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Abstract

To test the adequacy of a parametric model for the conditional expectation of
a binary response variable given an explanatory variable, Kolmogorov–Smirnov and
Cramér-von Mises statistics, which are based on a marked empirical process introduced
by Stute can be used. Dikta, Kvesic, and Schmidt proposed a model-based resampling
scheme for the bootstrap and approximated the critical values of tests formed using
these statistics. However, their approach is inapplicable when the binary response
variable is not always observed. Some missingness adjusted marked empirical processes
are proposed under the framework that the missing binary responses are missing at
random. We employ Dikta and Winkler’s modified model-based resampling scheme for
the bootstrap in this set up and prove its asymptotic validity. Numerical comparison
studies between the competing adjustments lead to interesting conclusions.

KEY WORDS: Covariance function, Functional central limit theorem, Gaussian process,

Maximum likelihood estimator, Missing information principle, Model-based resampling.

1 Introduction

Binary data of the type (δ, Z), where δ denotes a dichotomous response variable and Z

is an explanatory variable are common in biomedical studies. For example, δ may represent

the death status of a study subject and Z the dose of a particular medication. In survival

studies, δ would represent a censoring indicator and Z the possibly censored survival time

of a patient. For related and other examples, see Cox and Snell (1989) and Collett (2002),

among others. We focus on binary data in which δ may be missing for a subset of study

subjects. A case in point is the mice data set analyzed by Dinse (1986), in which out of the
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33 mice that died with nonrenal vascular disease (NVD) present, 8 died due to the disease

(δ = 1), 19 from other known causes (δ = 0), and 6 had unknown cause of death (missing

δ). This is an example of missing dependent censoring indicators, typical of competing risks

with missing cause of failure. In general, missing censoring indicators can result due to faulty

medical records, lack of autopsy or inconclusive results thereof, or the inability to distinguish

the cause of death from other incidental causes (as in the above-mentioned example).

Our goal is to implement a procedure for model checking, designed to provide a mecha-

nism for checking whether any specified parametric model offers an adequate approximation

for the conditional expectation of δ given Z. We will accomplish this through well-known

test statistics such as the Kolmogorov–Smirnov (KS) and Cramér von Mises (CvM), which

will be based on certain adjusted marked empirical processes (MEPs) that we introduce and

analyze. The development of a formal test procedure for checking model adequacy will also

include the use of a model-based resampling technique (Dikta, Kvesic and Schmidt, 2006) for

approximating the critical values of the tests, together with justification of its asymptotic

validity.

To describe missing binary data, let σ = ξδ, where ξ denotes an indicator variable

taking the value 0 when δ is missing and is 1 otherwise. The data for this set-up consist

of n independent and identically distributed observations (ξ1, σ1, Z1), . . . , (ξn, σn, Zn), where

each vector (ξi, σi, Zi) ∈ {0, 1}2 × [0,∞] is distributed like (ξ, σ, Z). The dichotomous δ is

assumed to be missing at random (MAR), which implies that P (ξ = 1|Z = t, δ = d) =

P (ξ = 1|Z = t) ≡ π(t), see for example Little and Rubin (1987). Let Θ ⊂ IRk. Writing

m(t) = P (δ = 1|Z = t), we assume a parametric model for m(t) in the sense that there exists

a collection M := {m(·,θ) : θ ∈ Θ} of parametric functions [that is, functions m(·,θ) with

known common form m but unknown θ] and a unique θ0 ∈ Θ such that m(·) = m(·,θ0).

However, for the approach to yield optimal results, the validity of the parametric assumption

must be checked. In other words, it is important that a full model check precede inference for

θ0 (Stute, González Manteiga, and Presedo Quindimil, 1998). This amounts to performing

a test of hypothesis for H0 : m ∈M versus H1 : m /∈M.
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An approach often employed for checking model adequacy when performing inference for a

quantity of interest [m(t) in the present case] is to select a suitable function, which determines

the quantity, and compare its model-based estimator with that of a completely data-driven

(nonparametric) one, using some measure of discrepancy between the two estimators for the

comparison. Stute (1997) employed the difference criterion as the discrepancy measure and

proposed his MEP for testing the goodness of fit of a parametric regression model. The null

hypothesis will be rejected if the computed value of any test statistic based on the MEP

exceeds a critical value, which is typically calibrated from its asymptotic distribution. Since

the limit process has a complicated structure, Stute et al. (1998) approximated the limiting

distribution using the wild bootstrap.

In the case of binary regression a reasonable choice for the function is the subdistribution

H̃1(t) = P (Z ≤ t, δ = 1), because it uniquely determines the conditional probability (Stute

et al., 1998), and can be consistently estimated as well. Dikta et al. (2006) studied the MEP

for this case and showed that, as for parametric regression (Stute, 1997), its asymptotic

distribution is intractable. They proposed a model-based resampling scheme for regenerating

the binary responses and derived a functional central limit theorem for the corresponding

bootstrap MEP. In particular, they proved that the basic and bootstrap MEPs converge to

the same limiting distribution, which constitutes the asymptotic validity of their procedure

and forms the basis for calibrating the asymptotic critical values of the KS and CvM tests

using the bootstrap counterparts; see Zhu, Yuen, and Tang (2002) for related work. However,

when δ is not always observed, their procedure is inapplicable because the MEP is not

computable.

