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Abstract. The phaserelationshipbetweenthe actvity of hippocampalplace cells and the hippocampaltheta
rhythm systematicallyprecessess the animal runs throughthe region in an ervironmentcalled the placefield

of the cell. We presenta minimal biophysicalmodelof the phaseprecessiorof placecellsin region CA3 of the

hippocampusThe modeldescribeshe dynamicsof two coupledpoint neurons—namejya pyramidalcell andan

interneuronthe latter of which is driven by a pacemakr input. Outsideof the placefield, the network displaysa

stable,backgroundiring patternthatis lockedto the thetarhythm. The pacemakr input drives the interneuron,
whichin turnactivateshepyramidalcell. A singlestimulusto thepyramidalcell from thedentategyrus,simulating
entrancento theplacefield, reoganizeghefunctionalrolesof thecellsin thenetwork for anumberof cyclesof the

thetarhythm. In thereoganizednetwork, the pyramidalcell drives theinterneurorat a higherfrequeng thanthe

thetafrequeng, thuscausingasystematigprecessiomelative to thethetainput. Thefrequeng of thepyramidalcell

canvaryto accounfor changesn theanimals runningspeed.Thetransientdynamicsendafterup to 360degrees
of phaseprecessiorwhenthe pacemakr input to the interneuronoccursat a phaseto returnthe network to the
stablebackgroundiring patternthussignalingthe endof the placefield. Our model,in contrasto othersreports
thatphaseprecessiolis atemporally andnotspatially controlledprocess We alsopredictthatlik e pyramidalcells,
interneurongphaseprecessOur modelprovidesa mechanisnior shuttingoff placecell firing aftertheanimalhas
crosseahe placefield, andit explainsthe obsenednearly360degreesof phaseprecessionWe alsodescribehow

this modelis consistentvith a proposedautoassociate memoryrole of the CA3 region.

Keywords: phaseprecessionminimal biophysicalmodel,placecells,thetarhythm

groupof neuronsin region CA3 of the hippocampus
of freely moving ratscangeneratea spatiallyencoded

1. Intr oduction

Thereis considerablecurrentinterestin the waysin

which thetemporalfiring patternof neuronamay pro-

vide additionalinformationthatis notcorveyedby the
averagedfiring rate alone. This interesthasled to a
searchfor ways in which temporalfiring properties
of neuronsare generatedand detectedn the central
nenous system(for a review, seeRieke et al., 1997;
Recce,1999). The main goal of this article is to use
minimal biophysicalmodelingto demonstratdnown a

output,calledphaseprecessionusingonly limited and
spatiallynonspecifidnputs.

It hasbeenproposedhat hippocampalplacecells
provide informationfor downstreamneuronsthrough
the phaserelationshipbetweenneuronalactiity and
the hippocampalEEG (O’K eefe and Recce, 1993).
Placecells werefirst describedn the CA1 region of
freely moving rats (O’Keefeand Dostrossky, 1971),
andtheactivity of theseputative pyramidalcells (Fox
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Figurel. Extractionof thefiring phaseshift for eachspike duringa singlerun throughthe placefield of a placecell onthelinearrunway. A:
Eachactionpotentialfrom cell 3 duringthe onesecondof datashavn in the figureis marked with a verticalline. B: The phaseof eachspike
relative to the hippocampathetarhythm. C: Hippocampathetaactiity recordecat the sametime asthe hippocampalnit. D: Half sinewave
fit to the thetarhythmthatwas usedto find the beginning of eachthetacycle (shavn with verticalticks above andbelow the thetarhythm).

Reprintedfrom O’K eefeandRecce(1993).

andRanck,1975)is highly correlatedwith therat’slo-
cationin anervironment(O’K eefe, 1976;Muller etal.,
1987).The preferredfiring locationof a placecell is
calledits placefield.

During locomotor actiity, the hippocampalEEG
hasacharacteristi6 to 12 Hertzsinusoidaform called
the thetarhythm (Greenand Arduini, 1954),andthe
phaseandfrequeng of thisrhythmis highly correlated
acrossthe CA1 region of the hippocampugBullock
etal.,1990). As theratrunsthroughaplacefield, ona
linearrunway, the phaseof the thetarhythm at which
a placecell fires systematicallyprecessesEachtime
the animal entersthe placefield, the firing begins at
the samephase,and over the next five to ten cycles
of thethetarhythmit undegoesup to 360 degreesof
phaseprecessior{O’K eefeand Recce,1993; Skaggs
et al., 1996). The maximumobsened phasepreces-
sionwas 355degrees(O’K eefeandRecce 1993). So,
by the phrasé‘up to 360degreesof phaseprecession”
we meanstrictly lessthan but in a neighborhoodof
360degrees.An exampleof the phaseprecessionf a
placecell is shavn in Fig. 1. During therun alongthe
track,thephasef hippocampaplacecellfiring ismore
correlatedwith the animals locationwithin the place
field thanwith thetime thathaspassedinceit entered
the placefield (O’KeefeandRecce,1993). This sug-
gestghatthephaseof placecell actvity providesmore
informationon the locationthanis availablefrom the

firing rateof thecell alone.A downstreansystenthat
measureshe phaseof placecell actiity would then
have more information aboutthe location of the an-
imal in the ervironmentand may be able to ignore
out of placefield firing that occurspreferentiallyat
a phasethat is differentfrom the rangefoundin the
placefield. Placecellsin both the CA1 region and
the upstreamCA3 region arefoundto undego phase
precessiorfO’K eefeandRecce 1993).

Skaggsand cowvorkers (1996) confirmedthis find-
ing and additionally found that the initial phasewas
consistenamonga large numberof placecellsin the
CA1lregion. They alsofoundthatdentategranulecells
that projectto CA3 undego a small numberof cy-
clesof phaseprecessiorandthereforeprovide a syn-
chronizedtimedexcitationto theCA3 pyramidalcells.
Marr (1971)proposedhatthis input from the dentate
granulecells provides a seedinput for a memoryre-
trieval and patterncompletionprocessthat is driven
by the excitatory feedbackamongpyramidalcells in
the CA3 region (Treves andRolls, 1994; Gibsonand
Robinson,1992;HiraseandRecce,1996). The phase
precessiorof placecells may be an essentiapart of
this patterncompletionprocess.

The hippocampalregions also contain a variety
of interneuronsthat contritute to the generationof
hippocampaloscillations.Theseinterneuronsproject
to placecellsaswell asto otherinterneurongFreund



and Buzsaki, 1996). Skaggsand coworkers (1996)
measurethephasef interneurorfiring in theCAlre-
gionandfoundthaton averagetheinterneuronsio not
phaseshift. On the otherhand,Csics\ari andcowork-
ers(1998)found a large, significantcross-correlation
betweenpyramidal cell and interneuronpairs, where
thepyramidalcell firing precedeiterneurorfiring by
tensof milliseconds.This implied high synapticcon-
ductancdrom pyramidalcellsto interneuronsuggests
that interneuronscould phaseprecess.This sugges-
tion may not be inconsistentith the experimentally
obsened averagepropertiesof interneurongSkaggs
et al., 1996)if only a subsetis shovn to transiently
phaseprecess.

Themedialseptunisalsoinvolvedin modulatinghe
temporafiring patternsf hippocampaplacecellsand
interneuronsTheprojectionfromthemedialseptunto
the hippocampuss both GABAergic andCholinegic
(FreundandAntal, 1988),andit providesapacemakr
to drive the thetarhythm (Greenand Arduini, 1954).
We haveshavn thattheinterburstfrequeng of someof
theneuronsn themedialsepturisalinearfunctionofa
rat'srunningspeednalineartrack(King etal.,1998).

In summary the obsered propertiesof the phase
precessionphenomenoninclude the following: (1)
placecells fire in only one direction of motion dur
ing runningon a linear track; (2) all placecells start
firing atthe sameinitial phase;(3) theinitial phasds
thesameoneachentryof theratinto theplacefield of a
placecell; (4) thetotalamounbf phaserecessiors al-
wayslessthan360degrees;5) thecellsin thedentate
gyrusthat projectto CA3 undego a smallernumber
of cyclesof phaseprecession(6) in one-dimensional
ervironments the phaseplusfiring rate provide more
informationof the rat’s locationthanthefiring rate of
aplacecell; (7) phasds morecorrelatedwith the ani-
mal’s locationin a placefield thanwith thetime since
theanimalenteredhe placefield; and(8) background
firing of placecells outsideof the placefield occurs
at afixed phasethatis closestto theinitial phasethat
occurswhentheanimalentersthe placefield.

Several modelshave beenproposedo explain the
neuralbasisof thephaseprecessiophenomenonThe
modelproposedby Tsodyksandcoworkers(1996)pro-
videsan ervironment-drven phaseprecessionwhich
is certainto bemorecorrelatedvith positionthantime.
Other models of ernvironment-drven phasepreces-
sionhave beenproposedy WallensteirmndHasselmo
(1997)andJenserandLisman(1996). In thesemod-
els,thephaseorrelatiorin CAlpyramidalcellsresults
from CA3inputthatis phaseprecessingKkamondiand
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coworkers(1998)have propose@modelfor phasere-
cessiorin theCALl regionthatdoesnotdependn pre-
cisely timed inputs, but insteadthe phaseis a result
of thetotalamountof depolarizatiorof the placecells.
In this model,the total amountof phaseshift is much
lessthan360deagrees.

In this article, we describea minimal biophysical
temporaimodelfor phasgrecessioin theCA3region
of the hippocampus.lIt differs from prior modelsin
that(1) it generatethe spatialcorrelationof thephase
precessiorirom a singlespatialinput andfrom infor-
mation aboutthe animals running speed;(2) it does
not require phaseprecessiorin the upstreamprojec-
tion cells; (3) it doesnotrequirea spatiallydependent
depolarizatiorof placecells; (4) it providesa mecha-
nismfor determiningthe end of the placefield; (5) it
providesa mechanisnfor up to 360 degreesof phase
shift; and(6) it is consistentvith associatie memory
modelsfor the CA3 region.

Alternatively, our modeldoesnotincludea mecha-
nismto accountfor thefiring rate of placecells. The
activity of placecellsincludesbothrateandtiming in-
formation. In thepresenmodel weareonly concerned
with thetiming properties.

Thisminimalmodel,whichis composeaf two neu-
rons (one pyramidal cell and one interneuron)and a
pacemakr input, can explain the onset,occurrence,
andend-of-phasgrecessionThenetwork hastwo im-
portantdynamicpatternsThefirstis astableattracting
state whichmimicsthebehaior of CA3 outsideof the
placefield. The seconddynamicpatternis atransient
statethatencodeshebehaior of CA3 within theplace
field. Themaindifferencebetweerthetwo statess the
inputthatcontrolsthefiring patternof theinterneuron.
In the stablestate,the pacemakr input controlsin-
terneurorfiring, while in thetransienttate excitation
from the pyramidalcell does. The seedfrom the den-
tategyrusswitchescontrol from the pacemakr to the
placecell to initiate phaseprecessionandtheduration
of phaserecessiois determinedby thedurationof the
transiendynamicsasthe network returnsto the stable
state.

