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Abstract 

The transient potassium A-current is present in most neurons and plays an important role 

in determining the onset of activity. We examine the role of the A-current on the activity 

time of a follower neuron in a rhythmic feed-forward inhibitory network. Using 

geometric analysis of dynamical systems, we determine both the transient and steady 

state behavior of the follower neuron in a number of different parameter regimes. We find 

that the fate of the follower cell is determined by the time constant associated with the 

A-current inactivation in some parameter regimes whereas, in other regimes, the time 

constant of the recovery variable determines this fate and yet, in a third regime, they both 

do. Our analyses show that, even with a simple 3D model used here, the interaction of the 

A-current parameters and other intrinsic parameters can lead to a number of distinct 

periodic or possibly chaotic behaviors. The geometric and analytic tools we used for this 

simplified model can be generalized to understand the role of the A-current in more 

complex systems, including the neurons of the crustacean pyloric network which is the 

biological motivation for this study.  
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1. Introduction 

Bursting oscillations occur in many neurons and other cell types and underlie rhythmic 

activity in many networks of the central nervous system. In the mammalian 

thalamocortical system, for example, bursting occurs in the thalamocortical neurons 

during EEG-synchronized sleep (McCormick and Bal, 1997). Other examples include the 

circadian rhythmicity which results from the interaction of the circadian pacemaker, 

comprising of the neurons of the suprachiasmatic nucleus and other neurons such as the 

photoreceptors (Moore, 1999). Bursting oscillations are particularly prevalent in neurons 

of central pattern generators (CPGs) that produce rhythmic motor activity. These types of 

neurons include, for instance, the respiratory neurons in the pre-Botzinger complex of the 

brain stem that exhibit pacemaker bursting activity (Johnson et al., 1994). 

 

The activity of oscillatory networks of neurons is determined by the oscillation frequency 

as well as the activity phase of the component neurons within each cycle. In many 

oscillatory networks, the relative bursting phase among neurons plays an important in 

determining the normal or dysfunctional output of the network. In CPGs, for instance, the 

relative phase of neurons or groups of neurons determines the order of muscle 

contractions and therefore the motor behavior (Marder and Bucher, 2007). It has also 

been shown that the motor system dysfunction associated with Parkinson’s disease, is 

critically dependent on how the phase relationships between basal ganglia nuclei are 

affected by the loss of dopamine (Walters et al., 2007). The phase difference between 

neurons is often maintained over a wide range of frequency (Marder and Calabrese, 1996; 

Marder et al., 2005), and it has been shown that the A-current, a transient outward 

potassium current, plays an important role in determining the activity phase of neurons in 

many neuronal networks (Selverston, 2005). 

 

The A-current is a transient potassium current that is present in most neuronal types and 
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contributes to spike timing. The A-current is an essential factor in determining the 

frequency-current response of neurons, as was first shown in the seminal paper of Connor 

and Stevens (Connor and Stevens, 1971). In the CA3 pyramidal cells in the hippocampus, 

the activation of the A-current underlies the propagation failure of action potentials in 

axons (Debanne et al., 1997). The A-current has been shown to be important in 

determining the post-inhibitory rebound bursting phase of neurons and its effect on 

determining this phase is subject to the neuromodulation of the current by dopamine 

(Harris-Warrick et al., 1995).  

 

In order to investigate how the A-current interacts with other intrinsic and synaptic 

factors to affect the activity phase of a follower neuron, we focus our work on a simple 

inhibitory network consisting of a pacemaker neuron and a follower neuron. The 

prototype of our model includes two neurons, the pyloric dilator (PD) and the pyloric 

constrictor (PY), of the pyloric CPG of the crab Cancer borealis. The PD neurons are 

members of the pyloric pacemaker ensemble and produce very regular bursting activity 

with a period of around 1 sec. The follower PY neurons are also members of the pyloric 

system which oscillate due to the synaptic inhibition they receive from the pacemaker 

neurons. 

 

The activity phase of pyloric follower neurons such as PY has been partially attributed to 

the presence and extent of the A-currents in these neurons (Harris-Warrick et al., 1995; 

MacLean et al., 2005). In the current study, we first use the dynamic clamp technique to 

verify the role of the A-current in setting the activity phase of follower PY neurons. 

Based on these results, we construct a 3-variable model to analyze how the interaction 

between the A-current and other intrinsic properties of the follower neuron determine the 

post-inhibition activity phase of this neuron. Our model is based on the model of Bose et 

al (2004) which focuses on the bursting envelope of the follower neuron and the spiking 
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properties are ignored. The model of Bose et al used several simplifying assumptions 

about the properties of the A-current in order to examine its interaction with parameters 

of short-term synaptic depression. Here we relax these simplifying assumptions in order 

to explore the importance of various parameters that determine the activation and 

inactivation of the A-current. We then show how the A-current interacts with other model 

parameters in determining the factors that control the delay to the firing of the follower 

neuron within each cycle. 

 

We use phase space analysis and separation of time scales to examine the fate of the 

follower neuron trajectory on two sub-manifolds of the phase space. Based on the 

parameters of the model, we catalog the post-inhibition behavior of the follower neuron 

into two categories that include eight cases, in each of which a geometric approach is 

used to determine the dynamics of the follower neuron. In parallel, we use the numerical 

solution of our full model to verify the predictions of the mathematical analysis. This 

technique allows us to systematically explore the multitude of potential behaviors of the 

follower neuron’s trajectory and therefore predict both its transient and stationary activity 

in response to rhythmic synaptic inputs. Surprisingly, even a small number of variables 

and parameters can give rise to a rich set of behaviors of the follower neuron. Yet, our 

systematic method can be generalized to understand factors that determine the oscillatory 

activity of follower neurons that involve a large number of parameters. 

