existence results for the free boundary problem.
Instead of constructing solutions of the free boundary problem as a limit of solutions of the
approximating problems, we rst establish existence of solutions in the singular limit and
then show that the solutions of the approximating problems are close to the limit solution.

We conclude by demonstrating that in practice our variational formulations can give very
good numerical estimates for the propagation speed in combustion problems, see the numer-
ical results and the estimates in Sext.

This paper is organized as follows. In Set;twe introduce a modeling setup which leads
to the singular limit arising in combustion problems. In S8oive prove existence of trav-
eling wave solutions for the free boundary problem arising in the sharp reaction zone limit
which are minimizers oﬂ)?. In Sect.4 we introduce the area-type functional and establish
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524 C. B. Muratov, M. Novaga

a number of results about the upper and lower bounds for the propagation speed. Then, in
Sect.5 we prove convergence of the minimizers for the regularizing approximations to the
minimizer of the free boundary problem in the sharp reaction zone limit. Finally, in Gect.

we illustrate our ndings with a few numerical examples. For notation and various auxiliary
results, see part | of this wor].

2 Model

In this section we give the physical motivation for a particular modeling setup that leads to the
problem analyzed in this paper. We note that, although the derivation is done in the context
of a thermodiffusional model of combustio8, 14,28], similar modeling is applicable in a
wider context, in particular, in the case of chemical reactions in gel reactors (se8Jg.g., [

Let us recall brie y the thermodiffusional model of laminar ames. Let= n(x, ) be
the fuel concentration anfl = T (x, ¢) the temperature of the gas mixture. The governing
equations of this model take the following form:

ad
78'11 +v-Vn = DAn — vone Ea/T, (2.1)
oT - —E,/T
eo (S TV VT ) = kAT +TonEe /T, (2.2)

Here,v is the velocity eld of the imposed advective owy is the fuel diffusion coef cient;
¢, p, k are the speci c heat, density, and heat conductance of the mixture, respediively;
is the frequency parameter, is the reaction heat, an, is the activation energy (we use
energy units to measure temperature).

The portiom X ;. corresponds to the fuelinlet (v3o, < 0), hence the fuel concentration
there will be high and temperature low; the portidf_ corresponds to the products outlet
(v-v|sq_ > 0), hence the fuel concentration there will be low and temperature high:

T,z 0|yg,=Te(), n(y, 20|, =ne(). (2.3)
On the other hand, the porti@rEg is impermeabley(- v|;x, = 0):
v-VT(y,z, ’)’azoz 0, v-Vn(y,z, t)|3zo: 0. (2.4)

A simple illustrative example of the system’s geometry would be a pair of coaxial per-
forated pipes, then the react@ris the space between the pipes, see Eé&g.The interior
pipe carries cold fuel, with (constant) temperatiire= 7y and fuel concentration = no,
which then enters the reactor, the products (or unburned fuel) escape through the wall of
the outer pipe which is in contact with inert gas mixture on the outside, Wita 7_ and
n = 0. Or consider an isolated pipe with two smaller pipes inside, one supplying the fuel
and the second used as the exhaust, in this case there are no- ux boundary conditions on the
outermost pipe, see Fidb. Itis also natural to assume in such a setup that the advective ow
is incompressible, in this cageis harmonic inQ2. Let us note that the problems of ignition
in a slit burner 4] and propagation of an edge améZ,18,26] fall naturally within our
framework.

After an appropriate rescaling.(l) and @.2) can be written in the following dimensionless
form

ny+v-vn=LetAn —ne T, (2.5)
T, +v-VT = AT +ne T, (2.6)
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(@) / ®» y

Fig. 1 Anillustration of a physical setup leading tb.{)

where we introduced dimensionless parameters

E,
le= & 4= PEa 2.7)
Eng

whereng is the characteristic fuel density. As usual, when+£el, we can add up these
equation to eliminate one of the variables. Denoiing: 7 + n and assuming a steady state
for w, we ndthatw = w(y) and satis es

v-Vw = Aw, w|azi: T+ + n4, v-Vw|820: 0. (2.8)
Substituting the solution of this equation back indgf and introducing: de ned as
u(y,z,t) =T(y,z,t) — To(y), (2.9)
whereTp = Tp(y) is a solution of
ATo—v-VTo+ (w —To)e /™ =0, To|;5 = Ta, v-VTo|yz =0, (2.10)
we obtain (.1), wheref is the (generallyy-dependent) combustion-type nonlinearity
fu,y) = () = To(y) — w)e /PO — u(y) — To(y)e /M. (2.11)

The sharp reaction zone limit af — 0 in (1.1) arises due to the speci c Arrhenius
nature of the nonlinearity in combustion at large activation energy, in which the dimension-
less parametet > 1 [9,14,28]. To see this, assume rst that the quantities t8f are
T, = T— = 0 (for simplicity, we do not consider the effect of nite temperature of the cold
gas) andi. = n_ = 1, so both the inlet and the exhaust are maintained at the same fuel
concentrations. These boundary conditions immediately implywhat 1 and7y = O in
Q (we de ne the Arrhenius factor to be zeroat= 0). So, f (1) = (1 — u)e %/* and is
independent of.

To proceed, let us set= a~1, sothats « 1, and introduce

fo(u) = Ce™2(1 — uye—® " Am0A+A=w)/u), (2.12)
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526 C. B. Muratov, M. Novaga

with

4
C= 2 . . lim Ce) = 1, (2.13)
e(e+1) —(2e+Deil (0,1) 0

wherel (a, z) is the incomplete Gamma-function. With these definitions we have

1
/ fowdu = 1. (2.14)
0

We also note thaf, (1) is an extremely rapidly decaying function @f Therefore, unless

u is very close to 1, for realistic values ef« 1 the value off.(«) may be so small that

the physical assumptions used to deritgl) are no longer valid. This motivates a common
physical approximation used in the combustion models to truncate the furftmrsome

u = u* < 1, called the “ignition temperature”, and sgt(u) = 0 for all u € [0, «*]. ToO

be consistent withZ.12 and @.14), one chooses 1+ u* = O(¢). We note that the latter
assumption turns out to be rather crucial for the analysis of regularity of the solutions in the
limit ¢ — 0 [4]. Finally, let us do a rescaling

x — avCe™? x, t — Cae"t, (2.15)

which leads to 1.1) together with hypothesis (H4).

Naturally, the dimension of physical interestiis= 3. Also, a problem on a two-dimen-
sional strip is of special physical importance (our numerical examples will be from this
category). And, of course, the case of a purely reaction—diffusion equatiea Q) with
either Dirichlet or Neumann boundary conditions is included in our formulation.