Thetransientplacecell firing in the placefield is a
temporalprocessn whichthephaseof firing of thecell
in eachcycle of the thetarhythm strictly dependon
the phasein the prior cycle of the thetarhythm. This
is in contrastto all othermodelsof phaseprecession
in which the phaseof firing of placecellsdependon
the external inputs arriving at that cycle and not on
the phasean othercyclesof thethetarhythm. For this
reasonto accountfor the spatialcorrelationof phase
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precession, the present model requires that the amounis as spatially precise as the phase precessing output.
of phase change during a theta cycle depends linearly Another prediction, which is easier to address experi-
on changes in the animal’s running speed. Neurons in mentally, is that a subset of the interneurons transiently
the medial septum have been found to have an inter- phase precesses. The model also strongly depends on,
burst frequency that is a linear function of the running and thus predicts, continued evidence for a linear fre-
speed of a rat (King et al., 1998). Also, the theta fre- quency dependence of pyramidal cells in CA3 and pro-
quency in the hippocampus of rats running on a linear jection cells in the medial septum on running speed of
track has been found to be highly correlated with the the animal.

rat’s speed (Recce, 1994). Since the phase-precession
data includes a range of running speeds (O’Keefe and
Recce, 1993), this implies the interburst frequency of
place cells is also a function of the animal’s running

speed. These data provide a mechanism to maintain a2-1-  Model
spatially correlated phase precession in the proposed
temporal model.

Model and Methods

Our minimal biophysical model for phase precession
The model generates two different types of spatial N CA3 consists of a pyramidal or place cell, an in-
terneuron, and a pacemaker input, dend®etl, andT,

information. First, it determines the length of the place - I
field. The place field ends when phase precession ends€SPectively. The pacemaker inplitmay be thought

which occurs when the pacemaker regains control of Of s @n individual cell or perhaps a conglomeration
the interneuron from the place cell. Second, the model Of iNPuts that produce the theta rhythm. The synap-
determines the location of the animal within the place tic conneqtlons among, 1, and‘_l' reflect the_r_1et—
field. Note that these two types of spatial information work archl_tecture of CA?’_ (see Fig. 2). Specn‘_lcally,
are generated from the seed, a single location speciﬁcthe pyramidal cellP receives fast, GABA-mediated

input, and the velocity of the animal, a nonspatially |n_h|b|t|on from the |_nterngur_orl and projects tol_
specific input. via fast, glutamatergic excitation. The pacemaker input

Our model supports two themes that have arisen in
other neural modeling studies. The firstis that the con-
trol of the dynamics in a network may switch among
different neurons over time. These switches can occur
in the absence of any synaptic changes. Instead, dy-
namics are governed by the timing of events relative
to one another (Ermentrout and Kopell, 1998; Nadim
et al., 1998). The second theme concerns the role of
inhibition in networks of neurons. In recent studies
(Terman et al., 1998; Rubin and Terman, 1999; van
Vreeswijk et al., 1994), it is shown that inhibition may
have counterintuitive effects on the network, such as
synchronizing mutually coupled inhibitory cells. In the
present study, we use inhibition $peed ughe oscil-
lations of the pyramidal cell.

The primary prediction of this model is that phase
precessionis a spatially specific output that results from
an integration of a spatial signal from the dentate gyrus
at a single point and a nonspatial velocity coded signal
originating from the medial septum. We predict that no

upstream physiological signal exists that contains as 5 i and § « model tin of
much information about the animal’s spatial location F'9ure 2 Two cell and pacemaker network model consisting of a
pyramidal or place cell (P), an interneuron (1), and a pacemaker input

as _the phf”‘s_e of hippocgmpal place cell firing in CA3. (T). Synaptic connections reflect CA3 network architecture (arrow
This prediction differentiates our model from all other indicates excitatory and filled circle indicates inhibitory synaptic
models of phase precession that require an input thatconnections).



T projectsonly to | through fast, GABA-mediated
inhibition.

Ouranalysigdoesnotdependnaspecificmodelfor
theindividualneuronshenceweuseageneraformfor
themodelequationgor eachcell. Thefew restrictions
werequireonthemodelpropertiegoutlinedbelow) are
satisfiedby alargeclassof neuraloscillatorsjncluding
the Morris-Lecar(Morris andLecar 1981)equations,
which have beensuccessfullyusedin numerousnod-
eling studies(Rinzel and Ermentrout,1997; Somers
and Kopell, 1993; Termanet al., 1998; Termanand
Lee,1997),andwhich we usefor our simulationg(see
AppendixB).

The P cellis ageneraheuraloscillator modeledby
equationf thefollowing form:

v/p = fp(vp, wp)
1)

r_
wp_egp(vp, wp),

where’ denoteghe derivative with respecto time t.
The variablev, representshe membranevoltage of
the placecell andthe function f, is composedf the
sumof theionic andleakagecurrentsfoundin thecell
aswell asanappliedcurrent. We considerP to have
burstingbehaior andthevariablev, to modeltheburst
ervelopeandnotto accountor individual, fastspikes
occurringduring the active phaseof the burst. In this
generalclassof neuralmodels,the variablew, mod-
elsthe activation gatingvariableof an outward, ionic
current,usuallypotassium-mediate@ndthe function
0p governsthe activation gatedynamicsof this con-
ductance.The parametek controlsthe time scaleof
thew, dynamics.Ouranalysisassumeshate is small
(e <« 1), sothatthis generaineuraloscillatorbehaes
asarelaxationoscillator

The modelfor the interneuronl alsohasa general
form, but we considerl to be anexcitablecell, rather
thanoscillatory Themodelequationsare

vi= fi(vi, wi)
@

w{= €g; (vi, wj),

wherev; representthemembrane/oltageof | andw
representtheactivationgatingvariableof anoutward,
ionic current.As describedelow in termsof its phase
plane,we requirethatit is ableto fire in responsdo
eitherexcitationreceved from P orinhibitionreceved
fromT.

The equationdor the pacemakr T arecompletely
general. In fact, we simply assumehat T oscillates

PhasePrecessionf HippocampaPlaceCells 9

betweer0 and1, with a period Tt in the thetarange.
Whenthevalueof T exceedsa prescribedhreshold,
thenwe assumehatT fires,andwe measuréhedura-
tion of its “spike” asthetime spentabove thethreshold.

For thenetwork model,appropriatesynapticurrents
areaddedto theindividual cell models. In the synap-
tic currentvariablesandparameterghefirst subscript
denoteghe presynaptiacell andthe secondsubscript
denoteghe postsynapticell. The network equations
for P are

U/p = fp(vp, wp) — GipSpt — oip)[vp — vipl,

, ©)
wp = égp(vp, wP).
For |, thenetwork equationsare
v = fi(vi, wi) — GpiSpi(t — opi)[vi — vpil
— 0 i (vi — i), (4)

(S
|

i = €0 (vi, wy).

This form of the synapticcurrentshasbeenusedin
othermodelingstudieg ErmentroutandKopell, 1998;
WangandRinzel,1992). Thevariablessy, spi, ands;
governthedynamicsof thesynapticcurrentsandeach
satisfiesanequationof theform

S = aHe(W —vg)(1—5) — BS, (5)

wherea and 8 are the rise and decayratesof the
synapseand vy is the synapticactiation threshold.
The Heaviside stepfunction H,, actsasanactivation
switchfor the synapseH. (v — vy) is O ff v < vy and
is 1 v>vy. Theparameterg), g, andg;, arethe
maximalconductancesf thesesynapticcurrents and
vpi, Ui, andu;p arethereversalpotentials.In particu-
lar, vip andvy; aresetto make the associatedurrents
outward, while v, is setto make the synapticcurrent
inward. Finally, the parameters;, andoy,; represent
asynapticdelayfrom | to P andP to |, respectiely.
Withoutlossof generalitywe assumehereis nodelay
betweenT andl.

2.2. PhasePlaneMethods

In this section,we describethe phaseplanemethods
we useto analyzethemodel. We first explain how the
behaior of eachcell whenisolatedfrom the network
can be studiedin the phaseplane and then describe
theeffectof network interactionsAn importantaspect
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of our analysisthatis worth mentioningat this initial
stageis thatwe often comparebehaior of uncoupled
andcoupledversionsof P. By the former, we mean
the intrinsic P cell oscillationin isolation from the
network. By the latter, we meanthe oscillationof the
sameP cell whenit mustnow interactwith T and |
in the network. One of the importantconclusionsof
our analysisis that the network dynamicscan evolve
in dramaticallydifferentways,dependingnthefiring
sequencef thecells.

Theoscillatorybehaior of theisolatedP cell canbe
analyzedn thev, — w, phaseplanewherethetrajec-
tory of thecell is determinedby the nuliclinesof each
equation(seeFig. 3). The vy-nulicline, denotedCp,
is a cubic-shapear N-shapecturve found by solving
fo(vp, wp) =0for wp. Thew,-nulicline,denotedp,
is a sigmoidal-shapediondecreasingurve found by
solving gy (vp, wp) = 0. To ensurethatthe isolated P
cellisoscillatory parameters thefunctionsf, andg,
arechosersothatCp andDp intersecuniguelyalong
themiddlebranchof Cp. Asin prior models(Somers
andKopell,1993;TermarandLee,1997;Termaretal.,
1998), we requirethatthe following conditionon g,
holdsneartheleft branchof Cp:

% > 0. (6)
dvp

Following standarénalysiof relaxatioroscillators,
in thelimit € =0, the bursttrajectoryof the P cell can
be tracedin the phaseplane. As displayedin Fig. 3,
the silent phaseof the burst occursas the trajectory
travels down the left-handbranchof the cubic-shaped
nullclineCp, while duringtheactive phaseof theburst,
thetrajectorytravels up the right-handbranchof Cp.
Thetransitionsbetweertheactive andsilentphase®f
the oscillation occur whenthe trajectoryreacheghe
kneesof the nulicline. One cycle of the burst oscil-
lation is obtainedby tracing alongthe four different
“pieces” of thetrajectory Specifically settinge =0 in
(1), we obtainthe following, fastequationggoverning
thetransitionof the P cell betweerits activeandsilent
states:

v/p = fp(vp, wp) @

o
wp_O.