Dikta and Winkler (2009) modified the MEP proposed by Dikta et al. (2006) by including

only the complete cases (ξ = 1). It turns out that their adjustment strategy is an application

of the well-known missing information principle (MIP) of Orchard and Woodbury (1972),

where the binary response δ is replaced with an estimate of its conditional expectation

given the observed data. The MIP has been applied to other censored data settings as

well, see Buckley and James (1978), and McKeague, Subramanian, and Sun (2001), among
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others. Alternatively, an estimate of δ may be obtained through the inverse probability of

nonmissingness weighted (IPW) scheme or its augmented version (AIPW). The IPW as well

as the related inverse censoring weighted techniques have been employed widely, see Koul,

Susarla, van Ryzin (1981), Robins and Rotnitzky (1992), Satten and Datta (2001), Bang

and Tsiatis (2002), Subramanian (2006), Subramanian and Bandyopadhyay (2008), among

others. A further augmentation of the IPW estimate of δ produces the AIPW estimate. The

AIPW refinement employs the methods of Robins and Rotnitzky (1992) and is a special case

of an estimator studied by Robins and Ritov (1997), but not for model-checking as in the

present case; see Subramanian and Bandyopadhyay (2010) for more details.

As was observed by Stute et al. (1997) and Dikta et al. (2006), the limiting processes

of the adjusted MEPs have complicated covariance structure. This difficulty necessitates

introducing the bootstrap, which easily permits calibration of the critical values of the KS

and CvM test statistics defined using the adjusted MEPs. Dikta and Winkler (2009) modified

the model-based resampling proposed by Dikta et al. (2006), by regenerating only the

observed binary responses and performing repeated complete cases analysis. We follow the

modified model-based resampling scheme introduced by Dikta and Winkler (2009) and derive

functional central limit theorems for the bootstrap IPW-MEP and bootstrap AIPW-MEP.

These results offer the desired justification for using the bootstrap to approximate the critical

values of tests. We also present results of numerical studies comparing the power of the KS

and CvM tests based on the competing MEPs.

Interestingly, model-based resampling of the observed binary responses has connections

with multiple imputations of missing cause of failure, proposed by Lu and Tsiatis (2001),

and Tsiatis, Davidian, and McNeney (2002) for estimation in a competing risks framework.

Note, however, that our principal goal is checking model adequacy. It is apparent that both

their methods as well as our’s regenerate binary responses using an estimated parametric

model, where estimation is carried out through maximum likelihood based only on complete

cases. However, the objective of multiple imputations is to achieve completion of data by

regenerating the missing responses, which is not the case in our set up. We only regenerate
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the observed binary responses, performing repeated complete case analyzes.

The paper is organized as follows. In Section 2, we introduce the adjusted MEPs and

derive their large sample properties. In Section 3, we describe Dikta and Winkler’s (2009)

model-based resampling technique for the bootstrap and prove its asymptotic validity in

the context of the AIPW-MEP. In Section 4, we report the results of simulation studies

comparing the performances of the KS and CvM statistics based on the adjusted MEPs. We

end with a concluding section. Technical complements are detailed in the Appendixes.

2 Adjusted marked empirical processes

In this section, we first introduce the notation that we will need for our various analyzes.

We then recall the MEP for binary regression when the response is always observed and

Dikta and Winkler’s (2009) adjusted MEP. Then we introduce our proposed adjustments

and derive functional central limit theorems for the adjusted MEPs.

Note that Θ ⊂ IRk and θ = (θ1, . . . , θk)
T . We write Dr(m(t, θ)) for the first partial deriva-

tive of m(t, θ) with respect to θr and define Grad(m(t, θ)) = (D1(m(t, θ)), . . . , Dk(m(t, θ)))T .

When this is evaluated at θ0, we write it as Grad(m(t, θ0)). We denote the partial derivatives

of second order by Dr,s(·). Finally, we define the matrix I(θ0) = (σr,s)1≤r,s≤k, where

σr,s = E

(
π(Z)Dr(m(Z, θ0))Ds(m(Z, θ0))

m(Z, θ0)(1−m(Z, θ0))

)
. (2.1)

When δ is always observed, let θn denote the maximum likelihood estimator (MLE) of

θ, obtained by maximizing the log-likelihood for this case; for details see Dikta (1998). The

nonparametric and model-based estimators of H̃1(t) = P (Z ≤ t, δ = 1) are given by

H
(NP)
1,n (t) =

1

n

n∑
i=1

I(Zi ≤ t, δi = 1), H
(SP)
1,n (t) =

1

n

n∑
i=1

m(t, θn)I(Zi ≤ t).

The marked empirical process (MEP) for checking model adequacy is the difference between

these two estimators multiplied by n1/2 and is given by (Dikta et al., 2006)

Qn(t) = n−1/2

n∑
i=1

{δi −m(Zi,θn)} I(Zi ≤ t). (2.2)
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Note that Qn(t) cannot be computed when the binary responses are MAR. To estimate

the parameter θ for this case, we need to maximize the appropriate normalized log-likelihood

function given by ln(θ) = 1
n

∑n
i=1 wi(Zi,θ), where

wi(t, θ) = ξi{δi log m(t, θ) + (1− δi) log(1−m(t, θ))}. (2.3)

The MLE of θ0 is θ̂ = arg maxθ∈Θln(θ). For proper analysis, we will need the following

basic regularity conditions, see Dikta et al. (2006) or Dikta and Winkler (2009):

(C1) There exists a measurable solution θ̂ ∈ Θ of Grad(ln(θ)) = 0, such that θ̂
a.s.−→θ0.

(A1) The functions p(t, θ) = log(m(t, θ)) and p̄(t, θ) = log(1 − m(t, θ)) have continuous

derivatives of second order with respect to θ at each θ ∈ Θ and t ≥ 0. Also, the functions

Dr(p(·, θ)), Dr(p̄(·, θ)), Dr,s(p(·, θ)) and Dr,s(p̄(·, θ)) are measurable for each θ ∈ Θ, and

there exists a neighborhood of θ0, V (θ0) ⊂ Θ of θ0 and a measurable square integrable

function M [that is, E(M2(Z)) < ∞] such that for all θ ∈ V (θ0), t ≥ 0, and 1 ≤ r, s ≤ k,

|Dr,s(p(t, θ))|+ |Dr,s(p̄(t, θ))|+ |Dr(p(t, θ))|+ |Dr(p̄(t, θ))| ≤ M(t).

(A2) The matrix I(θ0), whose elements are defined by Eq. (2.1), is positive definite.