3 Singular limit

In this section, we consider the singular limit af4) ase — 0, whenyf, approaches a delta-
function concentrated at = 1. We note that in general it is dif cult to assign a meaning to
(1.2) or (1.4) with such a singular nonlinearity. Nevertheless, due to the localized character of
the reaction it is possible to give a satisfactory interpretation for these equations in terms of
a free boundary problem in which the reaction zone is described as a surface (in the physical
case ofn = 3) separating the so-called “preheat zone” from the “products” in combustion
terminology R,4,25].

On the other hand, it is possible to pass to the limitfafu) — §(u — 17) directly in
(1.5. Introducing

0 u<1,
Volu) = {_1 o 3.1)

we see thal, — Vp pointwise as= — 0. We note that/y de ned in this way is lower

semicontinuous, making further variational analysis of the problem possible.
ReplacingV, with Vg in (1.5), we introduce the functional

®Ou] = /e“ﬂ’(” (%|W|2 + Vo(u)) dx. (3.2)
D)

@ Springer



Front propagation in in nite cylinders. Il. The sharp reaction zone limit 527

The results of 22] motivate us to analyze the minimizers &.%). Our main result here

is a characterization of the uniformly translating solutions of the free boundary problem
associated with1(1) with the minimizers of 8.2). As in [22, Theorem 3.9], existence of
the minimizers can be established in terms of the auxiliary functifggl], de ned for all

v € HY(Q) that vanish o, which for V = V; can be written simply as

1 ,
Eolv] = 3 / Vo2 dy — / eV dy. (3.3)
{v<1} {v=1}

We point out that a functional of this kind has been considered]ir_pter, in Sect5, we
prove that these minimizers are in fact limits of the corresponding approximation problems

in (1.4).

Here is our main result concerning the minimizersbd

Theorem 3.1 Let n < 3, and assume that there exists ¢ > Oand u € HCl(Z), u # 0, such
that CID?[M] < 0. Then:

(i) There exists a unique constant ¢' > ¢ and it € Hclf(E) NWLo(T), i # 0, such that
u is a minimizer of CIDST. Moreover, 0 < u < lin %, and if

wo-=xeX ukx) <1, wy={xeX:ulkx) =1}, (3.4)
then the set w is non-empty, and u is a classical solution of

A+ cli, + Vyp - Vi =0, =0, v Vil =0, (3.5)

”’azi
inw_.

(iiy The function u(y, z) is unique (up to translations), is strictly decreasing in z in w—_,
and lim,_ o (-, z) = 0in CX(Q).

@iy u(y,z) = aowo(y)e_’hr("T"’O)Z + O(e*?), with some ag > 0 and ) > )\.+(CT, Vo),
uniformly in CL(Q x [R, +00)) as R — +00, where Yo > 0 is a minimizer of R in
(1.6) and

cH+ 2+ 4y

5 (3.6)

Ay(c,v) =

(iv) The free boundary dwy = dw—_ N dw is bounded from the right and has regularity
cte, for some a > 0. Moreoverii € CY%(@_), and the following boundary condition
holds:

i awe =1, V- Vil |gyy = —V2, (3.7)

where v is the normal to dwy pointing into w—.
(V) lim,— _ooi(:, 2) = v uniformly in 2, where v > O is a critical point of Eq such that
Ep[v] < O. In particular, letting wg = w4+ N {z = R} and

wo=|Jwr Q. (3.8)
ReR

we have dwg — dwo in the Hausdorff sense as R — —oo, dwo is of class CH%, for
some a > 0, and dw+ is a graph of a function h € BVoc(wo)-
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528 C. B. Muratov, M. Novaga

Proof of Part (i)

Existence of a minimizer, uniquenessait and the fact thafi(x) € [0,1] forallx € &
follow from the same arguments as 2] Theorem 3.3], Part (i). The only difference is in
the proof of the inclusion € W1°°(). The latter follows from the fact thatis a minimizer
of @ST, reasoning as inZ, Corollary 3.3] (see alsal] Theorem 3.1]).

Let us rewrite the functionab? as

1
O] = > / LT |V 2dx — / 0 gy, (3.9)

(o [oxs

In view of [22, Lemma 2.2], ifw, = @, thend)?T[ﬁ] >0 andd)ST[ﬁ] = 0 if and only if
i = 0, contradicting the existence of a nontrivial minimizer. Henge# @.

SinceVp = 0 in w_, the Gateaux derivativé)(,,d%[ﬁ] exists and is equal to zero for
all test functionsp vanishing onw. Sou solves the Euler-Lagrange equation ﬂa‘CPT with
Vo = 0 in w_, which is precisely equatior8(5). Then, by the Strong Maximum Principle,
we havex > 0in w_ and, therefore, in the whole &f.

Proof of Part (i)

Uniqueness, monotonicity and uniform decayiofollow reasoning as in42, Theorem
3.3], Parts (ii) and (v). We only point out a few modi cations of the arguments above. Let-
ting i1, u2 be as in Part (ii) of 22, Theorem 3.3], for a given translatien> 0, we have

D t[u1] = P t[iz] = 0, hencery, up are non-trivial minimizers oﬂJ?T. It follows that the
differencew = itp — u1 > 0 solves the equation

Aw+c'w, +Vy9-Vyw=0 intheset {ip <1}. (3.10)

It follows that eitherw = 0 orw > 0 in {u2 < 1}. The rst possibility would imply that
i is independent of and, hence, is zero, which is impossible. 80> 0, implying that
u(y,z —a) > u(y, z) forall (v, z) such thatia(y, z) < 1. In view of the arbitrariness of
a > 0, this implies thaf: is strictly monotone decreasingdn._.

Similarly, letiz andiz4 be as in Part (v) of2, Theorem 3.3], withiiz(x*) = i4(x*) < 1.
Then, sincav = g — i3 satis es 3.10 in the set{iig < 1}, with w > 0 on the boundary of
{ug = 1}, from the Strong Maximum Principle we conclude that= 0 (hence also on the
boundary). Then, by monotonicity of the minimizefig,andii4 coincide in all ofZ.

Proof of Part (iii)

This is just a particular case a2, Theorem 3.3], Part (iii), witty’ = 0 for z large enough.
Notice that in this casg (cT, vo) > ¢T.

Proof of Part (iv)

Notice rstthatdw. is bounded from the right sinég-, z) — 0 uniformly, by Part (ii). The
fact thatii € C1%(w_) anddw. is of classC¢, for somex > 0, follows from [2,11]. Here
we use that < 3, since otherwise the boundary 8et. could contain singular point4d §].
Indeed, reasoning as in the proof @3] Theorem 1.2], we have thétv.. is uniformly of
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classC1® | in the sense that there exigtsC > 0 such thabws N B, (x) is contained in the
graph (along some direction) of a function with-%-norm bounded by, for all x € daw-.