 

2. Methods 

2.1 Dynamic clamp 

The dynamic clamp experiments such as the one shown in Figure 1 were performed in the 

Nadim lab (unpublished data) on C. borealis PY neurons in two-electrode current clamp 
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mode as described in (Rabbah et al., 2005). An artificial A-current was implemented in 

dynamic clamp (Manor and Nadim, 2001; Rabbah et al., 2005) and injected in the PY 

neurons with a sampling rate of 4 kHz. The equations describing the artificial clamp 

A-current are given by 

( 80)
( )

( )
( )

( )
1( ) , ( ) 5

1 exp( 20( 45))
1 155( ) , ( ) 260 .

1 exp( 10( 45)) 1 exp( 10( 45))

A A

n

h

n

h

I g nh v
n v vdn

dt v
h v vdh

dt v

n v v
v

h v v
v v

τ

τ

τ

τ

∞

∞

∞

∞

= +
−

=

−
=

= =
+ − +

= = +
+ − + + − +

 

The dynamic clamp software used here has been developed in the Nadim laboratory and 

is available for free download at (http://stg.rutgers.edu/software/index.htm).   

 

2.2 Model 

2.2.1 General equations 

Our model is based on the model of Bose et al (Bose et al., 2004) which includes three 

variables to determine the bursting evenlope: two variables (v and w) are from the 

Morris-Lecar (ML) model representing the membrane potential of the follower neuron 

and the activation variable of the potassium current, and one variable h describing the 

A-current inactivation. The spikes shown in Figure 1 are smoothed over as they do not 

play an important role in determining the effect of the A-current. The three ODEs are 
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Where  

( , ) ( ) ( )( ) ( )ext L L Ca Ca K Kf v w I g v E g m v v E g w v E∞= − − − − − −        (2) 

represents the ML terms, and w∞(v), n∞(v) and h∞(v) are sigmoidal functions representing 

the steady state values of the activation variable for the potassium current, the activation 

and inactivation variables for the A-current respectively. Each sigmoidal function has the 

form: 

1( )
1 exp( )x

x

x v v v
k

∞ =
−

+
                       (3) 

Here kx is negative for activation variables and positive for deactivation variables. We say 

the sigmoid is steep when the parameter kx ~ O(ε1) where 0 < ε1 << 1. The time constants 

τw(v) and τh(v) determine the speed with which the variables w and h change in different 

voltage regions. In the model of Bose et al, the parameters kw, kn and kh are fixed, and kn 

is set to be small (~ O(ε1)) in order to guarantee a steep n∞(v). In our model we relax these 

conditions by considering different values of these parameters. 

 

As in the model of Bose et al, we simplified the activity of the pacemaker neuron by 

defining the membrane potential v0 of the PD neuron as a square wave oscillating 

periodically between -50 mV and 0 mV with active duration Tact and inactive duration Tin 

(Fig. 2a). The synaptic current has the following expression: 

0( )( )inh inh inhI g s v v E∞= −                       (4) 
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We set s∞(v0) as a steep sigmoid in order to simplify the synaptic mechanics.  

 

2.2.2 Dynamics on the v-w and w-h phase planes 

As described by Bose et al (Bose et al., 2004), without the A-current term, the ML model 

is described by a cubic v-nullcline and a sigmoidal w-nullcline in the v-w phase plane. 

When a trajectory lies near the left branch the neuron is said to be silent; when it is near 

the right branch the neuron is called active. In the presence of the A-current term, 

however, there is an additional “middle branch” on the v-nullcline and therefore its shape 

may become quintic (Fig. 2b). For convenience we call the left branch, middle branch 

and right branch: LB, MB and RB respectively (indicated by the vertical arrows in Fig. 

2b). Additionally, the inhibition from the pacemaker neuron causes the v-nullcline to 

move down vertically for a certain distance depending on the strength of the inhibitory 

synapse (Fig. 2b). We shall refer to the left, middle and right branches of the fully 

inhibited v-nullcline as LB1, MB1 and RB1, respectively. 

 

The sigmoidal w-nullcline may intersect the v-nullcline and the inhibited v-nullcline on 

any of these six branches depending on the shape and position of these two nullclines. It 

is straightforward to show that every intersection point on any of these branches is a 

stable fixed point (Rinzel and Ermentrout, 1998; Bose et al., 2004). In the cases we 

consider the stable fixed points on LB1 and RB play an important role in influencing the 

solution trajectory. We name these two fixed points FP1 and FP2 (Fig. 2b). 

 

The steepness and threshold of the w-nullcline determine the existence of a stable fixed 

point on MB or MB1. If there is an intersection on MB (Fig. 4a), then the fixed point 

exists and it locally attracts the flow. If the w-nullcline is shallow and the threshold is not 

too high, the w-nullcline may be above MB and there is no fixed point on MB. In this 

 8



case the flow on MB is still attracted by the w-nullcline vertically and, although there is 

no fixed point on MB, for each point on MB there is a “pseudo-fixed point” on the 

w-nullcline above MB (Fig. 4b). The pseudo-fixed point can be formally defined for any 

point (v, w) located on the middle branch as the point (v, w’) with the same v-coordinate 

on the w-nullcline. In the case shown in Figure 4b, the pseudo-fixed points form a closed 

set on the w-nullcline. Each point corresponds to a point on MB. We label any fixed point 

or pseudo fixed point by FP. 

 

We can analyze the trajectory of the follower neuron in its three-variable phase space by 

considering the dynamics of the trajectory on two distinct 2-dimensional manifolds: the 

v-w plane and the w-h plane which parameterizes a stable middle branch that exists due to 

the A-current. We do this by taking advantage of the assumption that the membrane 

potential variable v is fast compared to the other two variables w and h, thus resulting in 

separation of fast-slow dynamics. The dynamics of the trajectory in the v-w plane are 

described using a family of “phase planes” parameterized by the slow variable h while 

the w-h “phase plane” is used (as described below) for analyzing the dynamics 

immediately following the release from inhibition, when the variable v is slaved to the 

slow variables. We investigate the general motion of the membrane potential by plotting 

the nullclines and trajectories on the v-w phase plane, and we specifically analyze the 

delay to the neuron becoming active caused by the A-current on the w-h phase plane. Our 

aim is to demonstrate the role that A-current plays, in different parameter ranges, on 

determining the post-inhibition delay to activity, therefore determining the phase of 

bursting of the follower neuron. We do this by first following the trajectory of the 

follower PY neuron in a single cycle and keeping track of factors that determine the fate 

of the trajectory in that cycle. We then combine these results with equations that keep 

track of the kinetics of the slow variables over several cycles to find rules that determine 

the stationary (post-transient) behavior of the follower neuron.  
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2.2.3 Singular perturbation and reduced equations 

