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Abstract

Inhibition in oscillatory networks of neurons can have apparently paradoxical effects, sometimes creating dispersion of
phases, sometimes fostering synchrony in the network. We analyze a pair of biophysically modeled neurons and show how
the rates of onset and decay of inhibition interact with the timescales of the intrinsic oscillators to determine when stable
synchrony is possible. We show that there are two different regimes in parameter space in which different combinations
of the time constants and other parameters regulate whether the synchronous state is stable. We also discuss the construc-
tion and stability of nonsynchronous solutions, and the implications of the analysis for larger networks. The analysis uses
geometric techniques of singular perturbation theory that allow one to combine estimates from slow flows and fast jumps.
Copyright © 1998 Elsevier Science B.V.
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1. Introduction

Synchronous activity in networks of inhibitory neurons has been observed in thalamic [23] and hippocampal [34]
networks. Such an activity has been the subject of a large number of simulation studies [1,3,7-9,11,16,26,28-31,33].
For coupled neural oscillators, a traditional view is that excitatory coupling leads to synchronous behavior, while
inhibitory coupling leads to asynchronous behavior. Though this has been supported by many modeling studies
[5,12,19-21], there has recently been a variety of studies whose conclusion is the opposite [4,5,28,30,31]. Several
of these papers emphasize the importance to the network behavior of the rates at which the synapses activate or
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deactivate. Some simple analytical models focus on the role of the rise time of the inhibition, and conclude that this
rate must be sufficiently slow to obtain synchrony [4.6,27]. Others [30,31] give simulations of coupled inhibitory
neurons with a more biophysical basis, and obtain synchronous solutions when the inhibition decays at a rate slower
than the rate at which the neurons recover in their refractory period.

The aim of this paper is to analyze a pair of biophysically modeled neurons, to understand how the rates of
onset and decay of inhibition interact with the timescales of the intrinsic oscillators to determine when synchrony
is possible. We show that there are two different regimes in parameter space in which different combinations of the
time constants regulate whether the synchronous state is stable. Thus, a change of parameter that moves the system
from one regime to the other changes which combination of parameters determines stability; this can be done by
changing parameters such as synaptic reversal potential or maximal conductance, which do not directly change
timing parameters.

The neurons that we analyze are relaxation oscillations, modeling either the envelope of activity of bursting
neurons or neurons whose action potential is relatively broad (based on a calcium current rather than a sodium
current). Without any coupling, each oscillator typically lies in either a silent or active phase, with rapid transitions
between these that take place on a faster timescale. The synaptic coupling is modeled in a way similar to that in
[29,30]. We focus on the cases in which the synapse activates and/or deactivates at a rate comparable to the rate at
which the oscillator evolves in its silent or active phase. From the analysis, we can determine which combinations of
timescales govern stability in different parameter regimes. Furthermore, we show why, and in what circumstances,
the mutual interactions can lead to solutions that are more complicated than synchronous or antiphase {31]. These
include suppressed solutions, in which one of the neurons oscillates while the other remains in its silent state, or
solutions in which one oscillator may fire several times before the other does.

In other treatments of mutually inhibitory neurons [21,30], the concepts of “release” and “escape” have been
useful in dissecting different mechanisms by which oscillations can occur in a network of two mutually inhibitory
neurons (see Section 6). As shown in [21], the fast activation and deactivation of the synapse is critical to the above
distinction. This paper shows that, even when the synapses have timescales comparable to the slow processes of
the uncoupled neurons, the geometric techniques used to investigate the consequences of “escape” and “release”
still work, though in higher-dimensions and with potentially more complications. Thus, the analysis can be seen as
placing the ideas of “release” and “escape” in a larger context, which includes slow synapses.