The free boundary condition ir3(7) is also obtained inZ]. For reader’s convenience we
present the argument here. The rst condition follows from the definitiodwf and the
continuity of i established in Part (i). Let us prove the second conditioB.if).(Fix e > 0
and a functiorp € C1%(dw.). We perturtdw.. by displacing each point @fw by ep < 0
alongv, wherev is the normal td w4 pointing intow_. In order to preserve the rstboundary
condition in B.7), we also perturb the functioim by adding to ite¢, where the functior
satis es the same boundary conditionsiasn 9 X and solves inw_ the following boundary
value problem:

A¢ + ch, + Vyg - Vygp =0, ¢|awf —(v - Vii) p + o(e). (3.11)
The derivative of? with respect te becomes
O —
0= 2l _ 1 / WV 2p dH"
de 2
dw+
- / W) p gt 4 / eSOV . Ve dx. (3.12)
Bwi w—
Integrating by parts and noting that 8. we havev - Vii = —|Vu|, after some algebra we
obtain
dofla] 1
o d%elul _ 1 / ) (\Via? = 2) pdH L, (3.13)
de 2
dw+

Therefore, the following condition de nes the location of the free boundary:
Vil =+/2 on dw. (3.14)

In view of the fact thaii decreases along we obtain the statement.
Proof of Part (V)

The existence of a functione W1°°(2), such that lim_, o ii(-, z) = v > 0 uniformly in
Q, follows from the Lipschitz continuity and monotonicity @f proved in Parts (i) and (ii)
respectively. Notice also that= 1 in wp.

Sincewp C woforall R € Rand|lwo\wgr| — 0,asR — —oo, the Hausdorff convergence
of dwg to dwp follows from the fact thabwy are uniformly of clas€1%, independently of
R, as stated in the proof of Part (iv). It then follows thaf is also of clasg <.

We now show that the functio(y, z) = v(y) is a minimizer forcbg on X, with respect
to perturbations wittbounded support. Indeed, letting, b, R € R, with a < b, the func-
tionig(y,z) = u(y,z — R) is a minimizer for<I>? restricted toX, , = Q x (a, b), with
respect to perturbations vanishing®B,  \ (0Q0 x (a, b)). Sincellig — vl (s, ,) — O
asR — —oo, it follows thatv is also a minimizer fontb? restricted tox, ;, with respect
to such perturbations. In particular, singg satis es equation.5) in (2 \ wo) x R, we
obtain thatv solves the linear equatioB.(L5 in {v < 1}. In particularv € (0, 1) in  \ @,
by Strong Maximum Principle. Moreover, arguing as in Part (iv), we getulsatis es the
boundary condition3.16). Equations 8.15 and @.16) imply thatw is a critical point ofEo.
The inequalityEg[v] < O follows as in P2, Theorem 3.3], Part (ii).
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530 C. B. Muratov, M. Novaga

Finally, sincedw. has locally nite perimeter irE (being of clas<'-*) andiz is monotone
in the z-direction, we have thalw+. is a graph of a function € B Vjoc(wo). O
Notice that, while Theorer.1 covers the physically relevant cagse< 3, most of its
statements can be extended to arbitrary dimensions. The only dif culiy=tr4 is the lack
of complete regularity theory for the free boundaey,. [2,13)]. It is currently known that
the free boundary is regular, out of possibly a closed singulas.set dwy of Hausdorff
dimension at most — 4 [27]. We note that, since in our case, the free boundary is a graph
in the z-direction, we expect that the singular set be always empty, independently of the
dimension [1,27].

Remark 3.2 The sefwp in Part (v) of Theoren3.1is the set on whichh = 1, and
Ayw+Vyp-Vyu=0, vpo, =0, v Vyvlse, =0 (3.15)
in Q\wo, and the free boundary conditions
Vawpoe =1, v Vylawan = —v2, (3.16)

wherev is the normal tdwo pointing outsideno.

Arguing as in P2, Theorem 3.9], we obtain the following necessary and suf cient condi-
tion for the considered problem to have minimizers:

Corollary 3.3 Minimizers of <I>8 exist if and only if

inf  Ep[v] < 0. (3.17)
veHY(Q)
v‘aﬂi:O

We note that, conversely, existence of a solution of the free boundary problem in Theo-
rem3.1limplies existence of minimizers @F?. Indeed, ifu. is a solution of the free boundary
problem, it satis es {.4) with f, setto zero inv_, and by the arguments at the beginning of
Sect. 30fP2], we haveu. € H1(Z). So, repeating the arguments in the proof of ThedBein
we conclude that. is a critical point of<1>?. This, in turn, implies tha@?[uc] =0, and so
u. can be used as a trial function in the assumptions of The@&nThus, non-existence
of minimizers in Corollany3.3implies non-existence of solutions of the free boundary prob-
lem as well. Let us also point out that the statement in part (v) of The8r&imcludes the
possibility that the free boundary has “vertical” portions (i.e. those with= 0). However,
one would expect that generably . does not have any such portions and thus is a graph of
aClt’g (wo) function.

Note that in the casE = R we recover the classical result of combustion the&r2§]

—\/EZ

_ e , z>0,
= 3.18

" (1, z=<0. (3.18)

which is the minimizer with speed’ = /2. We note that by the same arguments as in
[22, Proposition 3.4], this is also the minimizer in the case of purely Neumann boundary
conditions (i.edX+ = @) and is the fastest variational traveling wave irrespectively of the
choices ofp, 2, and the boundary conditions.

Remark 3.4 Using simple test functions, one can show that the conditio8.it/ of Corol-
lary 3.3is satis ed whenevef2 contains a ball of radiug big enough.
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4 Area-type functional

Throughout this section we always assume that 2. We will now derive an area-type
functional which can be used to obtain suitable bounds for the propagation speed of the
minimizer. Integrating the rst term in3.9) by parts and the second term 8f9) in z, and

using @.5) and (3.14), we obtain

. Vu -z
o0 [i1] = / oeree (WL _V-2) 1 g 4.1)
¢ 2 cf
dw+
where the gradient is evaluated on theside ofdw+. Then, making use of the free boundary
conditions 8.14), we nd

Mer (o) = O [a] =0, (4.2)
where we introduced an area-type functional
. 1 vz
Me@wy) = | O = — == )anr ™, 4.3
(do1) / e N (4.3)
o

wherez is the unit vector along theaxis pointing to the right. It follows that, if the functional
@9 has a minimizer, then infl, < 0 for all 0 < ¢ < ¢'. Therefore, if one can show that
for somec we havell, > 0 for every surface contained ity x R, then this automatically

implies thate™ < c.