In this case,wp, actsasa parametein the v, equa-
tion, which is simply a scalarequationandthuseasy
to analyze Theequationgjoverningtheslow variation
of v during its active and silent statesare obtained

by rescalingtime usingt =€t in (1) andthensetting
e=0:

0= fo(vp, wp) @®

Wp = gp(vp, wp),

where’ denotegshe derivative with respecto theslov
time variabler. To mathematicallyconstructthe os-
cillation cycle, we denotethe left and right kneesof
thenulicline Cp by (v k, wi k) and(vrk, wrk) respec-
tively. Resultdy Mishchenlo andRozor (1980)imply
thatfor e sufliciently small,anactualperiodicorbitlies
O(e) closeto a so-calledsingularperiodicorbit. The
singularperiodic orbit consistsof four pieces,all of
whichareconstructedvith e = 0. Thefirstisasolution
of (7) thatconnectgv .k, w k) tosomepoint (vgr, wi k)
on theright branchof Cp (rising edgeof burst). The
next pieceis a solutionof (8) thatconnectqvg, wi k)
to (vrk, wrk) (active phaseof burst). Thethird pieceis
asolutionof (7) thatconnectgvrk, wrk) t0 (v, Wrk)
(falling edgeof burst). Thefinal pieceis a solutionof
(8) thatconnectqv, , wgrk) backto (v k, wk) (silent
phase) Note that with respectto the slow time scale
7, thejumpsbetweertheactive andsilentstateof the
burst are instantaneousWe denotethe period of the
singularperiodicorbit by Tp.

The nullclines for the modelinterneuronwith ex-
citable behaior have the samequalitatve shapeas
thosefor the P cell, exceptmodelparametersiread-
justedso that the cubic-shaped) -nulicline, denoted
C,, andthesigmoidalw;-nullcline, D, intersectlong
theleft branchof C,. Theintersectiorpointof thenull-
clinesis astablefixedpointalongtheleft-handresting
branchof C,, that ensureghatthe isolated! cell is
unableto oscillateonits own. This changen thenull-
clines can be obtained,for example, by shifting the
half-activationvoltageof the outward currentto lower
voltagelevels. A propertywe assumdor theintersec-
tion point of the nullclinesis that this point be close
to the left kneeof the nullcline C,, thusallowing the
interneurorto fire eitherin responséo excitationfrom
the P cell or via reboundollowing inhibition from the
pacemakrT. Aswith P, we assumehatneartheleft
branchof C,,

g

P > 0. 9

In our geometricanalysisin the phaseplane, the
generaleffect of introducinga synapticcurrentis to
either raise or lower the cubic-shapedulicline of
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the postsynapticcell without qualitatively changing
its shape,aslong asthe maximumsynapticconduc-
tanceis not too large relative to the maximumionic
conductancesSince (5) containsno factor of ¢, the
synapsegurn on and off on the fasttime scalegov-
ernedby t; thusthey areinstantaneousvith respect
to the slow flow of the trajectoriesgovernedby .
To examinethe effectsof the synapticcurrentson the
P cell in our network model, we denotethe solution
curve of fp(vp, wp) —Sp(t —oip)Giplvp —vip] = 0
by Cp,. Since P receves inhibition, Cp, lies belov
Cp (seeFig. 3). We assuméhatthenulicline Dp and
Cp, intersectsomavherealongtheleft branchof Cp, .
This intersectionpoint will be a stablefixed point for
theinhibited P cell, with theresultthattheinhibited P
cell will notspontaneouslgscillate. Furthernotethat
thisintersectiorpointwill lie below theleft kneeof Cp
becausef ourrestriction(6) g% > 0 (seeSomersand
Kopell, 1993). ’

The effect on | of the excitatory synapticcurrent
from P andtheinhibitory synapticcurrentfrom T is
thatits cubic-shapedulicline canberaisedor lowered
dependingntheactivationof s,; ands;;. For ary pos-
siblecasewe assumehatthe wi-nullcline D, contin-
uesto intersecthesynapticallyperturbed -nullclines
alongtheir left branchesthusensuringthat| remains
excitable. As notedpreviously, we requirethat | be
ableto fire dueto either excitation receved from P
or via reboundfrom inhibition receved from T. For
exampleassumehat! is sufiiciently closeto theinter
sectionpoint of the nullclineswhenit receves synap-
tic input. If the input is excitatory from P, the cubic-
shapedhulicline of the | cell is instantaneouslyaised
releasingthe trajectoryfrom its left branch. The tra-
jectoryis thenattractedo theright branchof theraised
nullcline,thusinitiating anactionpotential.If theinput
isinhibitory from T, thecubic-shapeduliclineis low-
eredandthetrajectorymovesleft towardthenew stable
fixedpointattheintersectiorof theperturbechullcline
andD, . For sufiiciently stronginhibition, becausef
our restriction(9), the new fixed point will lie below
theleft kneeof C,. Whenthesynaptidnhibition shuts
off, the nulicline risesbackagaintoward C,, andthe
trajectoryis attractedo theright branchiinitiating an
actionpotentialvia postinhibitoryrebound.Theability
of thel cellto fire dueto thesetwo differentstimuli is
critical to our analysis.

The mathematicablnalysisfor this article, as well
asthe specificequationsusedin the simulations,can
be found in AppendicesA and B, respectiely. We

work throughoutn theappropriate = 0limit andthen
useresultsof Mischenlo andRozor (1980)to obtain
the e smallresult. Our proofsdependon the useof a
timemetricthatallows usto definetimesbetweercells
andalsotimesover which relevantbehaior occurs.It
turnsout thatwe canrelatemary of thetimesassoci-
atedwith the network modelbackto timesassociated
with theisolatedcells.

3. Results
3.1. SystenProperties

Wefirstpresenainoverview of ourresultshatprovides
a qualitatve descriptionof how and why the model
generatephaseprecessionln the secondpart of this
sectionwe provide theanalysisof ourmodelandspe-
cific analyticalresults.

Thereexist two different,importantfiring patterns
for the simplenetwork. Thefirst firing patternrepre-
sentsnetwork behaior whentheratis outsideof the
placefield. The secondrepresentsietwork behaior
whentherat is insidethe placefield. The difference
betweenthesetwo behaiors is directly correlatedto
whetherT or P controlsthefiring of | . Animportant
aspecbf ouranalysids to identify mechanismghatal-
low thecontrolof firing to beshiftedbetweenT andP.
As describedelaw, thefirst changan controlfrom T
to P requiresa brief externalinputto the network oc-
curring whenthe rat first entersthe placefield. The
secondchangein control from P backto T is deter
mined internally by the network and signalsthat the
placefield hasended.

Thefiring patternrepresentingut-of-placefield be-
havior is a stableperiodic statethat we call the TIP
orbit. In this stablepattern,the pacemakr T controls
thefiring of |, which firesvia postinhibitoryrebound.
In turn, I modulatesthe firing of P, so thatit fires
phase-lockdto the underlyingthetarhythm. The ef-
fect of the inhibition from | is to eitherdelay or ad-
vancethefiring of P, dependingnwherein P’scycle
theinhibition occurs. Thus, P is phase-lockdto the
thetarhythm and doesnot phaseprecesswhetherits
intrinsic frequeng is higheror lower thantheta(see
Section3.2.1). Moreover, P canonly fire whenre-
leasedrom inhibition from | .

Simulationresultsfrom the simple network where
eachcell is modeledwith Morris-Lecarequationsare
shavnin Fig. 4. Duringthefirst five burstsof theP cell
(toptrace),thenetwork is in the stableTIP orbit. The
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Figure4. TIP andPIT orbitsfor the two cell andpacemakr net-
workwith eachcellmodeledby Morris-LecarequationsTheT spike
is notexplicitly shavn andis denotecby dashedverticallines. The
network oscillatesin the TIP orbit for the first 5 cycles. The PIT
orbit is initiated by the arrival of the memoryseed(heavy arrow at
535msecwhich lastsfor 3 msec)andphaseprecessiomccursover
thenext 7 cycles(underheavy bar). Thenetwork returngto thestable
TIP orbit for theremainderof the simulation. The modelequations
andparametevaluesaregiven in AppendixB.

sequencef cell firing with T firing first (not explic-

itly shawn; time of peakindicatedby dottedvertical
lines), followedby | (lower trace)andthen P is evi-

dent.Duringthe T spike, | is inhibitedasseenby the
hyperpolarizatiorin the | voltagetraceimmediately
following the peakof T. Duringthe | spike (afterits
releasdrom inhibition from T), P is inhibitedasseen
by the hyperpolarizationn the P voltagetraceimme-
diately precedinghe spike.

Clearly, the out-of-placefield firing ratein the TIP
orbitis higherthanexperimentallyobsened. Thishigh
out-of-placefield firing leadsto alossof spatialspeci-
ficity to a downstreamdetectorof firing rate but has
minimal effect on a downstreanrdetectorthatusesthe
phaseof firing to determinethe spatiallocationof the
animal. Thesimplestway to reduceor remove theout-
of-placefield firing is to have aspatialinhibitory signal
thatprovidesinhibition atall pointsoutsideof theplace
field. Thisapproachis nottakenherebecausét relies
onspatialinformationupstreanirom thehippocampus
aboutthesizeandextentof theplacefield. Thegoalof
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this modelis to generatehe spatialphasecorrelation
from lessspatiallyspecificupstreannformation. Fol-
lowing the descriptionof the propertiesof the simple
model, we shav in Section3.2.7 how to completely
suppressheout-of-placefield firing, withoutresorting
to additionalupstreanspatialinformation(seeFig. 9).

The secondfiring pattern, representingbehaior
within the placefield, is a transientstatethat we call
thePIT orbit. ThePIT orbitisinitiatedby abrief, soli-
tary doseof excitationto P, representinga memory
seedexternally provided from the dentategyrus. The
seedcausedP to fire earlierthanit would have in the
TIP orbit andtherebyallows P to seizecontrolof |'s
firing. The P cellis ableto fire via its intrinsic oscilla-
tory mechanism$or aslongasit controlsl . Thus,the
seedchastheeffectof switchingcontrolof | from T to
P. DuringthePIT orbit, the periodof P firing, Tp, is
lessthantheperiodof T, Tr, regardlessof theintrinsic
periodof P, providedthat Tp and T+ arenottoo dis-
parate.Thereasorphaseprecessiomccursin the PIT
orbitis somevhatsubtleanddependsothontheintrin-
sicperiodsof P andT andalsoonthetime durationof
inhibitionfrom | to P. If thisinhibitionisshort-lasting,
thenduringPIT, P firesatits intrinsicfrequeng. Thus
if Tp < T, itisclearthatprecessiowill occur Al-
ternatizely, if theinhibitionis long-lasting thenduring
PIT, P fires at a substantiallyfasterrate thanits in-
trinsic frequeng. Counterintuitvely, this increasen
firing rateis moststronglydependenbn the strength
of theinhibitory synapticconductancé&om | to P. In
Section3.2.2,we clarify how inhibition may speedup
the firing rateof P. For this case precessioroccurs
whethetheintrinsicperiodTp islessthan,greatethan
or equalto Tr. In eithercasesinceP controlsthefir-
ing of | in thePIT orbit, forcing | to fire with every P
burst,| alsophaseprecesses.