The techniques of this paper are based on a geometric approach to singular perturbation problems. This approach
allows us to dissect the entire flow into “fast” and “slow” pieces; these correspond to when the solution is in either
its silent phase, active phase, or making a transition between these two phases. For each piece, we derive a reduced,
lower order, system of equations. The reduced equations are analyzed to determine when we have expansion or
compression over that piece. Combining these estimates then allows us to compute and analyze a “‘singular Poincare
map”, for which the limiting periodic orbit corresponds to a fixed point. For stability, we do not compute eigenvalues,
but directly show that perturbations to the fixed point decay in time. All of our estimates are derived for when the
singular perturbation parameter € is formally set equal to zero; however, results found in [17], for example, show
that our results also hold for € sufficiently small.

In some previous studies (see [14,25]), the slow manifolds were one-dimensional, and one could naturally define
a metric between the two cells. The metric could either be a “time-metric” which measures the time it takes for the
“trailing cell” to reach the position of the “leading cell” or a “space-metric” which measures the Euclidean distance
between the two cells on the slow manifold. In the current paper the dimensions of the slow manifolds may be larger
than 1; this is the case when both the cells are in their silent phase. There is no such natural metric when a slow
manifold is higher-dimensional. We will, in fact, need to define different metrics for different cases corresponding
to different combinations of the parameters. Related techniques have been used by Terman and Lee [24] for slow
synapses and by LoFaro and Kopell [14] for additional slow currents.
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The outline of the paper is as follows: In Section 2, we give the equations for the full system, and the simplified
equations that hold in each slow regime. We also give equations for a “direct” synapse, which is fast acting and an
“indirect” synapse which has a delay to onset of inhibition. These equations are used in Section 3, whose topic is the
existence and stability of synchronous solutions. We show that the synchronous solution exists whenever the cells
are oscillators, and can also exist if the cells are excitable (not oscillatory) provided that the inhibition decays slowly
enough. We then address the question of what circumstances allow the synchronous solution to be asymptotically
stable. We show that if the synapses between the cells are direct, then the synchronous solution is unstable —i.e., a
delay in onset is necessary for the stability (also see [4,6,27]). For an indirect synapse, the answers are subtle. We
show analytically that there are at least two combinations of parameters that affect the stability; these parameters
include times that the cells are active and inactive, decay time of the synapse, and strength and reversal potential
of the synapse. In different parameter regimes, only one or the other of the combinations is relevant to stability.
We also show that the synchronizing effects of slowly decaying inhibition can phaselock heterogeneous cells not
coupled to one another or to the cell providing the inhibition.

Even if the synchronous solution is stable, it may not be the only stable solution. The slow onset (or delay) in
the inhibition provides a “window of opportunity” whose length partially determines the amount of difference in
initial conditions that will decay toward synchrony. For a larger difference in initial conditions, the system displays
different solutions. These include antiphase solutions, solutions in which one cell oscillates while the other is silent,
and more exotic solutions in which one oscillates several times while the other is suppressed, and then the other
fires. It is also possible that the network “crashes” and both become silent. In Section 4, we give simulations showing
the other solutions and give heuristic explanations of how the parameters listed above interact to determine which
solutions will be manifested.

The discussion in Section 5 includes a comparison of our results to those in related work. We also discuss potential
implications of the analysis for larger networks. In particular, we give insights into the phenomenon of “clustering”,
in which subsets of cells synchronize and remain out of phase with other synchronized sets.

2. The model
2.1. The single neuron

We model each individual neuron (or neural circuit), without any coupling, as the relaxation oscillator
v = f(v, w), w = eg(v, w). 2.1

Here € is assumed to be small. We assume that the v-nullcline f (v, w) = O defines a cubic-shaped curve as
shown in Fig. 1, and the w-nulicline g(v, w) = 0 is an increasing graph in the v, w plane that intersects f = 0 at
a unique point pg (Fig. 1). We also assume that f > 0 (f < 0) below (above) the v-nullcline, and g > 0 (g < 0)
below (above) the w-nullcline.