The membrane potential of the follower neuron can be mapped to a trajectory curve on 

the v-w phase plane, as shown in Figure 2. For ε (in Eq. (1)) small enough, the system is 

singular perturbed (Mishchenko and Rosov, 1980): in some regions of phase space, v 

changes very quickly while w and h remain nearly constant. In other regions, the behavior 

of v can be slaved to that of w and h. Equations to describe either can be obtained by 

setting ε = 0 in Equation (1) or a time-rescaled version of Equation (1). These two sets of 

equations are respectively referred to as the slow and the fast equations and can be 

obtained as follows. The slow equations are found by setting ε = 0 in Equation (1): 
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The fast equations are obtained by rescaling t = εξ in Equation (1) and then setting ε = 0: 
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The slow equations force the trajectory to move along branches of the v-nullcline (stable 

fixed points of Eq. (5)) toward w∞(v) while the fast equations control the trajectory during 

the jumps between the branches of the v-nullcline. Each cycle of the trajectory is pieced 

together using solutions of Equation (5) to determine the movement on the branches and 

of Eq. (6) to determine the jumps between them. For instance, in Fig. 2b, the trajectory 

moves toward FP1 on LB1 during Tact, and it stays near FP1 due to its stability. When the 
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inhibition ends, the v-nullcline is raised as the negative term Iinh disappears in Equation 

(1). FP1 no longer exists therefore the trajectory can jump to MB. The trajectory is also 

able to jump when it reaches the knee on any branch. For example, when the trajectory 

encounters the lower knee of MB, it jumps to RB as determined by the saddle-node 

bifurcation in the fast equations (Eq. (6)). For the middle branch MB the upper and lower 

knees are referred to as UK and LK. 

 

The simplified equations for the trajectory moving on each of the six branches are as 

follows: 
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(2) On MB: 
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(3) On RB: 
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(4) On LB1: 
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(5) On MB1: 
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(6) On RB1: 
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For simplicity we assume that h∞(v) = 1 on LB and LB1 and h∞(v) = 0 on MB, RB, MB1 

and RB1. The time constants for w and h on the left branches (LB and LB1), middle 

branches (MB and MB1) and right branches (RB and RB1) are set as τwl and τhl, τwm and 

τhm, and τwh and τhh respectively. All time constants are assumed to be of the same order of 

magnitude as Tact (O(Tact)) unless otherwise specified in the Results. In cases where two 

time constants are assumed to be of different orders of magnitude (i.e. τ1 << τ2), the larger 

one (τ2 in this case) is assumed to be O(Tact).  

 

3. Results 

The experimental data in Figure 1 show us that the presence of the A-current can delay 

the bursting phase of the follower PY neuron following the inhibition it receives from the 

pyloric pacemaker neurons. As shown in this figure, the delay to the active state of the 
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follower PY neuron becomes larger if the extent of the A-current present in this neuron is 

bigger. For large enough levels of A-current, the follower neuron fails to produce action 

potentials (i.e. there is no active state, Fig. 1d).  

 

A numerical simulation of our model (Eq. (1)) with different parameter sets can 

reproduce the same set of behaviors, as shown in Figure 3a and c which simulate the 

experimental data shown in Figure 1b and d respectively: a moderate A-current results in 

a delay to the active state whereas a very large A-current prevents the follower neuron 

from becoming active. In addition to these types of behaviors, our model demonstrates 

that the follower neuron can produce other, less intuitive outputs. For instance, following 

inhibition from the pacemaker, the follower neuron can return to its inactive state without 

producing any activity even before receiving the next cycle of inhibition (Fig. 3b). 

Alternatively, the behavior of the follower neuron may not be identical from cycle to 

cycle as in the example shown in Figure 3d. In this example, the follower neuron moves 

to the active state in one cycle yet fails to do so in the following cycle. Interestingly, in 

these cycles, the follower neuron fails to move to its inactive state when it is inhibited by 

the pacemaker. Even more complex behaviors can result from the interaction of the 

A-current and the other intrinsic and synaptic parameters. Our goal in this study is to 

classify the potential behaviors of the follower neuron and determine what combination 

of synaptic and intrinsic parameters results in each behavior. 

 

3.1 The fate of the trajectory on the middle branch 

We first describe the transient behavior of the trajectory. Assume at t = 0 the follower 

neuron is inhibited from FP2 and lands on LB1. During the duration of inhibition Tact, the 

trajectory moves downwards along LB1 towards the stable fixed point FP1, as shown in 

Figure 4. Simultaneously, the inactivation variable h of the A-current increases with time 
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constant τhl. The growth of h does not affect the shape of the left branch, but does result in 

a larger MB. Thus the size of the middle branch is related to how long the follower 

neuron stays in the inactive state. After the inhibition has finished, the trajectory in the 

v-w plane is released from a neighborhood the fixed point FP1 (see the Model section) 

and jumps horizontally to MB. Once the trajectory lands on MB, h begins to decay with 

time constant τhm which causes MB to shrink from the lower knee (LK; Fig. 4). At the 

same time, the trajectory moves at the rate τwm towards FP on or above MB.  

 

Figure 4 shows two possible situations related to the shape and relative position of the v 

and w nullclines. In Case (a) the w-nullcline crosses the v-nullcline on the middle branch 

and UK is always higher than FP in the w direction, while in Case (b) UK is lower than 

FP as the w-nullcline is above the middle branch of the v-nullcline. The trajectory cannot 

reach UK in case (a) therefore it can only jump to the right if LK moves fast enough 

during Tin. In case (b), however, FP is above the middle branch, which allows the 

trajectory to jump left if it moves fast enough to reach UK during Tin. Although these two 

possibilities are not exhaustive, they indicate how the structure of the nullclines can 

determine the fate of the trajectory on MB. In general there are three possible situations 

that can arise once the trajectory reaches MB: 

 

Fate 1. The trajectory encounters LK and then jumps to the right branch. 