Figure4 illustratesthe PIT orbit andphasepreces-
sion for the Morris-Lecarmodelnetwork. Arrival of
the memoryseedto P is modeledby a brief, excita-
tory, appliedcurrentpulse(heavy arrow) that causes
the early firing of P andthe interruptionof the TIP
orbit. Dueto the excitationfrom P, | overcomeghe
inhibitionfrom T andfireswith P, asseerby theslight
hyperpolarizationn the peakof the P burst. Overthe
next six cycles(underthe heavy bar), P and| phase
precesselatveto T. Thefiring of P dueto intrinsic
oscillatorymechanismis evidencedythesmoottrise
to thresholddisplayedby its voltagetrace.

Thephaseprecessionf | providesaninternalmech-
anismthatreturnghenetworktotheTIP orbit. Namely
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in PIT, | continuesto receve inhibition with eachT
spike, but thetiming or phasingpf theinhibitionis such
thatpostinhibitoryrebounddoesnot occurat eachcy-
cle. For example,duringthefirst two spikesof phase
precessiontheinhibition from T arrives duringthe |
spike, asseenby thelower spike heights,andrebound
doesnot occur Over the next threecycles, T inhibits
I during early portions of its afterhyperpolarization
whenreboundis not possible. But by the last spike
of phaseprecession) is inhibited suficiently late in
its afterhyperpolarizationmesultingin areboundspike
thatinterruptsthe PIT orbit, returningthe network to
the stableTIP orbit. Therecaptureof | by T signals
theendof theplacefield andoccursvhenP andl have
precessethroughupto 360degreesof phasewhichis
consistentvith experimentabata(O’K eefeandRecce,
1993). Thus, the precessiorof | is necessanfor
determiningthe endof the placefield.

Thebrief doseof excitationin theform of themem-
ory seedreoganizeghefunctionalrolesof thecellsin
theTIPandPIT orbits. Namely theexcitationswitches
thecontrolof | from T to P. T isableto regaincontrol
of | only whenP and| have precessethroughup to
360 degrees. Note thatthis functionalreoiganization
occurswithout ary changesn the couplingor intrin-
sic propertiesof the cells. We emphasizéhat, in the
model,phaseprecessioris a transienpphenomenshat
ceasesvith no furtherinputto the network. Thus,the
lengthof time over whichthepyramidalcell precesses,
or alternatvely, thelengthin spaceover which preces-
sion occurs,completelydetermineshe spatialextent
of the placefield. In this way, the network generates
thetemporalcodeembodiedn phaseprecession.

In thefollowing analyticresultssectionwe provide
mathematicajustificationfor the qualitatve obsenra-
tionsdescribechere(seeTable 1 for alist of relevant
symbols).In particularin Sectior3.2.1,wediscusghe
existenceof the TIP orbit. In Sections3.2.2to 3.2.5,
we focuson the PIT orbit and determineparameters

Tablel. List of relevantsymbols.

that most strongly affect this network behaior. In

Section3.2.6,we shav how experimentallysupported
datarelatingrunningspeedo interturstfrequeny of

thepyramidalcellscanbeusedo achieve aspatialcor-

relationin thistemporamodel.Finallyin Sectior3.2.7,
we introducea modificationto thesimplenetwork that
suppressesut-of-placefield firing.

3.2. Analysis

3.2.1. The Network Oscillatesat Theta Frequency
Outsideof the PlaceField. Thetrajectoriesof P and
| intheTIP orbitcanbetracedalongnuliclinesin their
phaseplanes.We mayassumehatatt = 0, T fires,
thetrajectoryof P lies ontheleft branchof Cp with
wp(0) = w* andthe trajectoryof | lies somavhere
alongtheleft branchof C,. In responséo theinhibi-
tionrecevedfromT, | fallsbackto C,, andisreleased
from inhibition att = tr,,. We assumehatw; (0) is
suchthatw; (z1,,) lies below theleft kneeof C,. Thus
att = tr,,, | firesby postinhibitoryrebound.Allow-
ing for synapticdelayfrom | to P, & v = ., +0ip, P
feelsinhibition from | andasaresultfalls backto Cp, .
At T = 17,, +0jp + 71,,, P isreleasedrom inhibition.
We shav in AppendixA that w* canbe chosensuch
thatw (T, + oip + 71,,) < wrk. With this condition,
when P is releasedrom inhibition, it will fire. De-
pendingon the position of the trajectoryof P on the
left branchof Cp whentheinhibition from | arrives,at
7 =17, + 0jp, thefiring of P haseitherbeendelayed
or advancedelative to its intrinsic frequeng. We also
shawv in AppendixA thatwhenT firesagainatt = Tr,
wp(Tr) = w*, thusensuringthat this cycle of firing
repeatsandwe shav thatthe TIP orbit is stable.Note
thatfor P to fire, it mustbe releasedrom inhibition;
it is unableto take advantageof the fact thatit is an
oscillatorycell.

In Fig. 5, we superimposehe phaseportrait of the
coupledP cell onto that of the uncoupledP cell to

Tt = intrinsic periodof the pacemakrinput
Tp = intrinsic periodof the P cell
Q=T —-Tp
Tpc = periodof P cellin TIP network
Ts = periodof P cellin PIT network
7,, = durationof theinhibition from T to |
7p o = durationof the active stateof theintrinsic P cell
oip = synapticdelayfrom | to P

Cp = intrinsic P cell cubic
C, = intrinsic | cell cubic
Cp, = P cell cubicwith sp =1
Cip = | cellcubicwith spj =1
Ci; = | cellcubicwith & =1.
714, = durationof inhibition from | to P
tpR = durationof thesilentphaseof theintrinsic P cell
opi = synapticdelayfrom P to |

Note:All timesaremeasureéte =0 in slow time scaler.
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clarify the differencesn their trajectories.In thefig-
ure, we have usedlowercaselettersto denotetimes
thatthesecellsspendn partsof their orbit wheretheir
trajectoriediffer. Theletterswith barsuperscriptsor
respondo the coupledP cell. NotethatTpc — Tp =
¢+ d— (b —h). SinceTpc = Ty, anecessargon-
dition for the TIP orbit to exist is thatthe differencein
intrinsicperiodsof P andT, 2 = Ty — Tp, mustsatisfy

Q=C¢+d—-(b—h). (10)

Thedifferenceb — b > Oisrelatedto themagnitudeof
Z%Z. Sinceg%z > 0, cellsevolve throughthe sameEu-
clideandistanceon Cp moreslowly thanonCp, . Thus
b — b measureshe additionaltime thatthe uncoupled
P cell mustspendto cover the sameEuclideandis-
tancealongthe left branchof Cp thatthe coupledP
cell coversonCp, .

Inthecasenvhens2 > 0, astableTIP orbitis obtained
if €+d>b—b. This canbe achiared by choosing
wp(tT,, + 0ip), andhencew*, suchthatthe trajectory
of P entersa neighborhoodf the stablefixed point
attheintersectionof Cp and Dp within the duration
of 7;,,. Thetrajectoryof P will remainnearthefixed
pointuntil P is releasedrom inhibition. In this way,
thefiring of P is delayedand P canbe phase-lockd
to thethetarhythm.

When @ <0, a stable TIP orbit is achieved if
b—b > ¢+d. Inthiscasewp(zr,, + 0ip), andhence
w*, arechosersothatthetrajectoryof P remainssuf-
ficiently far from the fixed point at the intersectiorof
Cp, and Dp during 7y,,. The trajectorydisplayedin
Fig. 5isrepresentatke of this case.Sincecellsevolve
fasteron Cp, thanon Cp, thetime b + ¢ + d canbe
shorterthanthetime b. This shavs thatinhibition can
be usedto speedup P. Thus, P canbe phase-lockd
to thethetarhythmif Tp is greatethanTy, aslongas
theperiodsarenottoo disparate.

Obserethat(10) canalsoberewritten as

Q=r1,+d—h (11)

For fixed 2, bothb andd mayincreasest,,, increases.
An increasdn b meanghat P mustfeel inhibition at
highervaluesof wp alongtheleft branchof Cp. Inturn,
this meanghatin TIP the phaselifferencebetweenT
andP will begreater Hencethedurationz;, controls
thephasdifferencebetweent andP in theTIP orbit.
In summarythe TIP orbit canbe obtainedwhether
the differenceQ2 = T+ — Tp is positive, negative, or
zero. Theeffectof theinhibition from | to P depends

notonits durationr; , but onitstiming duringthecycle

of P. We notethatwhile the TIP orbit canbeachiered

with eitherpositive or negative 2, independenof the

durationz, ,, otherresultsof our model—namelyob-

tainingthe PIT orbit—requirethatfor a short-lasting
71, 2 mustbepositive.

3.2.2. Within the Place Field, Both P and | Phase
Precess. Similarto above, we analyzethe PIT orbit
by describinghetrajectoriesof P and| in theirphase
planes.In thefollowing analysiswe assumehatnear
therightbranchof Cp, % =0.Thusthespeedtwhich
P evolvesalongtheright-handoranchesf Cp andCp,
\g\gll be the same. Our analysiscontinuesto hold for

Bui > Obutsuficiently small. Wealsoassuméehatnear

theright branchof C,, 5’79;) =0.

For simplicity, we assumethat the seedarrives at
7 =0, sothatboth T and P fire simultaneously The
trajectoryof P jumpsto theright branchof Cp. Thel
cellrecevesinhibition from T duringthetimeinterval
(O, t1,,), but, at T = op;, | firesdueto excitationfrom
P. At t =0y +0ip, P recevesinhibition from I and
falls to the right branchof Cp,. What happensnext
is moststrongly determinedby t,_,, the time length
over which P feelsinhibition from |. Thetime 7,
however, is hardto definepreciselyasit changesluring
eachcycleof thephaseprecessioifseeAppendixA for
clarificationsof this definition). We describehow the
PIT orbitis obtainedn thecasesvhenr, , is shortand
whenit islongrelativeto thedurationof theactive state
of P.

First considerthe casewhenr, , is short,in partic-
ular, 7, < tpa, the durationof the active stateof the
uncoupledP cell. At =0y + 0oip, let the distance
alongCp, from the positionof the trajectoryof P to
the right kneebe greaterthan ;.. Thenthe inhibi-
tionto P shutsoff beforeP jumpsdown from theright
kneeof Cp,. Soat t =0y + 0ip + 11, P returngothe
right branchof Cp andleaves the active statethrough
theright kneeof its intrinsic cubicCp. In Fig. 6A, we
have dravn thetrajectorythat P follows onecycle af-
tertheseeds given. It follows this trajectoryuntil the
time atwhich the network returnsto the TIP orbit. We
denoteby T theperiodof P duringphaseprecession.
In thiscase,Ts = Tp. Thus,anecessargonditionfor
phaseprecessiorin this scenarids Tp < Tt or 2 > 0.
Here, the sole factorthat drives the precessiorns the
difference in theintrinsic periodsof P andT.