(A3) The function m(t, θ) is continuously differentiable at each θ ∈ Θ; there exists a function

N such that for t ≥ 0 and for all θ ∈ Θ, ‖Grad(m(t, θ))‖ ≤ N(t) and E(N(Z)) < ∞.

Since the MLE θ̂ is derived via maximum likelihood, it is an M-estimator (Dikta, 1998;

Tsiatis, Davidian, McNeney, 2002; Subramanian, 2004), so has the asymptotic representation

n1/2(θ̂ − θ0) = I−1(θ0)n
−1/2

n∑
i=1

Grad(wi(Zi,θ0)) + oIP (1). (2.4)

The influence function of n1/2(θ̂− θ0) is L(ξ, σ, Z, θ0) := I−1(θ0)Grad(w(Z, θ0)). Note that

L(ξ, σ, Z, θ0) =
ξ(δ −m(Z, θ0))

m(Z, θ0)(1−m(Z, θ0))
I−1(θ0)Grad(m(Z, θ0)), (2.5)

which is centered (has mean 0). It can be shown that E(L(ξ, σ, Z, θ0)LT (ξ, σ, Z, θ0)) =

I−1(θ0) (Subramanian, 2004), which is assumed to be positive definite. Therefore, assump-

tion 1 of Stute (1997) is fulfilled. Write β(u, v) = (Grad(m(u, θ0)))
T I−1(θ0)Grad(m(v, θ0)).

We now recall the MIP-MEP proposed by Dikta and Winkler (2009).
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Adjusted MEP via the missing information principle

To obtain an adjusted MEP via MIP replace δi in Eq. (2.2) with an estimate of its condi-

tional expectation given the observed data, which can be computed as σi + (1− ξi)m(Zi, θ̂).

Also replace θn in Eq. (2.2) with θ̂, leading to the MIP-MEP (Dikta and Winkler, 2009):

Rn(t) = n−1/2

n∑
i=1

ξi

(
δi −m(Zi, θ̂)

)
I(Zi ≤ t). (2.6)

Dikta and Winkler (2009) proved that under the assumptions C1 and A1–A3, Rn
D−→R∞

in the space D[0,∞], where R∞ is a zero-mean Gaussian process with covariance function

K1(s, t) =

∫ s∧t

0

π(u)m(u, θ0)(1−m(u, θ0))dH(u)

−
∫ s

0

∫ t

0

π(u)π(v)β(u, v)dH(u)dH(v). (2.7)

We remark that the second term of Eq. (2.7) is just αT (s,θ0)I
−1(θ0)α(t, θ0), where α(t, θ0) =

∫ t

0
π(u)Grad(m(u, θ0)dH(u).

Adjusted MEP via the IPW scheme

Let π̂(·) denote a consistent estimator of π(·), such as the standard kernel estimator, see

for example Subramanian and Bean (2009). To obtain an adjusted MEP via IPW, replace

δi and θn in Eq. (2.2) with σi/π̂(Zi) and θ̂ respectively. The IPW-MEP is then given by

An(t) = n−1/2

n∑
i=1

(
σi

π̂(Zi)
−m(Zi, θ̂)

)
I(Zi ≤ t). (2.8)

Assume A4: The function π(t) is bounded away from 0 uniformly for all t ≥ 0. Introducing

K2(s, t) =

∫ s∧t

0

m(u, θ0)(1−m(u, θ0))

π(u)
dH(u)−

∫ s

0

∫ t

0

β(u, v)dH(u)dH(v)

+ 2

∫ s∧t

0

m(u, θ0)(1−m(u, θ0))dH(u), (2.9)

we give in Theorem 1 below a functional central limit theorem for An, the IPW-MEP:

Theorem 1 Under the assumptions C1 and A1–A4, An
D−→A∞ in the space D[0,∞],

where A∞ is a zero-mean Gaussian process with covariance function K2(s, t) given by Eq. (2.9).
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Proof We only sketch an outline of the analysis of An(t). In a standard way, An(t) can be

decomposed into three sums, each of which can be analyzed to obtain a leading term plus

a reminder term which is op(1). In particular, the first sum, given by n−1/2
∑n

i=1 σi(π̂(Zi)−
π(Zi))/π̂(Zi)π(Zi)I(Zi ≤ t), has the leading term

An,1(t) = −n−1/2

n∑
i=1

ξi − π(Zi)

π(Zi)
m(Zi,θ0)I(Zi ≤ t),

see Subramanian (2006) for detailed calculations. The second sum is exact and is given by

An,2(t) = n−1/2

n∑
i=1

(
σi

π(Zi)
−m(Zi,θ0)

)
I(Zi ≤ t).

The third sum, given by −n−1/2
∑n

i=1

(
m(Zi, θ̂)−m(Zi, θ0)

)
I(Zi ≤ t), has the leading term

An,3(t) = −n−1/2

n∑
i=1

(∫ t

0

(Grad(m(s, θ0)))
T dH(s)

)
L(ξi, σi, Zi,θ0).

Therefore, An(t) = An,1(t) +An,2(t) +An,3(t) + op(1).