Fate 2. The trajectory encounters UK and then jumps to the left branch. 

Fate 3. The trajectory is not able to reach either LK or UK during Tin, therefore it  

cannot leave the middle branch in this cycle. 

 

The fate of the trajectory can be affected by a number of factors, including the time 

constants of the w and h variables, the shape of the v and w nullclines, and Tin, the 

inactive duration of the pacemaker. The two cases in Figure 4, for instance, are 
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determined by the shape and relative position of the two nullclines. In case (a), only Fate 

1 and 3 are feasible. In case (b), all three fates can occur, given that the other conditions 

are set appropriately. Moreover, in both cases the middle branch is non-vertical and the 

slope of the middle branch changes during the shrinking process.  

 

Understanding the shrinking of MB in the v-w phase plane is difficult. This is why we 

consider the w-h phase plane where the curves of LKs, UKs and FPs can be properly 

visualized, and the motion of the trajectory on MB can be shown as curves as well. 

 

In order to systematically analyze the relationship between parameters and the possible 

fates of the trajectory on the middle branch, we will first assume that Tin is long enough 

for the trajectory to leave the middle branch and examine the first two possible fates that 

depend on the steepness of the A-current steady-state activation curve, n∞(v). Later in the 

Results we will examine the consequences of Fate 3. Based on the shape of n∞(v), we 

classify all possible cases into two categories:  

 

Category 1. the cases where n∞(v) is steep (see Model section).  

Category 2. the cases where n∞(v) is not steep.  

 

In all cases we assume that τwl is small enough on LB1 such that when silent, the 

trajectory reaches a neighborhood of FP1. For simplicity we shall assume that when the 

trajectory lands on MB it has a w value equal to that of FP1 which, as can be seen, is less 

than the w value of FP. 
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3.1.1 Category 1 

In all the cases of this category the function n∞(v) is a steep sigmoid and therefore, in the 

v-w phase plane, the v-nullcline has a close to vertical middle branch. For simplicity, we 

assume that this branch is in fact vertical (ε1 = 0). Under the condition that Tin is long 

enough for the trajectory to jump away from MB (Fate 1 or 2), there are two possible 

cases, Case 1.1 and Case 1.2, based on the structure of the two nullclines. In Case 1.1 the 

w-nullcline intersects MB at FP as shown in Figure 5a, while in Case 1.2 the w-nullcline 

is above MB, therefore there is no fixed point on MB (Fig. 5c). Instead there is a 

pseudo-fixed point on the w-nullcline as defined in the Model section.  

 

In order to track the fate of the trajectory on MB, we investigate the w-h phase plane, the 

manifold consisting of the two slow variables w and h (Fig. 5b and d). In both cases, the 

set of LK for different values of h defines a curve in this manifold, and the values of UK 

and FP are represented by two vertical lines, due to the steep n∞(v). The difference 

between Cases 1.1 and 1.2 is that, in the w-h phase plane, the FP curve lies to the left of 

the UK curve in the former case but to the right of it in the latter (Fig. 5b and d). Thus, 

from the relative positions of the LK, UK and FP curves, it immediately follows that in 

Case 1.1, the fate of a trajectory leaving MB can only be a jump from LK to RB (there is 

no access to UK), whereas in Case 1.2, a trajectory could leave MB either by reaching 

LK and jumping to RB or by reaching UK and jumping to LB. 

 

The trajectory arrives on MB through a horizontal jump (in the v-w plane) and therefore 

the initial w value on MB is the same as the last value on LB1. The movement of the 

trajectory in the w-h phase plane is determined by the time constants τwm and τhm. 

According to these time constants, several subcases can be defined that represent all 

possible trajectories on MB. Each subcase is shown as an arrowed curve on the w-h 
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manifold (Fig. 5b and d). In Case 1.1, for instance, there are four subcases: Subcase 1 

satisfies the condition τwm << τhm which causes a fast motion in the w direction, therefore 

the trajectory rapidly moves to FP immediately after landing on MB, and it follows the FP 

curve vertically down until it reaches the LK curve. Subcase 2 satisfies the condition τwm 

>> τhm, which makes the trajectory move rapidly in the h direction until it reaches the LK 

curve. In Subcase 3 and 4, τwm and τhm are of the same order and therefore there is no 

rapid movement in either the w or the h direction. The trajectory either reaches FP first 

and then moves vertically down to LK (Subcase 3) or moves directly to LK without 

encountering FP (Subcase 4). Note that in all four subcases, the trajectory eventually 

reaches LK and jumps to RB. Subcases 1 and 3 are distinguished from 2 and 4 by the fact 

that the fixed point is playing a role in determining the movement of the trajectory. (Bose 

et al (Bose et al., 2004) examined only Subcase 1 as defined here.) Note also that 

Subcases 1, 3 and 4, but not 2, result in a measurable delay to activity of the follower 

neuron (insets in Fig. 5b and see Section 3.2.1).  

 

We use a similar method to analyze Case 1.2. In this case, because the w-nullcline is 

relatively shallow, it does not intersect MB in the v-w plane. In Subcase 1 the trajectory 

moves quickly in the w-direction and reaches UK almost immediately after landing on 

MB, which leads to a left jump back to LB. Subcase 2 is the same as that in Case 1.1, in 

which the trajectory reaches LK fast and then jumps to RB. Subcase 3 and 4 show the 

cases when τwm and τhm are of the same order. The trajectory reaches UK and jumps left in 

the former and it reaches LK and jumps right in the latter. Subcase 5 shows a rare 

possibility that the trajectory reaches UK and LK at the same time when MB shrinks to a 

point or when h = 0. In this case the fate of the trajectory remains ambiguous.  