Itisinstructiveto contrasthephaseportraitof | with
that of P duringPIT. Asopposedo the cleanand
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unchangingdrajectoryof P, thetrajectoryof | changes
with eachcycle of the precession.As we noticedin
Fig.4,theinhibitionfrom T to | occursatprogressiely
earlierphasesluringPIT. Intermsof thephaseportrait
(se€eFig. 6B), thismeanghattheinhibitionfrom T to |
occursatdifferentplacesn phasespace.In particular
during the first cycle, T inhibits | when is on the
right branchof C,, andstill far away from the right
knee. At the next cycle, T inhibits | while | is still
on the right branchbut now closerto the right knee
at a higherw; value. Progressingn this mannerthe
inhibition from T eventuallyoccurswhenl is backon
theleft branchbut still refractoryUltimately, | receves
inhibition whenit is closeenoughto the left kneeof
C, to becapturednto TIP, thusendingprecessiomand
signalingthe endof the placefield.

Phaserecessiomccursfor amorecomplicatedea-
sonwhenrt,,, > tpa. In this casewe assumehat P
reachesherightkneeof Cp, beforetheinhibition from
| shutsoff. Notethattheright kneeof Cp, lies below
therightkneeof Cp. Sothelengthoftime P staysnits
activestateduringthePIT orbitislessthanthelengthof
timeit staysin its active stateduringthe TIP orbit. This
decrease timeistheprimaryreasorwhy, in thiscase,
phaseprecessiomccurs. This canbe seenby consid-
eringthephaseplaneof P. Thereareseveralsubcases
dependingon thetime lengthof 7, , (seeAppendixA
for details). In Fig. 6C, we have dravn the trajectory
that P follows one cycle after the seedis given for
oneof thesesubcasesd.et r = r1 bethetime P hitsthe
rightkneeof Cp, . ThenP jumpsbacktotheleft branch
of Cp, andevolvesdown Cp, until r =71+ opi + oip.
We have denotedby lowercasdettersvarioustimesof
evolutionfor theuncoupledP cellandthecoupledpre-
cessingP cell. NotethatTp — Ts =k, +k +m—m.
Therearetwo sourcef time reduction.Thelargerof
thetwo isthetime k. + k. Thistime is relatedto the
maximumconductancéor thesynapticcurrentfrom |
to P, gip. If gip is small, thenthe cubic Cp, will not
betoofar belav Cp, andthusthetimek; + ki is small.
As gjp increasessodoesk; + k. Thesecondsourceof
time reduction,andthus phaseprecessionarisesdue
to the differencem — m. This differenceis controlled
by themagnitudeof g% neartheleft branchof Cp. For
this casephasqorecegsiorin thePIT orbitis achieved
whether is positive, negative, or zero.

3.2.3.The Memory Seedinitiates PhasePrecession.
Granulecells in the dentategyrus make excitatory
synapse®n CA3 pyramidal cells, and granulecells

have aspatiallyspecific(JungandMcNaughton1993)
andthetarhythm phasespecific(Skaggset al., 1996)
firing pattern.In our model, the arrival time of the
excitatory input, representinghe memoryseedfrom
thesegranulecells, neednot be so precise. In fact,
thereexistsanopeninterval of potentialseedtimings
(or phases}hatresultin phaseprecession.The seed
mustbe timed to arrive when P is sufiiciently close
to the left knee of Cp. To determinean expression
for the appropriateseedarrival time tgeeq let T fire
at r =0 and assumethat the durationof the seedis
small. The seedexcitation momentarilyaddsa cur
rentof magnitudegqyg[v, — vgg] to thecurrentbalance
equatiorfor the P cell, wheregyq is themaximalcon-
ductancePhas@recessiowmccursf theseedarrives at
Tseed € (—6, T1,, + 0ip) Wheres > 0. Thelowerbound
-4 isrelatedto theparametepyg. For largervaluesof
Odg, —8 canbelarger(in magnitude).Theupperbound
0N TseeqiS a sufficient conditionfor phaseprecession
sincethe P cell will certainly precessf it is excited
beforeit receves inhibition from 1. As this interval
for tseeqgives only asufiicientcondition,seedshatar-
riveslightly aftercr,, + oip mayactuallyproducephase
precession.

3.2.4.TheTotal Amountof PhasePrecessiobepends
on the Phaseof Memory SeedArrival.  In addition
to determiningwhetherphaseprecessions initiated,
the timing or phaseof the memoryseedalso affects
the total amountof phasechangein the P cell dur-
ing its precession.Sinceboth P and| phaseprecess
andsince,in the TIP orbit, both cellsfire at different
fixed phasesfter T, we needto considerthe amount
of precessiorfor eachof thesecellsseparately

First considerP. If T firesatt = 0, thenduring
the TIP orbit, P firesat r = 7, + oip + 71,,. We
cantranslatethesetimes of firing to phasef firing
by multiplying thetimesby 360°/ T+. Theearlierthe
seedarrives, with respecto the time of P firing, the
smallertheamounthat P precessed et taqy = 7, +
Oip + T1,, — Tseedbetheamountof time (or phase}he
firing of P is advancedby thememoryseed.Thetotal
amountof phaseprecessioris a decreasingunction
of ragv. In particular if the seedarrivesin theinterval
(=6, 0) (thatis, if taqy is large), P precessethrough
lessthan360degrees.Whereasf theseedarrivesclose
tot = 17,, + 0ip (ragvsmall), P precesseroughclose
to 360degreesprovidedthatthedurationof inhibition
froml to P, 7,,,, issufficiently short. Theoreticallythe
P cellcanonly phaseprecesshroughafull 360degrees
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Figure 7. Amount of phasetraversedby the P cell during phase
precessionn the Morris-Lecarbasednetwork model. When zero
phases definedby the peakof the T cell spike, P cell fires (burst
timesindicatedby circles, filled circlesindicate Fig. 4 results)at
152degreeduringTIP (firstfive bursts). Seedsrriving earlier(first
seedat500msec)resultin lessphaseprecessioithanseedsarriving
later (lastseedat 550msec).Note alsothatthe numberof cyclesof
phaseprecessiolincreasesvith laterseedarrival.

in the limit 7seeq— 771,, + 0ip + 71, from below. For
71,, large, sucha seedwould fall well outsideof the
intenval describedn Section3.2.3andthuswould be
unlikely to producephaseprecession.Thus,a lower
boundon the maximalamountof phaseprecessioris
360°(1— %).

An exampleof the effect of the seedtiming on the
amountof phaseprecessioris shavn in Fig. 7 for the
Morris-Lecarbasedhetwork model. In thefigure, the
filled circlesindicatethe phaseof each P cell burst
duringtheTIP andPIT orbitsdisplayedn Fig. 4. Dur-
ing TIP, P firesatapproximatelyl52 degreegdashed
horizontallines) when O degreesis definedby the T
spike. ThememoryseedadwancesP cell firing to ap-
proximately77 degreesandthen P precessethrough
285 dggreesuntil returningto the TIP orbit and re-
sumingfiring at152degreesTheopencirclesindicate
the phaseof P firing whenthe seedarrives at differ-
enttimes. For the earliestseedarrival, P precesses
throughapproximatelyl 70 degrees,andfor the latest
seed,P precessethroughroughly 340degrees.

In contrastto the restriction on the amount of
phaseprecessiorof the P cell, the | cell can pre-
cessthroughthe full 360 degrees.This is possibleif
Tseed€ (TT,, — Opi, TT,, + 0ip). Thelowerboundoccurs
if the seedarrives at suchatime sothatthe excitation
from P to | arrives exactly atthemomentT releases
| from inhibition.
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3.2.5.The Numberof Cyclesof PhasePrecessiorDe-
pendson the Phasingof the MemorySeedandon the
Duration of the Inhibition from | to P. Thereare
two possibleformulaefor the numberof cyclesof pre-
cession.The durationof inhibition from | to P, 7,
determinesvhichof thetwoformulaeappliesoagiven
situation. In thecaseQ > 0 (Tp < Tt), eitherformula
mayapplywith 7, , actuallydeterminingwhich oneto
use.If Q <0 (Tp > Tt), thenonly thesecondormula
canbeused.

If 71, < Tpa, recallfrom Section3.2.2,thatthe PIT
orbit exists only for 2 > 0. The numberof cyclesis
given simply by

TT—‘L'd
n= av7

S 12)

wheren is the nearestntegerto theratio value. Here,
it is the differencebetweenthe intrinsic periodsof T
and P, togetherwith 7,4, that determineshe num-
ber of cyclesof precession.The network modelthat
displayedtheresultsin Figs.4 and7 generates PIT
orbit by satisfyingtheseconditionson  andz,,, and
thenumberof cyclesof phaseprecessiolis accurately
predictedby (12), asshavn in Table 2. The values
T+ =100.3 ms and Tp = 87.4 mswereused.

If @ is negative with 7, < tp A, thenaftertheseed,
(12) predictsandsimulationscorroboratenot shovn)
thatthe P and | cells phaserecessbackto the TIP
periodicorbit.

If 71, > Tpa, asdescribedn Section3.2.2 thereis
no requiremenbn the sign of @ =Tt — Tp to obtain
the PIT orbit. In this case,the numberof cycles of
phaseprecessioris given by thefollowing expression
wherethetimesaredefinedin Fig. 6C:

Tt — Tagv

"otk +k+m-m 13

Recall that the quantity k. + ki +m—m is positive,
which compensatefor a potentiallynegative 2. The

Table 2. Numberof cyclesof phaseprecessiorpredicted
by Eq. (12) and obsered in simulationsof Morris-Lecar
basedetwork (parameterasin Figs. 4 and 7)for different
arrival timesof thememoryseed.

Taqy (MS) 54 39 29 19 14 9 3

Npredicted 4 5 5 6 7 7 8
Nobserved 4 5 6 7 7 8 8
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time m—m is relatedto the magnitudeof ;%z near
the left branchof Cp. The magnitudeof the time
k- + ki is of theorderof g;, andarisedbecauséheburst
width andinterturstinterval arelongerfor theisolated
P cell thanin the PIT orbit. We ran several simula-
tions (not shawn) of the Morris-Lecarbasednetwork
modelwith Tp > Tt (specifically Tr = 1003 ms and
Tp =102 ms). With g, = 1.0, we foundn=18, and
for gip = 1.5, n=9, thuscorroboratinghe strongde-
pendenc®f the numberof cyclesof phaseprecession
ondip.

Reiterating,if Q > 0, either(12) or (13) may hold
dependingnthedurationof theinhibitionfrom | to P.
By continuousdependencen parametersthere ex-
istsanintermediatevaluefor 7, , atwhichthenetwork
switchesfrom (12) to (13). Notethatnearthis switch-
ing point, small changesin the active durationof |
have largeramificationswith respecto theoccurrence
of precessioandtothenumbetrof cyclesof precession.