To show that the sequence of distributions induced by An,1 is tight, following the proof

of Theorem 1.1 of Stute (1997), we may assume that Z has a uniform distribution. Note

that m(Zi, θ0) = m(Zi). For arbitrary 0 ≤ z1 ≤ z ≤ z2 ≤ 1, setting

αi =
m(Zi)

π(Zi)
I(z1 < Zi ≤ z)(ξi − π(Zi)), βi =

m(Zi)

π(Zi)
I(z < Zi ≤ z2)(ξi − π(Zi)),

and η(u) = m2(u)(1− π(u))/π(u), we use Lemma 5.1 of Stute (1997) to obtain

E
{
(An,1(z2)−An,1(z))2 (An,1(z)−An,1(z1))

2} = E





(
n∑

i=1

αi

)2 (
n∑

j=1

βj

)2




≤ 3E(α2
1)E(β2

1)

= 3

∫ z

z1

η(u)du

∫ z2

z

η(u)du

≤ 3 (G(z2)−G(z1))
2 ,

where G(u) =
∫ u

0
η(v)dv is a continuous nondecreasing function. By Theorem 15.7 in

Billingsley (1968), the sequence of distributions induced by An,1 is tight.
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To show that the sequence of distributions induced by An,2 is tight, we follow analogous

techniques and define η̃(u) = m(u)/π(u)−m2(u). Note that η̃(u) > 0 for all u. Defining

α̃i =

(
σi

π(Zi)
−m(Zi, θ0)

)
I(z1 < Zi ≤ z), β̃i =

(
σi

π(Zi)
−m(Zi, θ0)

)
I(z < Zi ≤ z2),

and the continuous nondecreasing function G̃(u) =
∫ u

0
η̃(v)dv, we again use Lemma 5.1 of

Stute (1997) to obtain

E
{
(An,2(z2)−An,2(z))2 (An,2(z)−An,2(z1))

2} ≤ 3E(α̃2
1)E(β̃2

1)

= 3

∫ z

z1

η̃(u)du

∫ z2

z

η̃(u)du

≤ 3
(
G̃(z2)− G̃(z1)

)2

.

By Theorem 15.7 in Billingsley (1968), the sequence of distributions induced by An,2 is tight.

Appealing to analogous techniques it can be shown that the sequence of distributions induced

by An,3 is tight; see also Lemma 3.13 of Dikta (1998). From these results we deduce that An

is asymptotically C-tight and hence D-tight. Convergence of finite dimensional distributions

of An(t) follows by the central limit theorem. Some basic calculations show that

Cov(An,1(s),An,1(t)) =

∫ s∧t

0

1− π(u)

π(u)
m2(u, θ0)dH(u)

Cov(An,2(s),An,2(t)) =

∫ s∧t

0

(
m(u, θ0)

π(u)
−m2(u, θ0)

)
dH(u)

Cov(An,3(s),An,3(t)) =

∫ s

0

∫ t

0

β(u, v)dH(u)dH(v).

Also, we can show that

Cov(An,1(s),An,2(t)) = Cov(An,2(s),An,1(t)) = −
∫ s∧t

0

1− π(u)

π(u)
m(u, θ0)dH(u)

Cov(An,1(s),An,3(t)) = Cov(An,3(s),An,1(t)) = 0

Cov(An,2(s),An,3(t)) = Cov(An,3(s),An,2(t)) = −Cov(An,3(s),An,3(t)).

From the above arguments we conclude that An
D−→A∞ in the space D[0,∞], where A∞ is

a zero mean Gaussian process with covariance function K2(s, t) given by Eq. (2.9).
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Adjusted MEP via the augmented IPW scheme

To obtain an MEP via the AIPW scheme, we replace δi in Eq. (2.2) with σi/π̂(Zi)+ (1−
ξi/π̂(Zi))m(Zi, θ̂) and also replace θn in Eq. (2.2) with θ̂ to obtain

Bn(t) = n−1/2

n∑
i=1

ξi

π̂(Zi)
(δi −m(Zi, θ̂))I(Zi ≤ t). (2.10)

To investigate the limiting behavior of Bn(t), define the covariance function

K3(s, t) =

∫ s∧t

0

m(u, θ0)(1−m(u, θ0))

π(u)
dH(u)−

∫ s

0

∫ t

0

β(u, v)dH(u)dH(v). (2.11)

In Theorem 2 below, we prove a functional central limit theorem for Bn, the AIPW-MEP:

Theorem 2 Under the assumptions C1 and A1–A4, Bn
D−→B∞ in the space D[0,∞], where

B∞ is a zero-mean Gaussian process with covariance function K3(s, t) given by Eq. (2.11).

Proof Since Bn(t) would have the same first-order asymptotic properties that it would have

if π(·) were known, it is enough to focus on

En(t) = n−1/2

n∑
i=1

ξi

π(Zi)
(δi −m(Zi, θ̂))I(Zi ≤ t). (2.12)

In particular, both Bn(t) and En(t) would converge weakly to the same limiting Gaussian

process. Since m(Zi,θ0) = m(Zi), we can write En(t) = En,1(t) + En,2(t), where

En,1(t) = n−1/2

n∑
i=1

{
ξi

π(Zi)
(δi −m(Zi))

}
I(Zi ≤ t),

En,2(t) = −n−1/2

n∑
i=1

{
ξi

π(Zi)
(m(Zi, θ̂)−m(Zi,θ0))

}
I(Zi ≤ t).

As in the proof of Theorem 1 we can show that, barring a reminder term which is op(1),

En,2(t) = −n−1/2

n∑
i=1

∫ t

0

(Grad(m(s, θ0)))
T I−1(θ0)

× ξi(δi −m(Zi, θ0))

m(Zi, θ0)(1−m(Zi, θ0))
Grad(m(Zi, θ0))dH(s)

= −n−1/2

n∑
i=1

(∫ t

0

(Grad(m(s,θ0)))
T dH(s)

)
L(ξi, σi, Zi,θ0).
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By the central limit theorem the finite dimensional distributions of En converge. Tightness

of En follows as in the proof of Theorem 1. After performing some routine calculations we

can show that

Cov(En,1(s), En,1(t)) =

∫ s∧t

0

1

π(u)
m(u, θ0)(1−m(u, θ0))dH(u) (2.13)

Cov(En,2(s), En,2(t)) =

∫ s

0

∫ t

0

β(u, v)dH(u)dH(v) (2.14)

Cov(En,1(s), En,2(t)) = Cov(En,2(s), En,1(t)) = −Cov(En,2(s), En,2(t)). (2.15)

From Eqs. (2.13), (2.14), and (2.15) we can readily obtain K3(s, t) given by Eq. (2.11).