The analytical framework we develop applies for very general nonlinear functions f and g. However, it will often
be easier to interpret our results if we consider special forms for these nonlinear functions. The forms we choose
are motivated by widely used models for neural systems. We sometimes assume that f has the form

fw,w) = fi(v) — gew(v — vr), (2.2)

where g. > 0 and vg represent a maximal conductance and reversal potential, respectively. This includes the well-
known Morris—Lecar equations [18]. (These equations are often used to describe the envelope of bursting neurons or
the activity of a spiking neuron if the spikes have significant width.) In the Morris-Lecar equations, (2.2) gives the
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Fig. 1. Nullclines of (2.1). The singular periodic orbit is shown with a bold curve.

rate of change of cross-membrane potential as a sum of ionic currents and w represents activation for a potassium
current with g; = gk and vr = vk.
We will sometimes assume that g(v, w) has the form

g(v, w) = (Weo (V) — w)/T(V), (2.3)

where wq, (v) is nondecreasing in v and t(v) is positive. In (2.3), we are assuming that we.(v) = 0 on the left
branch of the oscillator, and wy,(v) = 1 on the right branch. We also assume that 7 (v) is independent of v on each
of the two branches, so (v) = v~ on the left branch and 7(v) = T on the right one.

If the intersection pg of the nullclines lies on the left or the right branch of f = 0O, then pg corresponds to a stable
fixed point of (2.1), provided that ¢ is small enough. If pg is on the left branch, we say that (2.1) is excitable. pg
on the right-hand branch corresponds to tonic firing for the unconnected neuron when the model is being used to
describe the envelope of a neuron which is continually in the active phase. If pg lies on the middle branch of f =0,
then (2.1) is oscillatory; there is a stable limit cycle, again if € is sufficiently small. In the limit ¢ — 0, the periodic
solution lies close to the singular periodic orbit shown in Fig. 1.

This singular orbit consists of four pieces, two slow and two rapid transitions between the slow pieces. We will
refer to the parts of the trajectory on the left and right branches as the silent and active phases. These phases end
when the trajectory reaches either the left knee or the right knee of f = 0, initiating a rapid jump up to the active
phase or jump down to the silent phase.

In the Morris—Lecar equations, w represents the activation of a potassium current. In other models (including
that considered in [30]), w represents the inactivation of a calcium current, while g. and vr correspond to the
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maximal conductance and reversal potential of that current. The techniques developed in this paper apply to these
other models. The precise stability conditions, however, depend on the particular form of the equations. This will
be discussed further in Remark 11.

2.2. Coupling

We model the pair of mutually inhibitory neurons by the following system of differential equations:

v} = f(v1, w1) — 51 &syn (V1 — Vsyn), w) = eg(vy, wy), o4
vy = f(v2, w2) — $28syn(V2 — VUsyn), wy = €g(v2, wa).
Here (vi, wy) and (v2, w2) correspond to the two oscillators, and gsyn is positive. The reversal potential vsyn is
chosen so that if (v, w) is on a singular solution, then v > vsyy; thus the synapse is hyperpolarizing (inhibitory). If
f(v,w) is given by (2.2), then it is also natural to assume that vg < vsyn.
The terms s;, i = 1,2, measure how the postsynaptic conductance depends on the presynaptic potentials v;,
j # i. For a “direct” synapse we assume that each s; satisfies a first-order equation of the form

S; = ¢(1 — 5;)H(vj — Osyn) — €Ksi, 2.5

where j # i. Here ¢ and K are positive constants which do not depend on ¢, and 6gy,, is the threshold above which
one oscillator can influence another. Note that the synapse activates quickly (but not instantly), and deactivates
slowly. This form of synaptic coupling has been considered in other neuronal models. See, for example, [30].

Synapses may be very complicated, involving, for example, secondary processes such as G-proteins. We shall
refer to these as indirect synapses. Following [9], we model these by introducing new dependent variables x; and
x7, which satisfy first-order equations. Each x; and s; satisfies the equations

xlf =ea(l —x))H(v; — 6,) — €Bx;, si’ = ¢(1 —5;)H(x; — Osyn) — €Ks;. (2.6)

Here, j # i. The constants & and § are assumed to be independent of €. The effect of the indirect synapses is to
introduce a delay from the time one oscillator jumps up until the time the other oscillator feels the inhibition. For
example, if the first oscillator jumps up, the secondary process is turned on when vy crosses the threshold 6,. The
inhibition s7 does not turn on until x3 crosses syy; this takes a finite amount of (slow) time since x> evolves on the
slow timescale, like w;.