3.2.6. The Spatial Correlation of PhasePrecession
Is a Speed-CorrectedemporalPhenomena. Other
modelsof phaseprecessiomely explicitly on the as-
sumptiorthatphaseprecessiois aspatialphenomena.
We show herethatthe apparenspatialdependencef
phaseprecessiortanbe accountedor by our tempo-
ral model. More preciselyif theinterkburstfrequeng
of the placecell andthe frequeny of the underlying
thetarhythmarelinearfunctionsof theanimalsspeed,
thenphaseprecessiortanbe atemporalphenomenon
andalsobe morecorrelatedwvith theanimalslocation
thanwith thetime thathaspassedinceit enteredhe
placefield.

Assume the linear relationship fr = fg + y1v,
fs = fg + y2v, where fr is the thetafrequeng, fs
is the frequeng of the precessing® cell andy, > y1
arepositive constantsThevelocity v is setto vg + Av,
whereuyg is theminimumvelocity neededor thetheta
rhythmto exist, and Av is the positive deviation from
this baselinevelocity. Without lossof generality the
frequeng fg is acommonbaselinefor Av=0. Let
y =y2— 1, then fs = fr + yv, wherey >0. The
time of thenth thetacycle peakis nTr, andthetime of
thenth P cell burst,z, isnTs = H”TTIW Theamount
of phaseshift after the nth burst ¢, is the difference
nTy —nTs divided by the periodof the thetarhythm;
thus ¢, = 360 {222 The positionof therat at the
time of the nth burstis x, = v, = li”TITyU. By in-
spection,¢p, =360y x,, or equivalently the phaseis
spatiallycorrelated.
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Figure 8. Phaseshift of P firing during eachcycle of precession
changedinearly with changesn animals runningspeedmodeled
by changingintrinsic frequeng of P. In Morris-Lecarbasednet-
work model,phasedifferenceof P burstsduringprecessioffcircles,
filled circle correspondso Fig. 4 results)increasedinearly asin-
trinsic periodof P was decreased;orrespondingo anincreasen Q
(appliedcurrentto P, |, =95, 98, 100, 103and105u A/cn?). The
period Tt = 100mswas fixed throughout.

The phaseshift at eachcycle is given by A¢ =
360°£. Thusthe phaseshift is a linear function of
thedifferencein period,andfor fixed Tt it is alinear
function of Tp. This linear relationshipholdsin our
Morris-Lecarbasedetwork modelasshovnin Fig. 8.
Thefilled circle shawing the largestphaseshift dur
ing eachcycle of phaseprecessiortorrespondso the
parametewaluesin Figs.4 and7. To modela de-
creasean runningspeedtheintrinsic frequeng of the
P cell was decreasedIn responséo this increasen
Tp, correspondingo a decreasén €2, the phaseshift
A¢ decreasebnearly.

3.2.7. Suppressionof Out-of-Place Field Firing.
The primary objective of our modelis to illustrate a
mechanisnfior generatinghephaserecessionfplace
cells. In themodel,phaserecessioonly occursin the
placefield, but the out-of-placefield firing is too high.
This implies that a downstreamphase-basedetector
could preciselydeterminethe animals location at all
phasesxceptfor the phase-lockdone.
Differentcomplicatedeaturesouldbeaddedo the
modelto reduceor remove the out-of-placefield fir-
ing. For example,thereare mary typesof interneu-
ronsin the CA3 region that have a diverse pattern
of connectionsand an incompletelydeterminedrole
in network actiity. In particulay someof the in-
terneurongmake synapticconnectionsonly on other
interneurongFreundandBuzsaki, 1996). By introduc-
ing oneadditionalinterneurorinto our currentmodel,
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Figure9. Thevoltagetracesfor thethreecell andpacemakr net-
work. Phasegorecessiomeginsatt roughly equalto 500 msecwith
thearrival of thememoryseed.ThecellsP andl, thenphaseprecess
for the next 6 cycles. Outsideof the placefield, the longerlasting
inhibition from |1, whichis periodicallyreinforced forcesP to stay
belaw threshold.

theout-of-placdield firing canbesuppressedsshavn
in Fig. 9. In thismorecomple« model T and P areas
before but now thereexist two interneuronsl; andl».
Both interneurongeceie fast GABA-mediatedinhi-
bition from T andarecapableof firing reboundspikes.
The interneuronl; now provides a slovly decaying
GABA-mediatedinhibitory currentto P andreceves
asimilar currentfrom |,. Theinterneuronl, receves
fast glutamategic excitation from P. As before, P
may alsohave afeedbackconnectiorfrom |, thatcan
eitherbe a fastor slow inhibitory current. With this
network architecturewe requirethatthe slow inhibi-
tion decayin roughlyonethetacycle—thatis, roughly
100msec.

Outsideof the placefield, 1, and |, fire by postin-
hibitory reboundn responséo T. Notethatthesynap-
ticdelayfrom I, to I; allowsthelattertoreboundefore
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theinhibition from |, cantake effect. Moreover, this
slow inhibition decaysaway over onethetacycle thus
allowing I, to againbein apositionto fire by rebound.
Theinhibitionfrom |, to P, whichlaststheentiretheta
cycleis strongenoughto prevent P from firing during
thecycle. Sincethis inhibition is reneved at eachcy-

cle, P never fires. We call thisthe T 1, 1,{P} orbit and
notethatT controlsthe dynamicsof the network.

As in the simple model, the externally provided
memoryseedires P andinterruptstheT I, 1,{ P} orbit.
Excitationfrom P caused to fire. The subsequent
slowly decayinginhibition from I, to I; now comes
beforethe fastinhibition from T. Thusl; is strongly
inhibited andinitially will be unableto respondto T
input. In thereolganizedP I>{I,}T orbit, phasepre-
cessioroccurswith P controlling I, directly, causing
it to fire with eachP burstandthusphaseprecessin
thisorbit, P alsocontrolsly, indirectly throughl,. As
in the simple model, the timing and effect of the in-
put from T to both I; and I, changedrom cycle to
cycle. The effect on I, is similar to that discussed
in Section3.2.2andshavn in Fig. 6B. Theinhibition
from T chased, aroundits phaseplane.Whenl, has
precessethroughup to 360 degrees,it canberecap-
turedby T. For precessiomo end,however, |; mustbe
recapturedy T.

BecauseP and |, arephaseprecessingthe inhibi-
tionfrom I, to I; comesatprogressiely earlierphases.
Thismeanghatateachcycle of theta thereexistspro-
gressvely moretimefor thisinhibition to decaybefore
the T inputto I, arrives. Similar to the basicmodel,
phaseprecessioendswhenT recapturesontrolof |;.
This occurswhentheinput from I, to 1; comesearly
enoughin the T cycle so that the inhibition decays
away sufiiciently to allow I; to reboundn response¢o
T input. Oncethis happensthe slow inhibition from
I; to P is reinitiated,thussuppressing®. Moreover,
since P hasbeenfunctionally removed from the cir-
cuit, I, mustnow wait for T inputto fire. As discussed
above, thisinputoccursataphasehatallows |1 to fire
periodically

Thecomplex modeldescribedhereoperate#n afun-
damentallysimilarfashionto thebasicTIP/PIT model.
As before therole of inhibition differsinsideandout-
sideof the placefield. Indeed,control of the network
of interneuronsis again crucial for determiningthe
network output. Moreover, our analytical resultsin
Sections3.2.2through3.2.6 carry over with little or
no modification. In this model,it appearghat I, has
an “antiplacefield” in thatit fires everywhereexcept
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within the placefield. In alessreducedandmorere-
alistic network model,this may not bethe case.As a
result,we donotintendour resultsto beinterpretedas
predictingthe existenceof antiplacefields.

4. Discussion

Wedescribe@minimalbiophysicamodelofthephase
precessiorof hippocampablacecells thatis consis-
tentwith the essentiabmpirically determinecproper
ties of the phenomenon. We identified mechanisms
wherebytemporalcontrolof phaseprecessiorcanoc-
cur. Inparticularwe propose@mechanisnfor chang-
ing thefiring patternof placecellsastheanimalenters,
crossesandthenleaves the placefield. This mecha-
nismof changingcontrolof theinterneurorfrom T to
P switchesthe network from a stablestateto a tran-
sient state. The precessiorof the interneuronspro-
videsa secondnechanisnto switchthe controlof the
interneurorbackto T andthusreturnthenetwork to a
stablestate.

Theinitial form of themodelaccount$or mostof the
empiricalobsenationsthatwerelistedin theintroduc-
tion. Namely (1) sincewe provide theseedonly when
therat moves in onedirection,placecellsonly fire in
one direction of motion; (2) all placecells, only the
single P cellin our case startfiring atthe sameinitial
phase(3) theinitial phasas thesameon eachentryof
theratin the placefield sincethe seedalwaysoccurs
at the samephase;(4) sincethe changein controlin
the network occursbefore360 degreesof precession,
it is impossiblefor thereto be morethanthis amount
of phaseprecession(5) while the cellsin the dentate
gyrusmay undego a small numberof cyclesof pre-
cessionpur modelrequiresonly onecycle; additional
cycleswouldnotchangeheresultsy(6) themodeldoes
notaccounfor theincreaseén firing rate(alessreduced
network modelthataccountgor individual spikesmay
be ableto includefiring rateinformation; we believe
thatthemechanismsve have uncoveredfor phasepre-
cessionn our idealizedburstingneuronswould carry
over to neuronsthat insteadexhibit burstsof spikes);
and (7) the linear dependencen frequeny of pyra-
midal cell firing is usedhereto maintaina correlation
with locationratherthantime thathaspassedincethe
animalenteredheplacefield.

Theinitial model,however, hada high out-of-place
field firing rate. This out-of-placefield activity would
resultin alossof spatialspecificityif adownstreansys-
temusedfiring rateto determingheanimal’s location

in the environment. However, the phaserelationship
betweenplacecell actvity also providesinformation
on thelocationof the animal,andthe backgroundir-
ing outsideof the placefield may not be a substantial
problemfor adownstreansystenthatusegphaseo de-
terminetheanimal’s location. We presenteé method
(notnecessarilynigue),usinganadditionalinterneu-
ron, to remove the out-of-placefield firing without re-
quiring upstreamnformationonthesizeandextentof
theplacefield.