 

Note that in Case 1.1, although the delay to activity in Subcases 1, 3 and 4 can be quite 

similar, Subcase 1 is inherently distinct from the other two. In this subcase, the delay to 
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the active phase is caused only by the presence of the fixed point FP and the delay caused 

by the time spent in MB would completely disappear if the FP disappears (e.g. if gCa is 

increased in Eq. (2)), in which case the behavior of the follower neuron would be 

identical to of Subcase 1 of Case 1.2 (Fig. 5d). 

 

3.1.2 Category 2 

In all cases of Category 2, n∞(v) is not steep which results in a non-vertical MB in the v-w 

phase plane. Under this condition, the slope of MB changes during the shrinking, which 

leads to a change of position for FP and UK. In addition to the typical cases that 

determine the fate of the trajectory on MB and that are similar to those described in 

Category 1, there are two additional non-intuitive possibilities in the geometry of the 

nullclines that arise as a result of a non-steep n∞(v) and can be summarized as follows: 

 

1. If LK moves faster than UK in the w direction, then it is possible that LK becomes 

equal or higher than UK in the w direction, or wLK > wUK, as MB is shrinking. Then 

the middle branch becomes unstable and the trajectory jumps to the left or right and 

this ambiguity cannot be removed. Figure 6a shows this structure. 

2. The traces of FP and UK can cross each other during the shrinking of MB. In another 

words, FP can exceed UK in the w direction, even though it is lower than UK at the 

beginning. It is then possible for the trajectory to reach UK and jump to the left. This 

is shown in Figure 6b. 

 

Six cases can be defined in Category 2, and the analysis can be done on two manifolds as 

before. A significant difference (with Category 1) in the w-h phase plane is that in these 

cases FP and UK are not vertical lines anymore – they are curves with negative slope in 
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the w-h phase plane. 

 

Case 2.1 represents the case in which both LK and FP are always lower than UK in the 

v-w phase plane (Fig. 7a). We can also express this condition by the inequality 

wLK ≤ wFP < wUK

for any positive value of h when the trajectory is on MB. In this case the trajectory can 

never jump to the left because FP prevents it from reaching UK. Again we divide the 

possible trajectories into three groups by considering the relative scales of the two 

relevant time constants: τwm << τhm, τwm >> τhm or τwm ~ τhm. As shown in Figure 7b, when 

τwm << τhm, the trajectory moves rapidly (in the w-h phase plane) to FP in the w direction 

and then tracks the FP curve down until it reaches LK (Subcase 1). In contrast, when τwm 

>> τhm, the trajectory moves vertically down in the h direction until it reaches LK 

(Subcase 2). When τwm and τhm are of the same order, the trajectory may reach FP first or 

reach LK directly (Subcases 3 and 4). There is a rare possibility that FP intersects LK and 

UK at a single point when h = 0. The fate of the trajectory will be unclear if it reaches 

this intersection point. 

 

In Case 2.2, as in Case 2.1, FP is still below UK for any h (wFP < wUK), but LK can move 

above UK (wLK ≥ wUK) due to a shallow n∞(v) (see Fig. 7c). As LK moves above UK the 

entire MB becomes unstable and therefore the trajectory needs to make a jump. However, 

the direction of the jump is ambiguous because both LB and RB are reachable. Figure 7c 

and d respectively show the geometry on the v-w phase plane and the possible trajectories 

on the w-h phase plane. Let w* denote the w value at which wLK = wUK. When w > w*, FP 

becomes unstable (dotted curve Fig. 7d). Subcases 2 and 4 are similar to those in Case 2.1. 

Subcases 1 and 3 show that the trajectory moves to FP and stays there until wLK = wUK if 

τwm << τhm or τwm ~ τhm. Subcase 5 shows the case in which the trajectory reaches FP at 

exactly the time when wLK = wUK. In Subcases 1, 3 and 5 the fate of the trajectory is 
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unclear; it could jump to RB or LB. Although this ambiguity in the fate of the trajectory 

is similar to that described in Subcase 5 of Case 1.2, we note that there is an important 

difference between that situation (which is a rare case) and the subcases mentioned here 

(which are not rare). In the cases shown here, the curve FP funnels the trajectories (1, 3 

and 5) towards the point where the LK and UK curves intersect, thus making the 

ambiguity in the trajectory fate inevitable. Figure 7e demonstrates a numerical simulation 

of such a trajectory over several cycles, demonstrating that the jumps to either UK (active 

state) or LK (inactive state) on different cycles.  

 

The trajectories and the traces of LK, UK and FP are also displayed in the full 3D phase 

space (v-w-h) in Figure 7f. The point at which the trajectory lands on MB on the v-w 

phase plane is mapped to a point on the plane h = hstart in the v-w-h space. Then it moves 

downwards between the curves LK and FP. It will reach either LK or FP depending on 

the time constants. Note that w* here is a straight line parallel to the v-axis instead of a 

point on the w-h manifold. As the trajectory reaches w*, the fixed point becomes unstable. 

Thus, the fate of the trajectory, once it reaches w*, is now dependent on the fast equations: 

it will jump in the v direction through either LK (to RB) or UK (to LB). The direction of 

this jump depends on the whether the trajectory hits the w* line on the “LK side” or the 

“UK side” of FP. However, if the trajectory has been attracted to FP prior to reaching w*, 

its fate at this point will be ambiguous, potentially leading to a chaotic behavior in the full 

trajectory of the follower neuron. This can be seen, for example, in the trajectory for 

Subcase 3 of Figure 7d, as shown in Figure 7e.  

 

Case 2.3 and Case 2.4 are the cases in which FP is always higher than UK on the v-w 

phase plane: 

wLK ≤ wUK < wFP

The distinction between these two cases is that in Case 2.3 n∞(v) is steeper than in Case 
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2.4, thus resulting in differences in the fate of some trajectories. Case 2.3 is summarized 

in Figures 8a and b. In this case wUK is always greater than wLK until h is very close to 0. 

In Case 2.3 we consider wUK = wLK when h = 0, i.e. when the length of MB becomes 0. 