Notice that the rst term in4.3) is an area term, whereas the second is a volume term,
which is of lower order with respect to the rst one. In particular, from the regularity theory
for minimal surfaces (sed [16)), it follows that any minimizer off1. is suf ciently smooth
out of a closed singular set of zet¢'~1-measure.

Before undertaking a more detailed analysis, let us make several general remarks regard-
ing the functionalll.. First, it is clear from 4.3) thatc™ < +/2 independently of. Indeed,
in (4.3 v - z < 1 so the integrand is strictly positive for all> /2. On the other hand, the
upper bound = /2 is achieved only if the front is planar, hence, only whéh. = . In
this case: depends only on the-variable and is given explicitly by3(18).

We now proceed with the analysis @f.8). For € BV (wg), we de ne

272 2
a[c]:/e‘m‘) ,/76 d +2|VY§| —¢ | dy. (4.4)

wQ

Notice that there is a standard way to de ne the functiodad)(on the whole ofBV (wp)
(see B, Sect. 5.5]), as the lower semicontinuous relaxation of the same functional restricted
to H1(Q), with Dirichlet boundary conditions ofwg \ 2. In particular, the functionak..
takes into account possible jumpsinsidewg and ondwg \ 320.
A simple calculation shows that, §f > 0, we have

Me (M1 i) = %ac[;], (4.5)

whereT’;, denotes the graph = h(y) for anyh € BV (wp). In fact, there is a one-to-one
correspondence between the functions on wtiighs de ned and the hypersurfaces in the
domain of definition off1.. Therefore, in the following we will be using these two area-type
functionals interchangeably.
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Notice that E, is a one-homogeneous, convex, lower semicontinuous functional on
BV (wp). Moreover, its gradient term corresponds to an anisotropic perimeter of the sub-
graph ofz. Reasoning as irlf], it is possible to prove that is (locally) of classC?¢ in the
open set where > 0. We observe that any minimizermay be discontinuous (and jump to
zero) on the boundary of such set.

The above arguments apply when the minimizexists, this, of course, may not happen
for all ¢ > 0. In fact, the following statement holds.

Proposition 4.1 Assume that (3.17) holds. Then, there exists a unique value of ¢ = c*, for
which E. admits a non-trivial minimizer { € BV (wg), with ¢ > 0 in wo. Furthermore,

Euxl¢l=0.

Proof To construct a minimizer oE., we consider the following constrained variational
problem

minimize 2.[¢] subjectto ¢ >0, /e*"()’);dy =1 (4.6)

@0

Indeed, letting;, be a minimizing sequence, we hayg, || pv (wy) < C for someC > 0,
hence there exists a functignsuch that, up to a subsequenge—~ ¢, weakly in BV (wo).
In particularz, — ¢, strongly in L1(wg), and so¢. satis es the constraints. Sincg, is
a lower-semicontinuous functional a®V (wp) [3], we get thats. is a minimizer for the
problem.

For shorthand we set. = E.[¢.]. TheorenB.1, (4.2) and @.5) imply that

int {Sal¢1: ¢ € BV(@o), ¢ 20} <0, @.7)

henceu.+ < 0. Moreover, from the discussion precedirgs, we havew,. > 0 for all

¢ > +/2. Furthermorey. is an increasing function af, henceu. < 0, for all ¢ € [0, ch.
Indeed,E./[¢.] < E([¢] forany 0< ¢’ < ¢, due to the monotonicity of the integrand in
(4.4). Also, sincez is a minimizer ofE./, we have

He = Ec’[é‘c’] =< Ec’[{c] < Ec[gc] = M- (48)

Furthermore, by Mean Value Theorem applied pointwise to the integrand, with&ome
(c’, ¢), we obtain

o P 2/ o
fhe — e = —Cfc /e@‘“” ‘ dy > —Cfc . (4.9)
2.0 SR 4|V 2

So,c — [ 1S continuc_)us, and hence there exists a unique value=of* such thaj,: = 0.
We now claim that = ¢, is a minimizer ofE: in the absence of the constraint. This
follows from the fact that, for alf € BV (wp), ¢ > 0, ¢ # 0, we have

Eclt) = aBclt/al, a= /eW)g dy > 0. (4.10)
[20]

Hence,E.: > 0, and¢ is a global minimizer ofg ;. Moreover, ifc < ¥, then by ¢.10
inf 8. <au. — —o0asa — oo, and so the minimizer d&. does not exist. If, on the other
hand,c > cf, thenZ.[¢] = aB.[¢/a] > apu., SO that the only minimizer is the trivial one.
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We note that in general the support dffor evenwg) does not have to be connected.
However, on all connected portions of sippthe functionalZ,.: must evaluate to zero,
since otherwise it can be decreased by seittg zero in the one where it is positive. But
this means that one can always choose a miningizghose support is connected.

Let us now summarize the arguments leading frégn3)(and @.5) to Propositiord.1in
the following result:

Proposition 4.2 Under the assumptions of Theorem 3.1, we have
ch <t (4.11)
where ¢t is defined in Proposition 4.1

Note that in the absence of information about the minimizerBwit is still possible to
use the functionak, to obtain a suf cient condition for non-existence of minimizers dff.
Allowing the domain of the functions to be the whole of2, we obtain that the condition

;e}'&n\/fm) Eol¢] =0, (4.12)
¢=0
guarantees non-existence of minimizersdgrwith anyc > 0 in view of the monotonicity
of &, with respect ta.

Let us point out that the minimizers &, or, equivalently, oflT. satisfy the Euler—Lag-
range equation which reduces to the classical Markstein model of the dynamics of ame
fronts [20]. This fact, for a thin ame in a potential ow was rst noticed by Joulia 7], who
introduced a functional which is essentially equivalenilto To see this, let us compute the
rst variation of IT.(I") with respect to in nitesimal displacemends of I along the unit
normal vectow pointing to the right. After simple manipulations, we arrive at

81 (I")
_ 1 cz+o(y) 2 n—1
—ﬁr/e (CU~Z+U-Vy(p+(I’l—l)H—\/E)Spd'H ., (4.13)

whereH is the mean curvature &f, positive ifI" is convex towards = —oo. Therefore, if
I' is a minimizer ofl1,., it satis es the Euler—Lagrange equation

V(P24 Vyp) =2 — (n — DH. (4.14)

This is precisely the steady version of the Markstein equation, once it is realized that the
term on the left is the normal velocity of the front relative to the ow. So, what we proved

in Proposition4.2 gives a rigorous justi cation for the Markstein model as giving a strict
upper bound for the propagation speed of the ame front in the considered setup. On the
other hand, the physical assumptions behind the Markstein model rely on the smaliness of
the front curvature and the ow variation compared to the width of the preheat Zghe [
Under this assumption, we can show that the minimizerd 0br, equivalently, ofg. also

give a matchingower bound forc™ which coincides with? in the limit of vanishing front
curvature and advection velocity gradient. For clarity, we demonstrate this point under a
simplifying assumption on the geometry Qf

Proposition 4.3 Assume Theorem 3.1holds, and, in addition, that r=r Liogf> where E isa

minimizer of &, obtained in Proposition 4.1, has all principal curvatures bounded by ¢ > O,
that dist(wo, 9Q) = O (e~1), and that [(Vy ® Vy)o| < Me for some M > 0. Then
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et > o — C1e? — CoMe, (4.15)
for some C12 > 0 independent of €, when ¢ is small enough.