Test statistics

Let Ĥ(t) denote the empirical estimator of H(t) = P (Z ≤ t). Separate KS and CvM

statistics can be defined based on each of the adjusted MEPs proposed earlier. For example,

the KS and CvM statistics based on Rn(t), the MIP-MEP, are defined as

Dn = sup
0≤t≤∞

|Rn(t)|; Wn =

∫
R2

n(t)dĤ(t). (2.16)

Based on theorems 1 or 2, together with the continuous mapping theorem, we can obtain

the weak convergence of the KS and CvM statistics based on each of the adjusted MEPs.

Specifically, Dn
D−→D∞ := sup0≤t≤∞ |R∞(t)|, with a corresponding result holding for Wn.

Owing to the complicated covariance structure of the limiting processes, a difficulty typical

in model checking (Stute, 1997; Dikta et al., 2006), we use the bootstrap to obtain the

critical values of the KS and CvM test statistics. We describe a model-based resampling

scheme and prove its asymptotic validity in the next section.

3 Model-based resampling and asymptotic validity

Suppose that (ξ∗1 , σ
∗
1, Z

∗
1), . . . , (ξ∗n, σ∗n, Z∗

n) is a bootstrap sample and that θ̂
∗

is the MLE

(which we assume exists) based on the sample. We define the bootstrap MIP-MEP by

R∗
n(t) = n−1/2

n∑
i=1

ξ∗i
(
δ∗i −m(Z∗

i , θ̂
∗
)
)

I(Z∗
i ≤ t), 0 ≤ t ≤ ∞. (3.1)

11



3 MODEL-BASED RESAMPLING AND ASYMPTOTIC VALIDITY

Provided that R∗
n(t) has the same limiting distribution, R∞, as the process Rn, we can

compute the bootstrap KS and CvM statistics defined by

D∗
n = sup

0≤t≤∞
|R∗

n(t)|; W∗
n =

∫
(R∗

n(t))2 dĤ∗(t),

for each of several bootstrap resamples and extract the desired 100(1− α) percentile of the

distribution of the bootstrap KS or CvM values to serve as an approximation for the critical

value of the KS or CvM tests. This is the standard approach, see also Dikta et al. (2006). To

ensure that the bootstrap data are generated according to the null hypothesis, we follow the

following missingness adjusted model-based resampling scheme (Dikta and Winkler, 2009):

1. For each i = 1, . . . , n, set ξ∗i = ξi and Z∗
i = Zi.

2. For each i = 1, . . . , n such that ξi = 1 regenerate δi from the Bernoulli distribution with

success probability m(Xi, θ̂), and call it δ∗i . Thus σ∗i = ξ∗i δ
∗
i , which is 0 if ξ∗i = ξi = 0.

Note that regeneration of δ is carried out only for complete cases, ξ = 1. Writing

w∗
i (t, θ) = ξ∗i {δ∗i p(t, θ) + (1− δ∗i )p̄(t, θ)}, (3.2)

the bootstrap MLE θ̂
∗

solves the equation Grad(l∗n(θ)) = 0, where l∗n(θ) = 1
n

∑n
i=1 w∗

i (Z
∗
i ,θ)

is the normalized log-likelihood function. In order to prove the asymptotic validity of the

proposed procedure, we present a result involving the large sample behavior of n1/2(θ̂
∗− θ̂),

which, in turn, will be utilized to derive functional central limit theorems for the bootstrap

adjusted MEPs. Let IP n, IEn, Varn, and Covn denote the probability measure, expectation,

variance, and covariance associated with the bootstrap sample. We will need condition C2:

(C2) For IP almost all sample sequences there exists θ̂ ∈ Θ, a measurable solution of the

equation Grad(l∗n(θ)) = 0, such that IP n(|θ̂∗ − θ0| > ε) −→ 0 for every ε > 0.

See Dikta and Winkler (2009) for the following result involving n1/2(θ̂
∗ − θ̂).

Suppose that Θ is a connected open subset of IRk and that H is continuous. Under H0, and

assumptions C1, C2, A1, and A2, when the model-based resampling scheme is used to gen-

erate the bootstrap data, n1/2(θ̂
∗−θ̂) has asymptotically a normal distribution Nk(0, I−1(θ0))

with probability 1. Also, with probability 1,

n1/2(θ̂
∗ − θ̂) = I−1(θ0)n

−1/2

n∑
i=1

Grad(w∗
i (Zi, θ̂)) + oIP n

(1). (3.3)

12



4 SIMULATION RESULTS

Remark Write a⊗2 for aaT , and define In = IEn

(
n−1/2

∑n
i=1 Grad(w∗

i (Zi, θ̂))
)⊗2

. Then

In = IEn

(
1

n1/2

n∑
i=1

ξi(δ
∗
i −m(Zi, θ̂))Grad(m(Zi, θ̂))

m(Zi, θ̂)(1−m(Zi, θ̂))

)⊗2

=
1

n

n∑
i=1

ξiGrad(m(Zi, θ̂))
(
Grad(m(Zi, θ̂))

)T

m(Zi, θ̂)(1−m(Zi, θ̂))

a.s.−→ I(θ0),

by the strong law of large numbers, conditions C1 and A1, and a continuity argument which

allows θ̂ to be replaced with θ0, see Lemma A.1. of Dikta et al., (2006).

Analogous to a functional central limit theorem for R∗
n proved by Dikta and Winkler

(2009), we now give a functional central limit theorem for B∗n, the bootstrap AIPW-MEP.

Theorem 3 Suppose that Θ is a connected open subset of IRk and that H is continuous.

Suppose also that π(t) is bounded away from 0 uniformly for all 0 ≤ t ≤ ∞. Under H0, and

assumptions C1, C2, A1–A4, when the model-based resampling scheme is used to generate

the bootstrap data, the process B∗n converges weakly in D[0,∞] with probability 1 to the zero-

mean Gaussian process B∞, whose covariance function is K3(s, t) given by Eq. (2.11).