We will have to impose some technical assumptions on the parameters « and 8. For example, if v; > 6,, then x;
will approach the fixed point e/ (« + ). We need to assume a/(a + B) > Osyn s0 that x; can cross the threshold in
order to turn on the inhibition. We assume this to be the case throughout the remainder of the paper. For our result
concerning the stability of the synchronous solution, it will also be necessary to assume that o and 8 are sufficiently
large. Once again, this is necessary to guarantee that each cell’s inhibition is able to turn on and turn off during each
cycle.

2.3. Fast and slow equations

For the coupled system, as for the uncoupled one, the slow regimes are those between the fast transitions, and
in a slow regime each oscillator is either in a silent phase or an active one. To get the equations for any such slow
regime, we rewrite the equations in terms of the siow timescale variable 7 = €t, and then set € = 0 in the resulting
equations. The reduced systems for the rapid transitions between silent and active phases are obtained (for the
coupled or uncoupled system) simply by putting € = 0 in (2.4) and (2.5) or (2.6). The notation 1 means dw/dr.
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We now give the equations for the slow regimes.

(i) Both oscillators in silent phase. If the synapse is direct, then the slow variables of this regime are w; and s;,
i = 1, 2. When both the cells are in the silent phase, v; < 6y and so the first term in the §; equations is zero. Thus,
in the limit € = 0, Eqgs. (2.4) and (2.5) become

0= fvi,w;) — Si&syn(Vi — Vsyn), w; = g(v;, wi), $i = —Ksi, 2.7
where i = 1, 2. For an indirect synapse, each x; is also a slow variable, and we have the additional slow equation
X = —px;. (2.8)

We can reduce the above system to equations for just the slow variables as follows. The first equation of (2.7)
represents a cubic surface which we write as v = A (w, s); in the silent phase, points lie on the left branch of this
surface. Replacing the v; in the second equation of (2.7) by AL (w;, s;) and setting G (w, 5) = g(h(w, 5), w), one
obtains the following equations for the slow variables:

w; = Gr(wi, si), $; = —Ks;. (2.9)

For indirect synapses one has the additional equations (2.8). Here we are assuming that x; < Bsyn. Otherwise, we
replace the second equation in (2.9) with s; = 1. In the simplified case of (2.3), (2.9) become

wi :—wi/'(_, S':—KS,‘. (210)

Note that in (2.7) or (2.9), the equations for the two cells are uncoupled; the coupling is through the positions when
one or the other cell jumps, see [22].

The jump to a regime involving at least one of the cells excited happens when a trajectory of (2.9) hits a point at
which one or both of the elements are at the up-jump curve. This curve, w = w (s), is the s-dependent value of the
point at which the “cubic”

0= f(v,w) — gsynS(V — Vsyn) 2.1

has a local minimum. We show later that dwy (s)/ds < O (see Remark 4 below). This implies that the higher the
value of the inhibition, the lower the value to which w must decrease to jump. Fig. 2 shows sketches of the phase
plane of (2.9) with the curve w = w (s). In Fig. 2(A), a single cell (as given by (2.1)) is oscillatory. There are then
no fixed points of (2.9), and every trajectory arrives at the curve w = w(s) in finite time. In Fig. 2(B), a single
cell is excitable with the fixed point pg lying on the left branch of the nullcline f = 0. In this case, some of the
solutions of (2.9) go to a stable critical point, and the system remains in the silent state. From (2.9), one can see that
the rate of synaptic decay K, the rate of recovery g(v, w) and the amount of inhibition all interact to determine the
time and position of the jump to another process, or even if the system leaves the state in which both elements are
silent (see [24]). This will be discussed explicitly in Section 3.