Proof We prove this statement by constructing an appropriate trial functiom?drom r,
based on the one-dimensional minimizer, s2&8. Introduce the signed distance function

d(x) = +dist(x, '), (4.16)

which is positive ifx is to the right of’ and negative otherwise. We can then de ne a trial
function

1, d(x) <0,
w1, 0<dlx) <do—1, (4.17)
e=V2o=D gy — d(x)), do—1<d(x) < do, '
(do—d(x)), do (x) < do
0, d(x) > do,

where we introduced a constaftsuch that 1< dop < dist(wg, 9$2). Clearly,u liesin H}(E)
and satis es the boundary conditions k.

Let us now evaluat@?[u] for somec < ¢*. To proceed, observe that the second term in
(3.2 coincides with the second term iA.g):

, 1 A _
/ecz+*"())Vo(u)dx = —f/ecz""p(y)v SZdHY, (4.18)
c
b i

where, as before, is the unit normal vector td pointing to the right. So, it remains to eval-
uate the rstintegral in8.2). Let us write this integral in curvilinear coordinates associated
with T, which is justi ed whendg < ¢~

/ ecete) |Vu|2dx
b

do n—1
=//ecz+‘”(y)|Vu(x)|2(H(l+ki(x’)p)) dpdH" 1 (x)). (4.19)
0 i=1

Herek; are the principal curvatures éh assumed to be positive if the set enclosed igize.
the set on the left of') is convex, and’ is the projection of onT, so thatt = x" + pv(x').
Now we estimate

/ W) |y 2dx
)

do
< / / O Vu) 2L+ (n — DHE ) p 4 Ce2p?) dp dH" 1 (x')
r O

do
< /ecz/w(y/)/eCpV-2+pv-V<p(y/)+8CMp2
P 0

x|Vu(x)|?(L+ (n — DH & )p + Ce?p?) dp dH"' 1 (x')
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do
< / o) / eV204eCMP? |7 ()21 4 Ce2p2) dp dH'™ L"),  (4.20)
r 0

whereH (x’) is the mean curvature @f atx’, andC denotes a generic positive constant. In
writing the last line in the estimate above we took into account the Euler-Lagrange equation
(4.14 for T and the fact that©—<)# < 1. Substituting the expression farfrom (4.17)

and choosinglp = K loge~1, with K > 0 suf ciently large, we get

/ ecete) |Vu|2dx

P
do—1

< Z/ecz’Jr(p(y’) / e*«/ﬁersCMpz(l_l_ C82p2) dp dH"il(x/)
r 0
do
+ / <00 / V22-do+eCMG (1 1 C62aB) dp dH"H(x')
h do-1

< Ce? / IO gL (1) (4.21)
h

do—1
+2/ecz/+<ﬂ(y/) / e—ﬁp+aCMp2 dde”_l(x/)
r 0

< (C1e + CzMs)/efz’ﬂ?(y’)dHn—l(x/)
r

o
+2/ecz/+‘/’(y/)/e_ﬁp dp dH"1(x).
r 0
Integrating the last term with respecttowe nally obtain

/ T VU 2dx < V2(1+ C16% + CaMe) / W g1, (4.22)
b r

Now, observe that from4(5), Propositior4.1, and the monotonicity oE. with respect
to c it follows that

i/eczw(y)dﬁnfl < i/eczw(y)v SsdH"L (4.23)
V2 ct
r r
for all 0 < ¢ < ¢*. Combining this with the estimate i#.22), we have
®0[u] = % / 00 | Pl — & / eSOy g gt
C
z r

—t 2
- c—c" 4+ C3e° 4+ Cq4Me /echr(ﬂ(,V)dH”*l =0, (4.24)
/2

r
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if ¢ = ¢ — C3e? — C4Me. Thereforeu satis es the assumptions of Theorédri, and so
there exists a minimizer with speeEI > c.

Let us make a few remarks about the result in Propos#i@before concluding this
section. The main assumption of Propositibi was that of uniform smallness of the cur-
vature ofl", which is at the heart of the idea of approximating the free bounglasyof the
minimizer of®° with that ofI1, and is, therefore, essential here. We note that the assumption
dist(wp, 9Q2) = O(¢~1) does not contradict the assumption on the curvature, and may even
be replaced by the weaker assumption @igf 92) > loge~! (see also Secg). On the
other hand, as follows from evaluating.{4) at a point where = %, if the curvature of”
is uniformly O (¢), then the speed has an estimate’ = /2 4+ O(¢) as well. But since
ct—cf = 0(s2) + O(Ms), the speed? of the minimizer ofI1, captures, as it should,
the leading order curvature correctionscfoand so should give a good approximation for
the propagation velocity™ in practice. On the other hand, if is allowed to approach
%4 (the cold boundaries), then the curvature will not be uniformly bounded near the bound-
ary, and the propagation speed can have@ah) difference frome = /2, the speed of the
planar front, or propagation failure may occur altogether.

We also note, that ifV,¢| « 1, we get into the situation of a weakly perturbed planar
front. Assuming thatV,¢| <« ¢ and+/2 — ¢ « 1, Taylor-expanding4.4) in IVy¢|, and
introducingyr = /¢, we obtain (up to an additive constant)

Ely? = / e# (|vy1/f|2 - ‘/fécwz) dy +hot. (4.25)

(2]

Thus, in this situation ndingc® amounts to computing the smallest eigenvalue of the
Schrodinger-type operator generated £y26), which is easier to study than the minimizers

of (4.4).

5 Approximating problems

Now we study the question of how well the minimizers 8f3 approximate the minimiz-
ers of (L.5 in the limit ¢ — 0. Our main results in this section are the estimates for the
wave velocityc]; of the approximating problem in terms of the speécbf the limit free
boundary problem and strong convergence of the (appropriately translated) minimizers of
the approximating problem to the minimizer of the limit problem.