Proof of the theorem is given in the Appendix.

4 Simulation results

In this section, we report the results of two power studies. For each study the sample

size was 100. More specifically, a single generated sample constituted of the 100 triplets

(ξi, σi, Zi)1≤i≤100. For each such sample of size 100, we calculated Rn and En, the adjusted

MEPs given by Eq. (2.6) and Eq. (2.12) respectively. Note that En does not require π̂(t), the

estimate of π(t), while Bn, the actual AIPW-MEP, does. Therefore, the tests based on Bn

are expected to perform worse than what we report here. We then calculated the KS and

CvM test statistics Dn and Wn defined by Eq. (2.16). Clearly, when the chosen model for the

conditional probability m(t) is approximately correct, the computed values of Dn andWn are

not expected to fall in the extreme right tail of their respective distributions. To approximate

13



4 SIMULATION RESULTS

the distribution of Dn and Wn we employed the model-based resampling described in Section

3 above. For each i = 1, . . . , 100 such that ξi = 1 we regenerated a new censoring indicator

δ∗i with success probability m(Zi, θ̂), and computed the bootstrap MEPs R∗
n and B∗n followed

by the bootstrap KS and CvM test statistics D∗
n andW∗

n. We obtained 1000 values of D∗
n and

W∗
n from nboot = 1000 bootstrap replications. The proportion exceeding Dn and Wn yields

a single bootstrap p-value for a single sample of size 100. Repeating the entire procedure

above over nsim = 1000 replications, the empirical power is the proportion of 1000 bootstrap

p-values which fell below the nominal 5%.

First study The minimum X was exponential with mean 1 and δ was generated from a

Bernoulli distribution with success probability m(t, θ) = exp(θ1 + θ2t)/(1 + exp(θ1 + θ2t)),

where θ2 = 1.2 and θ1 was taken over a fine grid of values from −1.5 to 1.5. We introduced

misspecification by fitting m(t, θ2) = exp(θ2t)/(1+exp(θ2t)) from the generated data; so that

the misspecification increases when θ1 is farther away from 0. The MLE θ̂2 was obtained by

the Newton–Raphson procedure. We considered π(t) = 1− exp(− exp(0.55t)), which gave a

30% missingness rate (MR). The empirical power of the four tests, over the combinations of

type of test and type of adjusted MEP, are plotted as a function of θ1, see Figure 1. All the

tests achieve the nominal level of 5% when there is no misspecification (θ1 = 0). The CvM

test based on the MIP-MEP performed marginally better than the rest.

In contrast to Figure 1, where α = 0.05 was fixed, we also investigated the performance

of the various proposed tests in terms of their empirical proportion of rejections for any

0 < α < 1. For this purpose we fixed θ1 = 1 and θ2 = 1.2. From Figure 2, which displays

the empirical distribution function of the 1,000 p-values, one can reckon the proportion of

bootstrap p-values that are less than any given α. All the four tests performed equally well

in the sense that they produced approximately same empirical proportions over 0 < α < 1.

Second study We considered the generalized proportional hazards model m(t, θ) = θ1/(θ1+

tθ2), where θ1 > 0 and θ2 ∈ IR, which arises when the failure and censoring distributions

in survival studies are Weibull: F (t) = 1 − exp(−(at)b) and G(t) = 1 − exp(−(ct)d), with

θ1 = bab/(dcd) and θ2 = d− b, see Dikta (1998). We fixed (a, b, c) = (2.0, 0.7, 0.9) and varied

14



4 SIMULATION RESULTS
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Figure 1: Empirical power of the bootstrap KS and CvM tests based on adjusted marked
empirical processes. Missingness rate is about 30%.

d over a fine grid of values between 0.2 and 1.35. When d = 0.7, the GPHM reduces to the

simple proportional hazards model m(t, θ1) = θ1/(θ1 + 1). We induced misspecification of

m(t) by always fitting the simple proportional hazards model using the generated data. The

MLE of m(t) is given by
∑n

i=1 σi/
∑n

i=1 ξi. We used π(t, η) = exp(η1+η2t)/(1+exp(η1+η2t)),

with η1 = 0.2 and η2 = 0.5 giving a MR of about 40%. All the tests achieve the nominal level

of 5% when there is no misspecification (d = 0.7), see Figure 3. The CvM test outperformed

the KS test. The empirical distribution function of the 1,000 p-values corresponding to

the proposed tests for (a, b, c, d) = (2.0, 0.7, 0.9, 1.25) are displayed in Figure 4. It is seen

that both the MIP and AIPW versions of the CvM test perform better than their KS test

counterparts.
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5 CONCLUSION

Figure 2: Empirical distribution function of 1,000 bootstrap p-values for first study.

5 Conclusion

Our KS and CvM tests are defined in terms of certain basic building blocks called

MEPs, introduced by Stute (1997) in a regression context and further specialized for binary

regression by Dikta et al. (2006). When there are missing binary responses, the adjusted

MEPs that we have investigated in this article arise from approaches which are known to

have sound rationale. While the MIP-MEP employs only the complete cases for analysis,

the AIPW-MEP, through the kernel estimate of π(t), utilizes information from individuals

with missing binary responses as well. In this sense, the AIPW-MEP may perhaps make a

fuller use of available data. This however does not translate into tangible gains in terms of

increased power, as evidenced by our simulation studies.