(i1) Both in active phase. First consider the direct synapse. When an element is in its active phase, it is producing
the maximal amount of inhibition; the rise to s = | happens on a fast timescale that is instantaneous for the slow
equations. Thus, in the slow regime with both elements in active phase, both s; are set to 1. There are then only two
slow variables, w;. Eq. (2.7) become

0= f(vi, w;) — geyn(v; — Vgyn), w; = g(vi, w;), si=1, (2.12)

i = 1, 2. As before, we can express this system as equations for just the slow variables w;. If we denote the right
branch of the cubic surface defined by (2.11) as v = Ar(w, s) and let Gr(w, s) = g(hr(w, s), w), then each w;
satisfies

W = Gr(w, 1). (2.13)
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Fig. 2. The slow phase space. Each trajectory corresponds to a solution of (2.9). (A) If a single cell is oscillatory, then every trajectory
must leave the silent phase along the curve of knees w = wy,(s) and then jump up to the active phase (denoted by the *). (B) If a single
cell is excitable, then some trajectories must approach the stable fixed point along the line s = 0. Other trajectories, such as that denoted
with a dashed curve, may still leave the silent phase.

In the simple case of (2.3), (2.13) is

w= (1 —w)/t". (2.14)
For indirect synapses, the x; are also slow variables. Each of these satisfies the equation
o
xi=a(l —xp)HW; —0,) — Bx; = (@ + B) l:m-xi:l- (2.15)

Then (2.12) holds for x; > 8gyn. Otherwise, we replace the last equation in (2.12) by sl.’ = —-Ks;.
A trajectory leaves this slow regime when one of the cells reaches the threshold for jumping down. Since s; is
held at one, this threshold (the local maximum of the first equation of (2.12)) is a number wg(1), rather than a
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function of s. We assume that the nullcline g(v, w) = 0 does not intersect any of the right branches of (2.11) for
0 < s < 1. This implies that a trajectory that jumps up to the active phase for both cells must eventually leave that
slow regime.

For an indirect synapse, there is an extra slow regime corresponding to the rise of the x-variable. Assuming that
each oscillator is active (v; > 6,), then as long as x; < Osyn, (vi, w;, 5;) satisfy (2.7). The difference between this

and the equations of the silent phase is that (v;, w;) now lies on the right branch of the cubic surface; hence, w; now
satisfies

w; = Gr(w;, s;i). (2.16)

For x; > Osyn, the equations for v;, w; and s; switches to (2.12).

(iii) One cell active and one silent. This case arises when we consider antiphase solutions, for example. The
derivation of the slow equations for each cell is very similar to the derivations already discussed. For this reason,
we do not give the details.

3. Main results
3.1. When is there a synchronous solution?

We first construct the singular synchronous solution in the case of direct synapses. Such a solution must pass
through the point at which both elements are on the edge of the upper plateau, whose w-component is wgr (1). It is
from this point that the cells jump down from the active to the silent phase. Provided that the trajectory can leave the
process in which both are silent, the trajectory eventually jumps to the process in which both are active and returns
to the starting point. The issue of existence of a synchronous solution thus reduces to the question of whether the
jump to the active state is possible.

If the neurons are oscillatory, then the synchronous trajectory must reach the jump-up curve w = wy(s). This
is true because dw/dt < 0 if s = 0 (uncoupled case) and because s decreases. By continuity, dw/df < O for
s sufficiently small; since s decreases, the trajectory is eventually in a region where w must decrease until it hits
wi(s).

If both the cells are excitable, the existence of a synchronous solution depends on the rate K of decay of the
inhibition. If X is large, the decay is fast; for K large enough, the system behaves in this slow regime like the system
with 5 = 0, in which the critical point of the silent regime prevents the trajectory from leaving this regime. Hence,
no periodic solution is possible.

The surprising case is K sufficiently small, provided that the cells are oscillatory for some fixed values of 5. We
note that this is indeed possible for the Morris-Lecar type models given in Appendix A. One might think of such
a system as a two-dimensional caricature of larger systems that have additional currents, such as the I, [13]. The
following argument shows that the synchronous trajectory does leave the “both silent” regime, and hence there is a
periodic solution. Fig. 3(A) shows the (w, s) phase plane for (2.9) for K = 0. The curves intersecting w = w_(s)
are the critical points of (2.9) at K = 0, i.e., the equilibrium points for w when s is frozen. In this example, there
are two such curves; these are labeled as w} and w; in Fig. 3. Note that there is an interval of values of s between
these curves for which the trajectory is not cut off from the threshold by a critical point, so oscillations can occur,
even when K = 0.