Since the FP curve is to the right of the UK curve in the w-h phase plane, the trajectory 

can reach UK and then jump to the left if it moves fast enough in the w direction (τwm is 

small enough), as in Subcases 1 and 3 (Fig. 8b). In contrast, if the trajectory moves fast 

enough in the h direction (τhm is small enough), it can reach UK and jump to the right, as 

in Subcases 2 and 4. As in Case 1.2 described above, if τwm ~ τhm, there could be a rare 

trajectory (Subcase 5) whose fate is unclear and may jump either left or right. This 

trajectory reaches UK and LK at the point where these two curves intersect. Even in the 

full 3D phase space, this intersection remains a single point representing the time when 

the knee points coalesce, thus making such a trajectory a rare occurrence. 

 

The fate of the trajectories in Case 2.4 is similar to Case 2.3, and the difference is that 

wUK = wLK when h > 0 and therefore wLK can become greater than wUK due to a shallow 

n∞(v). Figure 8c and d show the two phase planes respectively. Again, the fate of 

trajectories on MB is determined by the relative time constants and in MB there is a 

trajectory (Subcase 5) that approaches the point where wLK = wUK (denoted by w*) and 

whose fate remains ambiguous. Note that, in the full 3D phase space, just as in Case 2.2 

depicted in Figure 7f, w* is a line and therefore the trajectory shown in Subcase 5 in the 

w-h phase plane represents a whole family of potential trajectories in the 3D space. Thus, 

Subcase 5 is not necessarily a rare occurrence and may yield a potentially chaotic 

trajectory of the follower neuron. 

 

Cases 2.5 and 2.6 involve the most complex phase plane geometries on MB. In these 

cases, LK is always below FP (wLK ≤ wFP) but, as h decreases, FP crosses UK (Fig. 9a and 

c). Therefore, it is possible for the trajectory to reach UK and jump to the left even if FP 
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is initially lower than UK. The difference between the two cases is similar to the 

difference between Cases 2.3 and 2.4 described above (Fig. 8) and the fates of the 

trajectories can be similarly determined. 

 

3.2 Periodic solutions 

The analysis on the w-h manifold gives us a clear view of the possible fates of the 

trajectory on the middle branch in a single cycle. However, the determination of this fate 

does not guarantee knowledge of the long-term behavior of the follower neuron. This is 

because the values of w or h may vary from cycle to cycle and may also depend on the 

history of these variables in previous cycles. It is possible that these variables converge to 

a stationary value (dynamic equilibrium) after a number of cycles, but this may not 

necessarily be the case. In order to determine the long-term behavior of the follower 

neuron, it is necessary to track the values of w and h over multiple cycles. In the 

following sections we derive analytic expressions for each variable as a function of the 

pacemaker and other network parameters. We will derive these expressions for a 

representative case discussed above.  

 

3.2.1 The accumulation of h 

We first examine the accumulation of the inactivation variable h in Case 1.1 of Category 

1, which provides a vertical MB and a stable fixed point FP on it (Figs. 2 and 5a). For 

simplicity, we assume the movement in the w direction on MB is fast compared to the 

movement in the h direction (Subcase 1 or 3 in Fig. 5b) and that τwl, τwh and τhh are set 

properly to guarantee the trajectory lands on MB only from LB1 in every cycle. Under 

these two conditions we don’t need to consider the variability of the w value in each cycle. 

Suppose at t = 0 the pacemaker becomes active, and therefore the follower neuron moves 
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to its inactive state due to inhibition. We start on the v-w plane, with the trajectory on the 

left branch with h(0) = 0. During 0 < t < Tact, the trajectory moves downwards and obeys 

Equation (10); therefore at t = Tact:  

( ) 1 exp( )act
act

hl

Th T
τ

= − −                    (13) 

Following t = Tact, the follower neuron is released from inhibition, which is reflected in 

the v-w phase plane as a jump from LB1 to MB. When the trajectory lands on the middle 

branch, it moves to FP and the lower knee LK begins to rise with time constant τhm. (Our 

assumptions above require that the trajectory does not reach LK before it reaches FP.) 

The time tm spent on the middle branch is determined by the equation 

( , ) ( ) exp( )( ) 0m
FP A act K

hm

tf v w g h T v Eθ τ θ− − − =             (14) 

Here vθ is the v value of the middle branch and tm represents the time the trajectory 

spends on the middle branch, which can be calculated explicitly (see also (Bose et al., 

2004)) as 

( )( )ln
( , )

A act K
m hm

FP

g h T v Et
f v w

θ

θ

τ −
=                     (15) 

If the trajectory is able to jump to the right branch during (Tact, P–εα) where P ≡ Tact+Tin, 

then at t = P 

( ) (1 exp( )) exp( )act m in m

hl hm hh

T t Th P
τ τ τ

t−
= − − − −           (16) 

Here εα represents the time the trajectory takes to exceed the w value of the upper knee of 

MB1, wUK1, in the w direction while it is moving along RB. εα equals to zero if wFP ≥ wUK1; 

when wFP < wUK1, if the trajectory jumps from MB to RB at a moment in (P–εα, P), then 

when the inhibition starts at t = P, the trajectory will return to MB1 instead of LB1. εα can 

be calculated by the following equation: 
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1 2

max(0,  ln )FP FP
wh

UK FP

w w
w wαε τ −

=
−

                   (17) 

In order to avoid the trajectory landing on MB1, we set τwh and τhh to be small thereby 

forcing εα to also be small. Under this condition the interval (P–εα, P) can be ignored for 

simplicity. 

 

If the trajectory is unable to jump to the right branch during (Tact, P–εα), then at t = P

( ) (1 exp( )) exp( )act in

hl hm

Th P T
τ τ

= − − −                   (18) 

Based on the above steps we conclude the following recursive equations describing the 

values of h in cycle n (hn) at the moments that the inhibition from the pacemaker is 

removed at t = (n-1)P + Tact: 

1 11 [ (( 1) ) exp( ( ) ) 1]exp( )   if   (19a)
( )

(( -1) ) exp( )                                                         if   (19b)

n nin act
act m m in

hh hh hm hl
n act

n
act m in

hm

T Th n p T t t T
h h np T

ph n p T t T

τ τ τ τ

τ

⎧ + − + − + − − − <⎪⎪≡ + = ⎨
⎪ + − >
⎪⎩

                                                                                                                                   
(( 1) )( )ln                             

( , )
n A act K

m hm
FP

g h n p T v Et
f v w

θ

θ

τ − + −
=                                                            (19c)

 

where tm
n denotes the time spent on the middle branch in the nth cycle. 