Indeed, our simulations suggest that the CvM test based on the MIP-MEP may have

the best overall performance. Its empirical power is no smaller than competing ones in
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Figure 3: Empirical power of the bootstrap KS and CvM tests based on adjusted marked
empirical processes. Missingness rate is about 40%.

the first study and clearly greater than the KS tests in the second study. In fact, from the

empirical distribution function plots one may deduce that for sufficiently misspecified models

the CvM test based on the MIP-MEP would have the greater power to reject an incorrect

null hypothesis at most of the significance levels commonly used, say 0.01 < α < 0.1, while

having comparable or better power at other higher significance levels. The CvM test based on

the pseudo AIPW-MEP, which used the true value of π(t), compared favorably with that of

the MIP-MEP, in terms of its power to reject departures from the null. However, the pseudo

AIPW-MEP would be inapplicable in practice because of the need to estimate π(t). Based

on our numerical studies, therefore, it would be reasonable to conclude that the tests based

on the actual AIPW-MEP, which would use an estimate of π(t) rather than its true value,
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5 CONCLUSION

Figure 4: Empirical distribution function of 1,000 bootstrap p-values for second study.

may perform worse than the ones based on the MIP-MEP. The extra computational effort for

estimating π(t), including optimal bandwidth considerations, would also be a factor against

employing the AIPW-MEP based tests for model checking. Thus, based on our simulation

studies, the CvM test based on the MIP-MEP would be our preferred choice.

Acknowledgment I thank Professor Gerhard Dikta of Fachhochschule Aachen for invigo-

rating discussions on the topic addressed in this paper.

18



Appendix

Proof of Theorem 3 Write B∗n(t) = B∗n,1(t) + B∗n,2(t) + ∆∗
n,1(t) + ∆∗

n,2(t), where

B∗n,1(t) = n−1/2

n∑
i=1

{
ξi

π(Zi)
(δ∗i −m(Zi, θ̂))

}
I(Zi ≤ t),

B∗n,2(t) = −n−1/2

n∑
i=1

ξi

π(Zi)

(
m(Zi, θ̂

∗
)−m(Zi, θ̂)

)
I(Zi ≤ t),

∆∗
n,1(t) = n−1/2

n∑
i=1

{(
1

π̂(Zi)
− 1

π(Zi)

)
ξi(δ

∗
i −m(Zi, θ̂))

}
I(Zi ≤ t),

∆∗
n,2(t) = −n−1/2

n∑
i=1

(
1

π̂(Zi)
− 1

π(Zi)

)
ξi

(
m(Zi, θ̂

∗
)−m(Zi, θ̂)

)
I(Zi ≤ t).

Henceforth, we write m̄(·, θ) = 1−m(·,θ). Applying Chebychev’s inequality we have

IP n

(|∆∗
n,1(t)| > ε

) ≤ IEn

(
(∆∗

n,1(t))
2
)

ε2

=
1

ε2

1

n

n∑
i=1

{(
1

π̂(Zi)
− 1

π(Zi)

)2
}

ξiIEn

[(
δ∗i −m(Zi, θ̂)

)2
]

I(Zi ≤ t)

≤ supt(π̂(t)− π(t))2

ε2 inft π(t) inft π̂(t)

1

n

n∑
i=1

m(Zi, θ̂)m̄(Zi, θ̂)ξiI(Zi ≤ t).

The uniform consistency of π̂(t), condition A4 (that π(t) is bounded away from 0 uniformly

in t), the strong law of large numbers, and a continuity argument as in Lemma A.1 of Dikta

et al. (2006) implies that ∆∗
n,1(t) = oIP n

(1). Using analogous arguments ∆∗
n,2(t) = oIP n

(1).

Note that B∗n,1(t) is centered since IEn(δ∗i ) = m(Zi, θ̂). For 1 ≤ i ≤ n, let θ̃
∗
n,i denote

points on the line segment joining θ̂ and θ̂
∗
. A Taylor expansion of m(Zi, θ̂

∗
) about θ̂ yields

B∗n,2(t) = −n−1/2(θ̂
∗ − θ̂)T

[
1

n

n∑
i=1

ξi

π(Zi)
Grad(m(Zi, θ̃

∗
n,i))I(Zi ≤ t)

]
.

Write γ(t, θ0) =
∫ t

0
Grad(m(s, θ0))dH(s). For sufficiently large n, under the assumed con-

ditions, asymptotic normality of n1/2(θ̂
∗ − θ̂) [see, Eq. (3.3)], use of a continuity argument,

and Theorem 2 of Jennrich (1969), we can make the quantity within the square brackets in

the equation above arbitrarily close to γ(t, θ0), with probability 1. It follows that

B∗n,2(t) = −n−1/2(θ̂
∗ − θ̂)T γ(t, θ0) + oIP n

(1).
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Defining K∗
3(s, t) = IEn

[(B∗n,1(s) + B∗n,2(s)
) (B∗n,1(t) + B∗n,2(t)

)]
, we can show that

K∗
3(s, t) =

1

n

n∑
i=1

ξi

π2(Zi)
m(Zi, θ̂)m̄(Zi, θ̂)I(Zi ≤ s ∧ t) + γT (s,θ0)I

−1(θ0)InI
−1(θ0)γ(t, θ0)

− γT (s, θ0)I
−1(θ0)

(
1

n

n∑
i=1

ξi

π(Zi)
Grad(m(Zi, θ̂))I(Zi ≤ t)

)

− γT (t, θ0)I
−1(θ0)

(
1

n

n∑
i=1

ξi

π(Zi)
Grad(m(Zi, θ̂))I(Zi ≤ s)

)
.

Using the strong law of large numbers, assumptions C1 and A3, and a continuity argument

as in Lemma A.1. of Dikta et al. (2006), we can show that with probability 1

1

n

n∑
i=1

ξi

π2(Zi)
m(Zi, θ̂)m̄(Zi, θ̂)I(Zi ≤ s) −→

∫ s

0

1

π(u)
m(u, θ0)m̄(u, θ0)dH(u),

1

n

n∑
i=1

ξi

π(Zi)
Grad(m(Zi, θ̂))I(Zi ≤ s) −→ γ(s, θ0).

Note that In → I(θ0) with probability 1, see the remark preceding the statement of Theorem

3. It follows that, with probability 1,

K∗
3(s, t) −→

∫ s∧t

0

1

π(u)
m(u, θ0)m̄(u, θ0)dH(u)− γT (s, θ0)I

−1(θ0)γ(t, θ0),

which is the same as Eq. (2.11). Thus, K∗
3(s, t) → K3(s, t) with probability 1.