Fromamathematicabointof view, thiswork shavs
theimportanceof determiningunctionalityof thesub-
pieceofthemodel. Wehaveshavnhow controlwithin
thenetwork canbeswitchedrom onenetwork member
to anotherandthenbackagain.We have demonstrated
that geometricanalysisis well suitedto identify the
mechanismshatchangecontrol. Our work alsohigh-
lights thechangingandperhapsionintuitive effectsof
inhibitionin thenetwork. In particular we have shavn
how a fasteroscillatorcanentraina slower one using
onlyinhibition. Thisdependesritically onthetiming of
theinhibitory input from thefasteroscillator whichis
consistentvith thethemethattiming is of fundamental
importancean temporalcodegenerationWe have also
shovn how thenetwork canuseinhibition to function-
ally enhancerremovetheeffectsof achosermember

4.1. Relatedwork

Othermodelsof phaseprecessiordiffer from oursin
importantways. In prior work (Tsodykset al., 1996;
JenserandLisman,1996; WallensteinandHasselmo,
1997;Kamondietal., 1998),phaseprecessiolis mod-
eledasa spatialphenomenaEachof thesemodelsin
someway utilizes externalinput thatalreadyencodes
for thephaseprecessionThusnoneof themodelgruly
explainsthe genesiof phaseprecessionNamely the
modelsdo not addresshow a single P cell behaes
both outsideandinsideits placefield or what causes
thetransitionin behaior of thecell betweerthesetwo
areas.

The abore modelsrequireeithera network of exci-
tatorycellsor ahighly parameterizedescriptiorof the
neurorto achieveprecessionin thework of Jensemand
Lisman(1996),a one-dimensionathainof pyramidal
cellsis consideredand phaseprecessioroccursdue
tothelocalunidirectionalexcitatorysynapsebetween
thesecells. Selectve excitationto a specificmember
of the chain, occurringat eachthetacycle, provides
phase-precesséaaputto thenetwork. In themodelof



Tsodykset al. (1996), strong excitatory connections
betweenplace cells is also required.In this model,
precessionis driven by asymmetricsynapticweights
betweerthesecells. Thetotalamountof excitatoryin-
putacell receivesis at amaximumin thecenterof the
placefield anddecreasesionotonicallyasthedistance
from the centerincreasesTsodykset al. (1996)call
this “directional tuning” A similar ideais employed
by Kamondietal. (1998). Therearamplike depolariz-
ing currentis providedto the placecell to mimic pas-
sagethroughtheplacefield. Thusin thesewo models,
therunninganimalis given externalinformationabout
its positionin spacethat is encodedin the spatially
dependentepolarizationKamondiet al. (1998)and
WallensteinandHasselmd1997)both usemulticom-
partmentdescriptionsof the placecells. Precession
in thesemodelsdependscritically on a more com-
plex, multiparametedescriptiorof eaclneuronMore-
over, the model of Wallensteinand Hasselmq(1997)
also requiresphase-precesseaskternal input at each
thetacycle asin JenserandLisman(1996)to achiere
precession.

The presentmodel takes an entirely different ap-
proach. First, we believe phaseprecessions a tem-
poral mechanisnthat, as demonstratedgan account
for changesn therat's runningspeed.Secondwe do
notrequireary externalprecessethputto thenetwork.
Instead we simply needa onetime doseof excitation
that mimics a memoryseedandchangeghe network
from the TIP to the PIT orbit. We do not requirea
network of excitatorycellsor multicompartmeniod-
elsfor thecells. Finally, our analysisgives a different
interpretationof the significanceof phaseprecession
thanall of the previous studies.Namely in our model
theendof phaseprecessiosignalsheendof theplace
field. In the otherstudies,the end of the placefield
signalstheendof theprecessionThusour modelpro-
videsaninternalmechanisnfor determiningheendof
theplacefield (viatheendof precession)whereaghe
other modelsrequireanotherexternalinput to notify
the pyramidalcell thatits placefield hasended.

4.2. ExperimentaSupport

Severalstudieshave demonstratethatthemeanphase
of actwity of hippocampainterneuronss just prior to
the meanphaseof pyramidalcell actvity (Fox etal.,
1986;Buzsaki andEidelbeg, 1982). Thisimpliesthat
duringthephaseprecessiontheactiity of aplacecell
mustpassthroughthe phaseof thetarhythm at which
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interneuronsare most strongly inhibiting pyramidal
cells. In the presentmodel the pyramidal cell con-
trols the firing of the interneuronduring the phase
precessiomprocess,and its activity is not adwersely
inhibited by theinterneuron.

In recentrecordingsof a larger numberof pyra-
midal cells andinterneurongCsicswari et al., 1998),
pyramidal cells werefound that hadlarge, significant
cross-correlatiorpeaksat times on the scaleof ten
millisecondsthat precededhe activity of simultane-
ously recordedinterneurons. Thesecorrelationsfind
thatthereis atight couplingin thetime atwhich pyra-
midal cells and interneuronsare active and suggests
thatthe activity of a subsebf the interneuronsmight
precessalongwith placecells. The experimentalev-
idenceof the high level of correlationbetweenplace
cells and interneurongdemonstrateshat there exists
a sufficiently strongconductancéetweensubsetof
thesetwo typesof neurons.Thesefindingsareconsis-
tentwith thepredictionsn thepresenimodelin which
thephaseprecessiolf interneuronsnayonly occurin
asubsenf interneurongndonly whenthey arebeing
driven by a phaseprecessinglacecell.

4.3. Consistencyf Biophysical
andFunctionalModels

In amodelof phaseprecessionthereare several im-
portantlargergoalsandanatomicatonsiderationghat
should be taken into account.Thereis considerable
data that demonstrateghat the hippocampushas a
role in episodicmemory We have proposeda func-
tional modelthatdescribedow the spatialandmem-
ory rolesof thehippocampugsanbecombined Recce
and Harris, 1996; Recce,1999). In this view, when
aratreturnsto a previously experiencedervironment,
thesetof coactive placecellscorrespondso therecall
of anegocentricmapof theernvironment. Thememory
recallis performedby apatterrcompletiorprocesshat
is controlledthroughthe excitatory feedbackpathway
in the CA3 region of the hippocampusThe seedfor
this recall entersthe CA3 region throughthe entorhi-
nal cortex to the dentategyrusandthenin the mossy
fiber projectionfrom the dentategranulecells to the
CA3 pyramidalcells andinterneurons.The temporal
control of therecall processin this view, is provided
by the pacemakr input from the medialseptum.
ThefeedbackconnectiondetweenCA3 pyramidal
cells arerelatively sparsewhich canlimit the num-
ber of egocentricmapsof spacethat canbe storedif
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the region is modeledas an autoassociate memory
However, GardnerMedwin (1976) hasdemonstrated
thatthis limitation canbe overcomeif therecall pro-
cessis performedover a sequencef steps. Hirase
andRecce(1996)foundthatthe optimal performance
in a multistepautoassociate memory model of the
CA3 region canbeachievzed if an interneurometwork
controlsthe recall processhy providing aninhibitory
inputto the pyramidalcellsthatis a linearfunction of
the numberof simultaneoushactive pyramidalcells.
Further it hasbeenproposedhatthephaseprecession
corresponds$o themultiple stepsin this recallprocess
andthat the phaseprecessiorsuggestsa methodfor
the concurrentrecall of several egocentricmemories
(Recce1999).

In the presentwork, we have begun the process
of systematicallyaddressingheseissues.The present
modelfor phaseprecessionwhile conceptuallyquite
simple,is not necessarilghe onethatmosteasilypro-
ducesoutputthat phaseprecesseslinstead,our mod-
eling is basedn thelargerconsiderationsf identify-
ing mechanismghatcanallow multiplememoryrecall
processe$o be simultaneoushperformed. The basic
framework describedabove, which accountsor pre-
cessionjs compatiblewith a functionalmodelof the
spatialandepisodicmemoryrolesof CA3 placecells.

Appendix A. Analysis: Existenceand Stability
of TIP Periodic Orbit

Outsidetheplacefield, thenetworkisin theTIP config-
uration. We shaw thatthereis aunique stableperiodic
orbit to which the cells areattracted. Assumethat T
firesat t =0. We will locateaninitial conditionfor
P andshow thatwhenT firesagainatt = Tr, P has
returnedexactly to thisinitial condition. The analysis
will bein termsof atime metricthatwill measurghe
timesof evolution of P on variouspartsof its orbit in
phasespace.Thesetimesdependon variousbiophys-
ical parameterghat are relatedto both intrinsic and
synapticpropertiesof the cellsandthe network.

Theorem1. Thekexistsalocally uniqueasymptoti-
cally stableTIP periodicorbit witha periodO(¢) close
to Tt.

Proof Theanalysisbelov occursate =0, but using
thework of Mischenlo andRozor (1980),theresults
actuallyholdfor € > 0 andsufiiciently small. Consider
theleft branchof Cp betweenwgrk andw k. ASsoCi-
atedto eachpointonthiscurve,denotedw, isthetime

A(wp) it takes P to reachw k startingfrom wp. In
particular A(wrk) = tpr and A(wk) =0. It is clear
that A is amonotonedecreasingunctionof wy. The
descriptiorof the TIP network given earliershavs that
thereis aone-dimensionaiapIl thattakestheinitial
positionof P at t =0 alongtheleft branchof Cp and
returnsthe positionof P att = Tr.

Proposition 1. Themap IT definesa uniform con-
traction on a subinterval(w;o, wni) of (wok,wrk). If
w* istheresultinglocally uniqueasymptoticallystable
fixedpoint, thenthenetworkpossesseslocally unique
asymptoticallystablesingular TIP periodic orbit with
period Tt, where w,(0) = w

Proof Weprovetheexistenceof afixed pointby com-
paringthe behaior of theuncoupledP cell to its cou-
pledcounterpartSinceTr = Tp + 2, we cancompare
theperiodof thecoupledP cellto Ty. Firstwelocate
a suitablewyi. Associatedwith it is atime Ty from
whi t0 wk oNCp. At T =17, + 0jp, P recevesinhi-
bition andjumpsbackto Cp,. At r = tr,, + gip + 71,
theinhibition to P shutsoff. We choosewy; suchthat
wp(tT,, + 0ip + T1,,) = wik. Next let us considerthe
evolution of the P cell, solelyon Cp in theabsencef
ary synapticinput. S|nce‘gp > 0 neartheleft branch
of Cp andCp,, the P cell mo\/&s down Cp ataslower
ratethanon Cp,. In otherwords, P takes a longer
time to cover the sameEuclideandistanceon Cp than
onCp,. Thusatt = t7,, + oip + 71, theuncoupledP
cell will be abore wi k. It is seenthatinhibition ac-
tually shortengthe time distanceto the kneefor this
initial condition. This is very similar to, but timewise
the oppositeof, theideaof virtual delayof Kopelland
Somerq1995). Therethey shavedthatexcitationhad
the oppositeeffect of increasinghetime to the knee.
The coupledanduncoupledversionsof P follow the
sametrajectoryin theactive state.

Assumemomentarilythat2 = 0. For theuncoupled
P cell, A(TT(wnj)) = Tpi. But for the coupledP cell,
A(IT(whi)) < Thi. Thusthetimeit takesfor thecoupled
P celltoreturntoitsinitial positionwe; is Tpe < Tp. If
Q is sufiiciently small,thenT,c < Tp + Q = Tr. Note
that Ty > 77, + 0ip + 71,,. HOW big the difference
betweerthesetimesneeddo bedepend®nthesizeof
dg" , which determineghedifferencen theratesalong
Cp andCp, . Thuswe havelocatedaninitial condition
whosetime distanceto the kneecompressesver one
oscillation.