For K > 0, trajectories start in the silent regime with s = 1, and both w and s begin to decrease, as shown in
Fig. 3(B). If K is sufficiently small, then (w, s) must reach the upper curve wZ of critical points of the K = 0
system. For K > 0, this curve represents the w-nullcline of (2.9). Hence, w begins to increase after (w, s) crosses
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Fig. 3. The slow phase space when K is small. (A) Here K = 0, and a single cell is excitable. The critical points of (2.9) consist of the
two curves ng and w; . In this example, there are levels of inhibition (values of s between the curves) for which the cells are oscillatory.
(B) If X is sufficiently small, then the synchronous solution will exist although the single cell is excitable. The synchronous solution will
cross wy and leave the silent phase through the curve of knees wy_(s).

this curve. Since s continues to decrease, and (w, s) can never cross this curve again, it follows that (w, s) must
eventually leave the slow regime along a point on wy (s).

The construction of the synchronous solution for the case of indirect synapses is very similar to that for direct
synapses except that we must now be concerned with the additional slow variables x; and x,. We may start this
solution with each (v;, w;, s;) at the same jump-down point; however, we must also choose the initial value x; (0) =
x2(0) so that after one complete cycle, each x; (¢) returns to this value. As we shall see, this is equivalent to showing
that a certain return map possesses a fixed point. The return map is formally defined in Section 3.4; it is shown in
Section 4 that the map is well defined and gives rise to a fixed point as long as the synchronous trajectory is able
to leave the process in which both the cells are silent. This is precisely the condition needed for the existence of
the synchronous solution for the case of direct synapses. Hence, as before, the synchronous solution exists if the
neurons are oscillatory, or if K is small and the cells are oscillatory for some fixed values of s.
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Fig. 4. The synchronous solution is unstable for direct synapses. Here the two cells begin close to each other in the silent phase. Cell 1
reaches the curve of knees first and jumps up. This immediately (on the slow timescale) resets the inhibition of cell 2to s = 1.

3.2. Instability of the synchronous solution for direct synapses

We show in this section that the synchronous solution is not stable when the synapse is direct. In Section 3.3,
we state results which show that the synchronous solution may be stable if the synapses are indirect. The stability
depends on whether certain relationships between the parameters in (2.4) and (2.6) are satisfied.

Suppose that the synapse is direct. We start with both oscillators in the silent phase, and assume that cell 1 reaches
the jump-up curve wy (s) first. When cell 1 jumps, the other begins to feel inhibition as v| crosses 8syn. For the
direct synapse, this inhibitory conductance, s, jumps instantly (in the slow timescale) to s = 1. The effect of this
on the vy, wy equations is to instantly move the second cell away from its threshold. This is shown in Fig. 4, where
the two cells are denoted by C; and C,. The amount that is removed from the threshold stays bounded away from
zero no matter how close the second cell was originally to the first one. Thus, infinitesimally small perturbations get
magnified at this stage of the dynamics to finite size. Though the points can get somewhat closer as they transverse the
rest of the cycle, they remain a finite distance apart over the cycle. This shows that small perturbations are expanded
by the dynamics, and hence the synchronous solution is not stable to infinitesimal perturbations. (Technically, this
argument shows that the synchronous solution is unstable under the € = 0 flow. If € > 0, the argument shows that
if the synchronous solution is stable at all, its domain of stability goes to zero as € — 0.)

3.3. Stability of the synchronous solution for indirect synapses

We now consider indirect synapses, and show that the synchronous solution can be stable in some parameter
ranges. We shall show that there are two combinations of parameters that govern the stability. Furthermore, only
one of these two combinations matters to the stability.