We next verify Lindeberg’s condition to show that the finite dimensional distributions of

B∗n converge. Setting

Vi(t, θ̂) =

{
ξi

π(Zi)
I(Zi ≤ t)− αT (t, θ0)I

−1(θ0)Grad(m(Zi, θ̂))

m(Zi, θ̂)m̄(Zi, θ̂)

}
,

we can write B∗n(t) = n−1/2
∑n

i=1 ξiVi(t, θ̂)(δ∗i −m(Zi, θ̂))+oIP n
(1). Fix a ∈ IRk and let ~Bn =

(Bn(t1), . . . ,Bn(tk))
T . Applying the Cramér–Wold device, we can show that varn(aT ~Bn) →

aTKa, where K is a k × k matrix with the (r, s) element given by K3(tr, ts). Therefore, to

verify Lindeberg’s condition, it suffices to show that lim supn→∞ T̃n(ε) = 0, where

T̃n(ε) =
1

n

n∑
i=1

ξi

k∑
j=1

k∑

l=1

ajalVi(tj, θ̂)Vi((tl, θ̂)

× IEn

(
(δ∗i −m(Zi, θ̂))2I

(∣∣∣∣ξi

k∑
j=1

ajVi(tj, θ̂)(δ∗i −m(Zi, θ̂))

∣∣∣∣ > n1/2ε)

))
.
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Note that T̃n(ε) ≥ 0. We have

T̃n(ε) =
1

n

n∑
i=1

ξi

k∑
j=1

k∑

l=1

ajalVi(tj, θ̂)Vi((tl, θ̂)

×
[{

m̄2(Zi, θ̂)m(Zi, θ̂)I

(∣∣∣∣ξi

k∑
j=1

ajVi(tj, θ̂)m̄(Zi, θ̂)

∣∣∣∣ > n1/2ε)

)}

+

{
m2(Zi, θ̂)m̄(Zi, θ̂)I

(∣∣∣∣ξi

k∑
j=1

ajVi(tj, θ̂)(−m(Zi, θ̂))

∣∣∣∣ > n1/2ε)

)}]
.

Note that, for suitably chosen positive constants c1 and c2, we can show that

max

{∣∣∣∣ξi

k∑
j=1

ajVi(tj, θ̂)m̄(Zi, θ̂)

∣∣∣∣,
∣∣∣∣ξi

k∑
j=1

ajVi(tj, θ̂)(−m(Zi, θ̂))

∣∣∣∣
}

≤ c1 + c2M(Zi).

Also, for suitably chosen positive constants c3, c4 and c5, we can show that

k∑
j=1

k∑

l=1

ajalVi(tj, θ̂)Vi((tl, θ̂)m(Zi, θ̂)m̄(Zi, θ̂) ≤ c3 + c4M(Zi) + c5M
2(Zi).

Therefore, 0 ≤ Tn(ε) ≤ 2n−1
∑n

i=1 (c3 + c4M(Zi) + c5M
2(Zi)) I

(
c1 + c2M(Zi) > n1/2ε

)
. Let

c = 2 max(c3, c4, c5). By the strong law of large numbers we obtain with probability 1,

0 ≤ lim sup
n→∞

Tn(ε) ≤ c
[
P (M(Z) > A) + IE(M(Z)I(M(Z) > A)) + IE

(
M2(Z)I(M(Z) > A)

)]
.

By assumption A1, the right hand side term above tends to 0 as A → ∞. This verifies

Lindeberg’s condition implying that the finite dimensional distributions of B∗n converge.

For tightness, we may assume that Z has a uniform distribution. Write m̃(·,θ) =

m(·,θ)m̄(·, θ) ≤ 1/4. For arbitrary 0 ≤ z1 ≤ z ≤ z2 ≤ 1, setting η(u) = m(u)m̄(u)/π(u),

α∗i =
ξi

π(Zi)
I(z1 < Zi ≤ z)(δ∗i −m(Zi, θ̂)), β∗i =

ξi

π(Zi)
I(z < Zi ≤ z2)(δ

∗
i −m(Zi, θ̂)),

and κ∗n = IEn

{(B∗n,1(z2)− B∗n,1(z)
)2 (B∗n,1(z)− B∗n,1(z1)

)2
}

, we have

κ∗n = IEn





(
n−1/2

n∑
i=1

α∗i

)2 (
n−1/2

n∑
j=1

β∗j

)2


 =

1

n2

n∑
i=1

IEn

(
(α∗i )

2
) n∑

j=1,j 6=i

IEn

(
(β∗j )

2
)

=
1

n2

n∑
i=1

ξi

π2(Zi)
m̃(Zi, θ̂)I(z1 < Zi ≤ z)

n∑

j=1,j 6=i

ξj

π2(Zj)
m̃(Zj, θ̂)I(z < Zj ≤ z2)

≤ 1

16n2

n∑
i=1

ξi

π2(Zi)
I(z1 < Zi ≤ z)

n∑

j=1,j 6=i

ξj

π2(Zj)
I(z < Zj ≤ z2).
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Write Hn,1(t) = n−1
∑n

i=1 I(Zi ≤ t, ξ1 = 1) and H1(t) = p(z ≤ t, ξ = 1) for its limit. Let

ρ = inft≥0 π(t). By condition A4 ρ > 0. It follows that, with probability 1,

lim sup
n→∞

κ∗n ≤
1

16ρ2
(H1(z2)−H1(z1))

2 .

By Theorem 15.7 in Billingsley (1968), the sequence of distributions induced by B∗n,1 is tight.

Tightness of B∗n,2 follows from Dikta and Winkler’s (2009) result involving n1/2(θ̂
∗−θ̂) stated

prior to Theorem 3 and the continuity of γ(·,θ0). The proof of the theorem is completed.
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