We next locateaninitial conditionwhosetime dis-
tanceto thekneeexpands.Now let wio = w(0) such



that for the uncoupledP cell wp(zT,, 4+ 0ip) = Wik.
Assumethattheinitial conditionsfor T and| areiden-
tical to the above case. Thusat the momentP were
to fire, it receves inhibition from |. It will thusfall
backto Cp, andmove down this cubictowardthefixed
pointon Cp, for atimer,,,. At t = t7,, + gip + Ty,
P is releasedrom inhibition and jumpsto the right
branch.Thew valueof the pointto whereit jumpslies
belov wi k. On thetheright branch,let the time be-
tweenthis pointandw k be denotedby rp. OnceP
passeshroughw, = w k ontheright branchof Cp, it
will follow thesameorbitastheuncoupledP cell. The
coupledP cell hasbeendelayedby atime 7, + 7p.
Soit will returntoitsinitial positionatatime Ty > Tp,
if @=0. Thusif € is sufiiciently small, T, > Tt. For
thisinitial condition,thetime distanceto thekneehas
beenexpanded—thais, A(TT(wio)) > A(wio).

Thereforewe havelocatedasetof initial conditions
suchthat the lower and upperboundariesof the set
aremappednto the interior of the setby the mapIT.
By continuousdependencen initial conditions,this
impliesthatthereexistsatleastoneelemenibf the set
thatremaindfixedunderthemapIl. To provethatthis
point is uniqueand attracting,we needto shav that
I1 is a contractionmapping. We follow two different
versionofthe P cell,denotedP; andP,, andshow that
thedynamicftheTIP network bringthesecellscloser
togetherafter oneiterateof IT. Let w; < wo denote
ary two pointsin (wio, whi) suchthatw,, (0) = w; and
wp,(0) = w,. Thecells P, and P, do notinteractwith
one anotherbut receve commoninhibition from the
samel cell.

Lemmal. Theeexistsi € (0,1) sud that |IT(w,)
— M(w1)| < AMwz — wy|.

Proof: Fromtheaboveanalysisit is clearthatin the
TIP network, P; and P, will jump to the active state
fromapointonCp, thatliesbelow theleft kneeof Cp.
This occursat t = 7, + 71, + 0ip. Let § denotethe
time betweenthe cellsat t =0. As the cells evolve
alongtheleft branchof Cp andthenCp, , thetime be-
tweenthemremaindnvariant. However, theEuclidean
distancébetweerthecellsdecreasesThisisastandard
factfor two cellsthatareevolving alongthesameone-
dimensionalcurve toward a fixed point. The longer
thecellsspendnhearthecritical pointformedby thein-
tersectiorof Cp, andDp, themorethe Euclideardis-
tanceis compressedAt T = 17, + 11, + 0ip, thecells
arereleasedrom inhibition andjump horizontallyto
theright branchof Cp. The samemechanisnthatfos-
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terssynchrory dueto fastthresholdmodulation(see
Somersand Kopell, 1993)implies that thereis com-
pressionacrossthe jump. The rationalis the follow-
ing. Acrossthejump, the Euclideandistancedoesnot
change.However, therateof evolution of thecellson
theleft branchis muchslower dueto thefactthatthese
cells are evolving neara critical point. On the right
branchthe cellsarevery far way from the w-nulicline
D, so therateof evolution is muchfaster Thusthe
cellstravel throughthe sameEuclideandistancein a
muchshortertime. Thusthe new time betweencells
is lessthané. Sincethe cellsalwayssatisfythe same
differential equation,the time betweenthemremains
invarianton theright branchof Cp. Moreover, since
they both jump down from the right kneeof the Cp,
thetime is invariantacrossthe down jump. When Py
andP; returnto theleft branchof Cp, P> will lie belov
P1. So when P, returnsto theinitial positionof P; at
w1, thetime betweenthe cellswill belessthanwhen
they started,so the Euclideandistancebetweenthem
musthave compressedThis proves that IT is a con-
traction. Theconstant. canroughly be approximated
by the ratio of the speedat the jump on point on the
right branchto the speedat the jump off point on the
left branch(SomersandKopell, 1993).

We have madesomeimplicit assumptiongsboutthe
behaior of I. Namely we have not proved that | ac-
tually returnsto its initial positionatt =Ty. We are
assuminghatthe time on the left branchof C, from
w = wrk Of C, to a neighborhoof the fixed point
on C,; is boundedfrom belov andabove. The upper
boundarisesrom thefactthatwe want| to beableto
respondo T att = Tt. Thelower boundcomesfrom
thefactthatwe donotwantl tofire for thetime period
Tpa+ 0ip. Providedtheseconditionsaremet, the ex-
istenceof anasymptoticallystablefixed pointimplies
theexistenceof anasymptoticallystablesingularperi-
odicorbit. It isnow fairly standardo shav thatthemap
IT perturbssmoothlyfor € > 0, but sufiiciently small,
thusyielding theactualTIP periodicorbit (Mischenlo
andRozov, 1980). O

Letusnow addressnorecarefullywhatwe meanby
theactive stateof theinterneuronln PIT, itisnotpos-
sibletolocatethepreciseplacefromwhich | jumpsup.
Thusthe preciselocationat which it reachegheright
branchis not determinable and thereforewe cannot
preciselydefineits active duration. To give an esti-
matefirst on the jump up point we needto definetwo
morecubics. Oneis C,,, which occurswhensp; =1
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andsr; =0. Theseconds C,,,, which occurswhen
bothsp; =1 andsr; = 1. NotethatC,,, lies between
Ci, andC,,. Dependingntheparametergp;, g, vpi,

anduy;, itmaylie aboreorbelown C, . Forthisagument
assumat lies above C,. Thenthe maximumw value
to which | canjumpis the w valueof theleft kneeof

Ci,, callit w;,,. Theminimumvalueis thew valueof

theintersectiorof C, andDy, callit wj_,. Sinceg—f: =0

neartheright branchesthe speed®f evolution along
all theright branchesreidentical. For this aggument
theorderingof theright kneesof therelevantcubicsis

Ri; <R < Ri,; < Ry,, wherethe notationshouldbe
clear So,by alongactive phaseof theinterneuronye

mearthetimefrom w;,, to Ry, islongerthentp 5, . By

ashortactvephasevemearthetimefromw;  to R, is

lessthantp 5, . Notethattheseimesaresimplybounds
for thelengthof the active phase.They do notimply

that I necessariljjumps down from a specificknee.
Indeed,|’s jump down point may changeeachcycle

dependingnthetiming of inhibition from T. Finally,

if the length of the active stateof | is too long—for

example, if the time w;,, to R, is muchlongerthan
Tp A +0opi, thenthe analysispresentedabore breaks
down. Thisis becausd will notbein a positionto

respondo the next boutof excitationfrom P.

AppendixB. Model Equations
and Parameter Values

We have numericallyimplementedour two cell and
pacemakr network usingthe Morris-Lecarequations
(1981)tomodeltheneurons Thecurrentalanceequa-
tionsfor theP andl cellsare

Cm% = —0caMoo (vp) (vp — vca) — Gk wp(vp — vk)
—0gL(wp —vL) —SpGip(vp —vip) + |p,

Cm% = —0caMoo (V1) (Vi — vca) — Ok wi (v — vk)
—gL(vi —vL) — Spigp1 (vi — vpy)

—&ign@ —vm) + i,

where vx (in mV) is the membranevoltage in the
pyramidal cell (X = p) andthe interneuron(X =i).
Themaximalconductancefor thecalciumandpotas-
sium currentsin the cells are the same(gca=4.4,
gk = 8.0). The reversalpotentialsfor the ionic cur
rentsareVe, =120 mV andVx = — 84mV. Theleak
conductancdensityin eaclcellisg, =2mS/cn?, and

theleakreversalpotentialis V. = —60mV. Themem-
branecapacitancés C, =20 uF/cnm?. The applied
currentvalues(in wA/cn?) arel , = 105andl; = 120.
In ourimplementatiorof themodel,theT cell is mod-
eledby thesameequationgsanisolatedP cell, except
appliedcurrentis setto 92 uA/cr?. In orderto ob-
tainfrequenciesn thethetarange time was scaledby
4.5. Themodelequationsverenumericallyintegrated
using XPP (information on the programavailable at
http://www.pitt.edu~~phase).

The gatingkinetics of the potassiumconductances
in eachcell (X = p andi) aregovernedby equations
of thefollowing form:

dwx _  weox(v) —wx
dt T, x (V)

)

where¢ = 0.005correspondso ¢ in the generafform

of theequations.The steady-statactivationandinac-
tivationfunctionsandthevoltage-dependetime con-
stantfunctionsfor the calciumandpotassiuncurrents
in eachcell (X = p andi) aregiven by

My, (v) = }[1+tan)’<v _ Ul)],
2 U2
Weo,x (V) = | 1+tan ,
2 Va, x

1
sech{v — v3 x)/2va x]

Ty, x (V) =

Thehalf-actvationvoltagedor thegatingfunctionsare
(inmV) vy p=v11= —1.2,v3 p=2,andvzj = —25.
Theactvationandinactivationsensitvitiesfor thegat-
ing functionsare (in mV) v , = v =18, v4 p =30,
andug; = 10.

The synapticcurrentsin eachcell are governedby
thevariablesyy whereX indicateghepresynapticell
andY indicatesthe postsynapticell. Thesevariables
satisfyequationof theform

1 _
3§<Y=a(1—5xv)—<1+tank<vx v5)> — Bsxy,
2 Vs

wheretheHeavisidefunctionin thegeneraform of the
equationdor sxy is replacedy asigmoidlike function
thatdependsnthepresynaptizoltage(half-actvation
vs = 0 andactivationsensitvity vg = 10). For thethree
synapticcurrentsin the model, governedby sy, Sp,
and s, the rise and decayratesof the synapseare




thesame(w =2, B =1). In the currentbalanceequa-
tions, the effect of the synapsds determinedby the
reversalpotentialsof the synapticcurrents(vp; = 80,

vip = v = —80), and the maximal conductance®f

thesynapticcurrentsareall equal(gpi = gip = i = 1).

Wetookaip, = opi = 0inthesimulationsthusshaving

thattheexistenceof delaysarenotcrucialfor theabove
results.

For the simulationin Fig. 9, the following parame-
terswereused: |, =118,1;, =80, l;, =80, gi,i, = 0.5,
iy, =5, Biyi, = 0.005, vi,i, = —95, gpi, = 1, api, =2,
Bpi, = 1, Vpi, = 80, Oi.p= 0.8, Qip= 3, Biip= 0.001,
Vi, p=—95, G, =25, aj, =2, B, =2, v, =—80,
Oti, = 25, tj, = 2, ﬂtiz =2, ar]dl)ti2 =—-80.
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