Observe that by definition

Ve(u) < Vo(u), IimO Ve(u) = Vo(u), VYu €R. (5.1)

Therefore, under the assumption of existence of minimizers for the limit functibfan
(3.2 existence of minimizers fod¢ is guaranteed for al < 1. Indeed, by Corollarg.3,
we have infEg[v] < 0, and, from the rstinequality in%.1), that inf E.[v] < 0 as well. So,
by [22, Theorem 3.9] the minimizer, of ®¢ exists and has all the properties guaranteed by
[22, Theorem 3.3].

We now show that the spee@ is in fact the limiting speed of the minimizeiis for the
approximating problems.
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Theorem 5.1 Under the assumption of Corollary 3.3 let cg and c;r be the speeds of the
minimizers of CDE.) and ¢, respectively. Then we have

32 1

cégclgcé—i——,r, 0<8<§. (5.2)
)

Proof SinceV, < Vp, we immediately conclude the lower bound $3). Let us now prove
the upper bound. It is easy to see that by the assumptiorfs we haveV, (u) > Vg (ﬁ

T
Let us introducei(y, z) = 1t-u (y, %oz) Then, clearly for any € H(X) we have

ueH T(Z:). So, evaluatingb? onu, we get
&)

LVl u
®Eul > cz4e(y) Vi d
clul = / 2 T TVl *
b
t |2 2 12
~ il V 4
> (CO)/ ecéz—%—(p(y) 1- S)Zﬂ +@1- 8)2 (CT) ] + Vo(u) ¢ dx
c 2 o 2

z

CT
> (1- s)z(co) i)

tetol) cz—c82~2 2e —¢
+ [ eforTe 2 Uzt
2c,

2
Vo(@) ¢ dx | . (5.3)

(1-#2

=

Now, using the fact thaVo(u) > —u?, the Poincaré mequahty fron2p, Lemma 2.2], and
that by definition ofc0 we haved) +[#] > Oforalla e H (E), we can proceed to estimate

the last line in the inequality above as

t 2_ 12
- 2
cpi[u]2(1—8)2(?)/&3“‘”” < 8C° —(1_88)2 P2dx. (54
D)

Then from this inequality it follows thabt[u] > § [5 e“H*Wu? dx, with somes > 0, if
£ <3 Landc > Co + 32 50 only trivial minimizers exist for these valuescofin view of

this, we have the second inequality ;3).

Let us recall the following uniform gradient estimate for both the minimizersf &
and the minimizeiig of the limit functionalcpg, which were obtained irdf Theorem 3.1]
(see also10, Chap. 1]).

Proposition 5.2 There exists a constant C > 0 independent of € such that

laellwrosy = C,  lliollwreosy < C. (5.5)

With the help of these estimates, we are now ready to prove our convergence result for
the sequence of minimizeds® of the approximating problem to a minimizer @f.
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Theorem 5.3 There exists a translation a; € R, such that if us(y, z) = ue(y, 2 — ag), then

we have B
us — up € COLT) in Hclf(x), (5.6)
0

as e — 0, and

cpf_’g[uo] =0, ug#0. (5.7)

The convergence is also uniform on compact subsets of .
Proof Lete < 1, and observe that we have sup ii. (x) > 3, since otherwisé’; (iz;) = 0
and so<b8 [us] > 0, which contradicts the fact that is a minimizer of<1>‘E Recalling

also thatu (-, z) — 0 uniformly asz — +o0, we can choose, € R such that by letting
ug(y,2) = ie(y, 2 — ag), we have

1 1
maxug(y,0) = = and u.(y,z) < =, VY(y,2) € Q x [0, +00). (5.8)

yeQ 2 2’

Now, notice that by Propositidh 2and the Arzela—Ascoli Theorem the functionsconverge
(on a sequence af — 0) uniformly on compact subsets &f to a functionug € C%1(T),
which satis es 6.8) (hence, in particulang # 0). Moreover, from 22, Lemma 2.3] and
Proposition.1we know that:! > ¢} and

ug € Hclf(z), Ve > 0. (5.9)

Let us show that, are also equibounded |H +(X), and, as a consequenceﬂﬁ (%) as
well. Thanks to 22, Lemma 2.2], itis enough to prove that

1 !
/ YW vy, 2dx < C, (5.10)
)

for some constar@ > 0 independent of. SinceV, (1) > —1 for allu and, by construction,
Ve(ug (-, z)) = 0 forallz > 0, we have

1 i ' T
0= @ [u:] = é/eCEZ+‘p(})|Vu8|2dx + / /ecSZJ'"p(y)Vg(ug)dydz

-0 Q

X

, MIQ
/Cf”"’(})quglzdx— | ', (5.11)
X

%

NI =

cf

for someM > 0, which proves the inequality irb(10 with C = 2M|Q|/c0 Now, to pass
to the norm |nH (E) we observe that

o0
T R T
/ 0TV, |2dx < / / e W |V 2dydz

z
0
+ / / 0|V, 2dydz
—00

M|sz|
< C+ — 11 Vue Pl Lo(z). (5.12)

€0

@ Springer



Front propagation in in nite cylinders. Il. The sharp reaction zone limit 539

In view of the result in PropositioB.2, we conclude that, are equibounded i (%) also.
o
So, it follows thatu, — ug also weakly inH% (X).
‘o

Let us now prove that
‘D?* [uo] = 0. (5.13)
0

Since we already know tha% ] > O for allu € H%(Z), in order to obtaing.13 it is
‘0 )

enough to prove that

<I>f,’3 [uo] < lim ®°[us] = 0. (5.14)

Recalling 6.8), for e < 5 we can write

0
Vugl? .+ 4. 1
Ozd)f_-r[ug] > //| 2£| £(Ce=C0)7 yCoT e (y) dydz
—00 Q
+00

Vuel? o
+//%e¢ol+¢(})dydz

0 Q
0
g !
+ / / Ve (ug)e W dydz. (5.15)

—00 Q

Now, whenug < 1, by definition ofV, we haveV, (u;) — 0 = Vo(uo). Since alsd/, (u.) >
—1 = Vo(uo) wheneverng = 1, this implies thatVp(ug) < liminf._ o Ve(us) < 0in Z.
Then, in view ofecIZ — eCtTJZ by Propositiorb.1, it follows that

T T
TP Vo (ug) < Iirp_)ilaf TPV (u,)  in Q x (—o0, 0). (5.16)

Notice also thag¢ +¢() Ve(ug) > _e0 o0 ¢ L1(Q x (—o0, 0)). By monotonicity ofuo,
we haveVy(ug) = Ve (us) = 0in Q2 x (0, +00). So, by Fatou’s Lemma we nally obtain

T T
/ Vo(up)eo ) dx < lim inf / Ve (ute)e=“ 40 dx. (5.17)
e—
b b

t_.f

Cg—C,

Similarly, sincee =222 — 1in L?(Q x (—00,0)), and
‘o

Vug, — Vug weakly ianT(Q x (0, +00); R"), (5.18)
0
we have
L'Z—('g
Vuge Z ° — Vug weakly ianT(Q x (=00, 0); R"), (5.19)
0
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which implies

= VU0 (ki) < i / / Vel s gy
2

\%
+ lim inf / IVuel? el ez pelito gyaz. (5.20)

“00 Q

Taking the lim inf in 6.15 and recalling$.17) and 6.20), we get the equality5.13. Finally,
in view of (5.8), we then obtain thatg is a nontrivial minimizer of?.