 

If tm
n < Tin for all n, then hn follows Equation (19a) in each iteration, and it converges to a 

steady state h* which satisfies 

( 1)
* *( )1 exp( ) exp( )( ) ( )

( , )

hm hm

hh hhact in act A K

hl hh hl FP

T T T g v Eh h
f v w

τ τ
τ τθ

θτ τ τ

−−
= − − + − −    (20) 

Due to the singularly perturbed nature of Equation (1), f(vθ, wFP) is large. Thus, if τhm > 

τhh (i.e. the A-current inactivates more rapidly at higher voltages), the term 
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( 1( )( )
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hhA K

FP
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f v w

τ
τθ
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−− )
 will be bounded. In this case, so long as Tin is not small, the first two 

terms in Equation (1) dominate and the h* value can be approximated by 

* 1 exp( )act

hl

Th
τ

= − −                        (21) 

We have confirmed the validity of this approximation by comparison with the numerical 

solution in Figure 3a. 

 

However, when tm
n > Tin for some n, the trajectory is not able to jump to the right branch 

during Tin, and therefore hn may not converge to h*. Figure 10 shows a trajectory and 

nullclines for this case. In the case shown, gA is sufficiently large (or, alternatively, τhm 

sufficiently large). To follow the trajectory in this case we consider the gKw-gAh phase 

plane where the maximal conductances are explicitly incorporated along each axis (Fig. 

10d). For large values of gA, the starting position at t = Tact as given by 

( ) (1 e
Tact
hl

A act Ag h T g τ
−

= − )  will be large. Thus, it will take longer for the trajectory to decay 

to LK. Moreover, if the trajectory cannot reach LK in one cycle, the inhibition from the 

pacemaker moves LK to the left in the gKw-gAh phase plane for a time duration equal to 

Tact (labeled LK1 in Fig. 10d). Thus during this time the follower neuron is unlikely to 

reach LK1. Once the inhibition is removed, the trajectory again moves toward LK and the 

process repeats. Thus for large gA the pacemaker may go through several cycles while the 

follower neuron remains on MB. These are N-to-1 solutions, two of which are shown in 

Figure 11a2 and a3. In these cases, Equation (20) is no longer applicable. We also solved 

Equations (19) to show how in these cases, hn converges to a period 2 or 3 point 

respectively (left panel of Fig. 11), consistent with our simulations (right panel of Fig. 

11).  

 

Figure 11a1, a2 and a3 show results for three discrete values of gA. An interesting question 
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arises as to whether these types of periodic states are the only ones that arise as gA is 

smoothly increased. In Figure 11b we show an example of a different type of periodic 

solution when we set the value of gA to be in between those in cases a1 and a2. In this case 

the follower neuron stays on MB for an entire cycle of the pacemaker, but only on 

alternate cycles. This 3-to-1 solution is different from the 3-to-1 solution shown in Figure 

11a3, as we can see in the right panel. In fact one can distinguish different N-to-1 periodic 

solutions of the membrane potential by observing the analytic solutions of hn. For 

instance, an “up-down-down” pattern in the hn trace indicates that the solution is 3-to-1 

periodic as in Figure 11a3 (right panel), while an “up-up-down” pattern implies a 3-to-1 

periodic solution as in Figure 11b (right panel). 

 

3.2.2 The accumulation of w 

In the previous section, we demonstrated that keeping track of the value of h over 

multiple cycles may be important for determining the long-term behavior of the trajectory 

of the follower neuron. There are cases, however, where the time spent on the middle 

branch (tm) will also be dependent on the time constant of w on MB. For instance, if the 

trajectory encounters LK before it reaches FP on MB, as Subcase 4 in Figure 5b, then tm 

is determined by the time constant of w instead of that of h. In such cases, it may be 

important to keep track of the value of w over multiple cycles in order to determine the 

long-term fate of the trajectory.  

 

Similarly to the work we have done for h, we can derive the recursive equations for w in 

cycle n (wn) at the instant the trajectory lands on MB: 
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where tm
n

 satisfies

1 1( , ( )exp( )) exp( )( ) 0                          (22c)
n n
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FP n FP A n K

wm hm

t tf v w w w g h v Eθ θτ τ− −+ − − − − − =

 

These equations are derived based on the assumption that wFP1 = 0. We can apply the 

same method to derive the equations for wFP1 > 0. This iteration yields a two dimensional 

map as both wn and hn need to be computed which makes the analysis of the map difficult. 

This difficulty can be alleviated by using a simplifying assumption. By approximating the 

LK curve using its linear Taylor-series expansion, it is possible to reduce Equation (22) to 

a one-dimentional map (a similar approximation is described by Bose et al. (2004)). With 

such a linear approximation yields the equation C1w + C2h = 1 (C1, C2 are constants 

which can be computed from the equations for the nullclines) for LK. In this case, tm
n 

satisfies the following equation: 

1 1 2 1( ( ) exp( )) exp( ) 1
n n

m
FP n FP n

wm hm

tC w w w C h
τ τ− −+ − − + − =mt        (23) 

From Equation (23) hn-1 can be calculated and substituted into Equation (22c), thereby 

yielding a recursive relationship involving only wn. 