Notice that by $.13 the inequalities ing.17) and 6.20 are in fact equalities, therefore
we also have:, — ug strongly |nH ()3) ase — 0. Also, in view of the uniqueness of

the minimizer of®? subject to 6.9) (recall that by Theorers.1the minimizerug is strictly
decreasing whenevap < 1), the limit is a full limit and is not restricted to a sequence of
e — 0.

6 Numerical examples

In this section, we illustrate the applicability of our theory with a few numerical examples.
We will concentrate on the results of Segas, on one hand, the sharp reaction zone limit is
important for combustion applications, and, on the other, because in this case both upper and
lower bounds for propagation speed of the minimizers are available, and so it is possible to
check how well they t the propagation speed both for the limit problem and its regularizing
approximations.

For the sake of clarity, we will consider the simplest possible, yet non-trivial situation,
namely that of front propagation along a two-dimensional stdp= (0, 2L) x R, where
L > 0, with Dirichlet boundary conditions. We note that in the case of a bistable nonlinearity
andg = 0 existence of traveling waves on a strip with Dirichlet boundary conditions was
rst proved by Gardner in15].

Let us start by considering the minimizers in the sharp reaction zone limit in the absence
of ow, ¢ = 0. Here we only need to consider the problem on half of the dom@itL:) x R,
due to the obvious symmetry of the solution with respect to the transformatior2L — y.
According to Corollany.3, the minimizers ofd? exist if and only if @.17) holds. Here we
have explicitly, according to Remagk2,

2 L
:{fy, 0=y = Lo, 6.1)
1 Lo<y<=<L,
whereLg = 1/+/2, andEg[v] < 0 whenever
L > \/E (6.2)

So, the minimizers ob? exist if and only if the value of. is greater than this critical value.
Also note that for every. satisfying 6.2) the critical point ofEg is unique and is given by
(6.1). Therefore, a paitc', i), whereii is a minimizer of®?; is expected to be the only
(up to translations) traveling wave solution in the sharp reaction zone limit. In particular, the
speed of the wave is unique and is givendby> 0.
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To obtain a lower bound for the propagation speédwe introduce a trial function
u = uy, u1, Where

l<ys<L, z<%(y-1L),
“hetn-b o p <y <L, 7> By - L),
:, O<y<l z<ku-1L),
%e—)»zﬂt(l—L)’ O<y<l z> %(l —L).

1
e

M)L,u_,l()’v 7) = (63)

This function is characterized by 3 parametersy, /. We must have O< [/ < L, as well
as 2. > c in order foruy , to lie in HX((0, L) x R). Substituting this: into @2, after
straightforward algebra we obtain

(~1+e"5) (12 4+ u2)2

0
DU 0l = 2c(c — 20
c-L) - .
(_1+e%)x e“5 (1222 4 3) +€% (6.4)
2 6l(c — 21) 2cl |

With ¢ > 0 andL > /2, this expression can be minimized numerically, and the sign of the
minimum be evaluated. Then, one can nd the largest valugof which this minimum still
remains reliably negative (to numerical precision). For example, \ﬂhuerg andc = 0.925,
we found tha@?[u,\,u,l] is minimized withA ~ 1.237, u© ~ 0.515Q / ~ 0.8870 and attains
the value of~ —1.15 x 1073 < 0. The level curves af, ., corresponding to these values
are shown in Fig2a. So, from Theorerfi.1we conclude that" > 0.925. Of course, it is no
trouble at all to make this estimate completely rigorous, if need be.

Now we compute the upper bounél for the minimizer above. For that, we need to nd
a non-trivial minimizer; for the functionalz, in (4.4), with wg = (Lo, L), ¢,(L) = 0, and
¢(Lo) = 0. In the case of a general potenialy), the Euler—Lagrange equation fag. is

d g, () ¢ NG (6.5)
— | V| =e¢ — . .
dy /62§2+Cy2 /62;2+§)2

Actually, this equation can be solved in closed form in the special case wien linear
function of y and, in particular, whea = 0 (of course, this equation can also be straightfor-
wardly integrated numerically for arbitragyto any desired accuracy). However, since the
algebra becomes too messy in the case oy with @ # 0, we will only analyze the case
¢ = 0 explicitly, and will instead use a numerical solution 6ff) in other cases.

Wheng = 0, the rstintegral of 6.5 is

22
H= ﬁ; -— (6.6)

[c202 4 ¢2

Also, givenH, the value of the functional on the solution 6£€) is
L 2
2lel = — | e +0>+/ 5D hi - Lo (6.7)
Eclg]l=— 0 e —Lo) |, .
V2 AN

where we took into account a jump discontinuityzimt y = Lo. Now, note that in view of
(6.7), we will get E.[¢] > 0 unlesst = 0 whenH < 0. Therefore, we need to consider
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25F ‘ ‘ ‘ ‘ ‘ 1
(a)
2+ ]
15¢ _ 1
>}
1t _C) ]
0.5+ ]
u =0
1 0 1 2 i

(b)

~

05+ u=0

115

105

Fig.2 Comparison of the front pro les obtained from different approximations in the gaseéd andL = g
a The level curves of the trial functiom, , ; for ¢ = 0.925 and the parametexs 11, [ obtained from mini-

mizing d>8[u,\yu_,1]. b The curve minimizindgT. with ¢ = ¢?. ¢ The level curves of the numerical solution of
(1.4) and 6.12) for ¢ = 0.2. Only the lower half of: is shown in all cases

only the case” > 0. In fact, because the right-hand side 6fg] is a one-homogeneous
function of¢ and¢,, without the loss of generality we can dét= 1. Let us also recall that

the non-trivial minimizers exist only far < /2.
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Solving 6.6) with H = 1, we obtain a rst-order equation

dr sy - 202 +2v25 -1
dy V2¢—1 ’

which can be solved implicitly fop. After some tedious algebra, we nd (up to an additive
constant)

Lo<y<lL, (6.8)

sin 1 ((2_02)4_‘/2

y=1 ‘ )_sin—l(ﬁ‘“‘l) , 6.9)

c 2 cg
-5

where
1 1
ﬁ ﬁ - c'
These limits are chosen from the requirements thetdc = 0 anddy/d¢ = oo at the
endpoints of the interval. Now, recalling that= ¢“¢, wherez = h(y) is the function
whose graph is a minimizer @, see ¢.5), we conclude that we have obtained a parametric
representation of this minimizer, once the value ef ¢* is known.
Finally, to nd the value ofc?, we equate the total variation ofin (6.9) over the interval
in(6.10to L — Lo:

(6.10)

<<

p (fz_ m) +242sint (L)

L—Lp= V2
0= 2c4/2 — 2

(6.11)

The solution of this equation gives. We computed the value af for L = % numeri-
cally and found that* ~ 1.010. Therefore, we conclude that for this valuelofve have
0.925 < ¢t < 1.011. Thus, a variational characterization of the traveling wave solutions in
the sharp reaction zone limit allowed us to bracket the value of the wave speed within a 5%
accuracy, with a minimal computational effort. Also, the curve that mininmiizem this case
is shown in Fig2b. Observe the similarity of the main characteristics of the two pro les in
Fig.2a and b.

We now would like to compare these sharp reaction zone limit estimates with the numer-
ical solution of the approximating problem if.{). For the purposes of the numerics, we
chose the following form of (u):

g(u) = 12u(1 — u)°. (6.12)

Fixing ¢ € (0, 1), we obtain numerical approximations to the traveling wave solutions on
the strip(0, 2L) x R with Dirichlet boundary conditions by solving the corresponding par-
abolic PDE on a suf ciently large rectangle with a localized initial condition (using simple
explicit in time, centered in space, nite difference scheme) and waiting suf cient time for
an (approximate) traveling wave to form. We nd, for example, that when0.2, the trav-
eling wave has a spee@l =~ 1.095. The pro le of the wave front for this value efis also
presented in Fig2c. Note, once again, the similarity between all three pro les in BigVe

also performed a series of simulation in the rande© ¢ < 0.5 and extrapolated the value of
c;r toe =0, nding c(T) =~ 0.987, see Fig3, in agreement with the estimates obtained earlier
for the sharp reaction zone limit. We note that fo& 0.2 all three estimates obtained by us
are within~10% of each other. In particular, the valuerbf corresponding to the Markstein

@ Springer



544 C. B. Muratov, M. Novaga

13

12

11

0.9 \

0.8 c=0.925
0.7
0.6

0.1 0.2 0.3 0.4 0.5

€

Fig. 3 Dependence Qf;r obtained from the numerical solution df.g) and .12 with ¢ = 0. The dots are

the results of the simulations, the curve is a t using a quadratic ponnm"g]iad 0.987+ 0.458& + 0.393%2.
Numerical solutions of{.4) and the propagation speeds are obtained by solving the associated parabolic
problem in (.1) on a rectangl€0, 5) x (0, 20) with the initial datau(y, z) = cosh‘z( Vo= —)2 +22)

discretized on the 100400 grid (except for = 0.1 when a 206 800 grid was used), W|th Dmchlet boundary
conditions everywhere exceptat 0, where Neumann boundary conditions are used

model of ame propagationZ0], gives a very good approximation for the propagation speed
even in the presence of “heat loss” through the walls and curvature comparable to the “ ame”
size.

Note that from the phase plane analysis it follows that the positive equilibriuth4fi¢
unique foreach < 1, thus, under non-degeneracy assumption there exists a unique traveling
wave solution for each € (0, 1), which is the minimizer we found. Similarly, the results of
[22] apply for eacke € (0, 1), and so propagation with spee;blis guaranteed for the initial
data that approaah ast — oo on compacts as— oo. In particular, the propagation speed
for the parabolic problem will tend t@" estimated in the rst part of this section in the limit
e — 0.

We conclude this section by presenting a few results for the casegvie. In particular,
for n = 2 an important special case is that of a linear functiog «y, corresponding to a
divergence-free ow across the strip. We solvdd4f numerically withe = 1, L = g and
¢ = 0.2, to nd a propagation spee@ = 0.698. The pro le of the front in this case is also
shown in Fig.4a. The value oﬁg is compared with the numerical solution @&.%) on the
domainwg = (log(1 + %), 2L + log(1 — %2)). We obtained:? ~ 0.5776, which, once

again, is close to the value oj obtained earlier. Also, the pro le of the corresponding mini-

mizer ofI1. is shown in Fig4b. Again, extrapolating the valuesdfobtamed in the interval

0.1 <& <0.5toe = 0 as before, we obtained ~ 0.554 for the sharp reaction zone limit,

in agreement with the above upper estimate. To summarize, the valtiaproximates the

value ofcT within 5%, despite the fact that the domain size is comparable with the minimal size

in (6.2 for which propagation is possible, and for which the curvature of the frontis not small.
Finally, let us illustrate the assumptions of Proposidowith a numerical example with

L =10 andp, = -2 cos(%). Since this expression is greater thd@ in absolute value

outside of the interval 5 y < 15, the minimizer offI, cannot come closer than distance

L/2 > 1tothe boundary, as required by the assumptions of PropoditsoSimilarly, since

@, varies on the length scale &f the minimizer off1. has curvature of ordet—1. For this

choice ofy, this minimizer is shown in Figha. For comparison, Figb shows the numerical

solution of (L.4) with ¢ = 0.2. The value‘::;r ~ 1.13 found here is, again, in good agreement
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Fig. 4 Comparison of the front pro les fop = y andL = g a The level curves of the numerical solution
of (1.4) and 6.12) with ¢ = 0.2.b The curve minimizing 1. with ¢ = ¢?

5 10 15 5 10 15 20
20 20 20
(a) (b)
15 15 15 15
c c
> 10 u=1 . {10 10 — 10
5 5 5 5
u =0 u= 0
5 10 15 20 5 10 15 20
z z
Fig. 5 Comparison of the front pro les fop, = -2 cos(%) andL = 10.a The minimizer ofI1. for

¢ = ¢*. b The level curves of the numerical solution Gf4) and 6.12 with ¢ = 0.2
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546 C. B. Muratov, M. Novaga

with ¢ ~ 1.016 found from solving&.5) numerically. The corresponding extrapolated value
¢’ ~ 0.99 fore = 0 limit is, once again, very close to the upper bound. We note that the
solution just analyzed is also related to the front solutions found in the edge ame problem
(see e.g.26]), these will be studied in more detail elsewhere.
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