 

4. Discussion 

The transient potassium current or A-current has been shown to exist in various types of 

neurons (Huguenard et al., 1991; Herrington and Lingle, 1994; Wustenberg et al., 2004) 
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and is known to be important in setting the timing of action potentials(Gerber and 

Jakobsson, 1993), especially following inhibitory input (Harris-Warrick et al., 1995), 

contributing to the generation of a coordinated motor pattern (Hess and El Manira, 2001), 

and acting as a bursting trigger in the absence of a slow variable (Tabak et al., 2007; 

Toporikova et al., 2007). In a network of bursting neurons, the A-current often acts to 

delay the onset of the burst, thus setting the activity phase of different neurons within the 

network (Harris-Warrick et al., 1995). In a previous modeling study, we examined the 

role of the A-current with simplified kinetics in setting the activity phase of a follower 

neuron that received a periodic inhibitory synaptic input. We demonstrated that if the 

inhibitory input shows short-term depression, the A-current can act synergistically with 

the depression parameters to produce phase maintenance of the follower neuron when the 

frequency of the periodic input is varied (Bose et al., 2004).  
 

In the current study, we relax the simplifying assumptions of Bose et al on the model 

parameters of the A-current and characterize the potential behaviors of a neuron 

following a single inhibitory input. We classify distinct phase space geometries 

depending on the shapes and positions of the model nullclines and then determine the fate 

of the trajectory in each case, depending on various time constants. This analysis provides 

a complete characterization of the potential behaviors of the neuron following an 

inhibitory input. We then show, in some cases, how to use this characterization to predict 

the long-term behavior of the neuron in response to periodic inhibitory inputs. 

 

How does the A-current affect the behavior of the neuron following inhibition? 

A typical response of a follower neuron in an inhibitory network is to rebound to an 

active state following the inhibition, but the transition to the active state is delayed by the 

amount of A-current present and the kinetics of A-current inactivation. We find that 

distinct combinations of model parameters can give rise to this seemingly straightforward 
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response and that in each case, the parameters that control the transition delay to the 

active state could be different. For instance, the same delay and rebound behavior can be 

achieved in Subcases 1, 3 and 4 of Case 1.1 and Subcase 4 of Case 1.2 (Fig. 5b and d) 

although the time constants are different in each subcase and other model parameters also 

vary between the two cases. Similar examples also occur in the cases and subcases in 

Category 2. 

 

After release from inhibition, the trajectory of the follower neuron leaves the inactive 

state (left branch) and lands on a two-dimensional manifold (the w-h phase plane) 

between the inactive and active states. Note that the w-h phase plane represents the set of 

middle branches (MB) in the v-w phase plane. What determines the fate of the trajectory 

on the w-h phase plane, i.e. whether it becomes active or returns to its inactive state, is the 

relative size of the time constants of the slow variables w and h. For example, in Cases 

1.2, 2.3 and 2.4 the steady state curve of w, shown as the w-nullcline on the v-w phase 

plane, is above the middle branch of the v-nullcline (Fig. 5c, Fig. 8a and c). Under this 

condition the trajectory can either encounter LK and jump to the right or encounter UK 

and jump to the left, if the pacemaker remains inactive (Tin is long enough). The fate of 

the trajectory can be determined by analyzing the dynamics on the w-h phase plane as a 

function of the relationship between the values of the two time constants (Fig. 5d, Fig. 8b 

and d). Note that, in a more complex model, this slow manifold may have higher 

dimensions as determined by other slow intrinsic variables of the follower neuron. 

 

Our analysis of the fate of the trajectory on the w-h phase plane indicates that, in some 

cases, the behavior of the model neuron following inhibition can be quite unintuitive and 

even ambiguous. These ambiguous cases are marked by the intersection between the LK 

and UK curves on the w-h phase plane, indicating the possibility of a trajectory reaching 

such an intersection point in which case its fate is unclear. Such intersections occur either 
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when the A-current is completely inactivated (h = 0) and the trajectories that reach such 

an intersection point, as in Subcase 5 in Cases 1.2 and 2.3 (Fig. 5d and 8b) or Subcase 6 

in Case 2.5 (Fig. 9b), would be extremely rare. Yet, if the intersection between LK and 

UK occurs for a non-zero value of h, such an intersection is represented by a line (w* in 

Fig. 7f) parameterized by the fast variable v in the full v-w-h phase space. Such 

intersections appear in cases where the steady-state inactivation curve n∞(v) of the 

A-current is shallow. A trajectory that reaches this intersection point in the w-h phase 

plane (e.g. Subcases 1, 3, 5 in Case 2.2, Subcase 5 in Case 2.4, and Subcase 6 in Case 2.6; 

Figs. 7d, 8d and 9d) represents the projection of a family of trajectories in the full phase 

space and is not necessarily a rare occurrence. As an example, the trajectory representing 

Subcase 3 in Fig. 7d can be seen in the 3D phase space (Fig. 7f) to move asymptotically 

along the curve FP to the line w*. It can either land on the LK-side and jump towards LK 

to the active state or land on the UK-side and jump towards UK to the inactive state. The 

deterministic behavior of such a trajectory can be determined by the local dynamics near 

FP and where the trajectory lands on MB in each cycle. If the local dynamics near FP 

allow the trajectory to end on either side of FP when it reaches w*, the long-term 

behavior over several cycles can be chaotic (see simulation shown in Fig. 7e). Even if 

there is no chaotic behavior in such a case, the global dynamics of the actual biological 

system can be ambiguous from cycle to cycle due to small perturbations from noise. 

 

The follower neuron can also have other unintuitive behaviors due to the existence of the 

A-current. For example, a strong A-current may cause “N-to-1” oscillations (N is an 

integer > 1) or non-periodic behaviors. Figures 3d and 10 show a case in which the 

oscillation period of the follower neuron is doubled (2-to-1 oscillation). In each cycle the 

strong A-current prevents the membrane potential from reaching the active state during 

Tin (between 2 and 3 in Fig. 10a). Following that, the membrane potential stays in the 

middle state during Tact despite the inhibitory synaptic input (between 4 and 5 in Fig. 10a) 
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as explained in the w-h phase plane in Fig 10d. 

 

Mathematical analysis of the long-term behavior of the neuron in response to periodic 

inhibition 

We have derived recursive equations that can be used to track the long-term behavior of 

the variables h and w and therefore the behavior of the follower neuron in Category 1 (Eq. (19) 

and (22)). We can prove that under certain conditions there is a steady-state value for h 

and/or w and therefore the membrane potential can yield periodic behavior. We also 

numerically iterated the map (19) to show convergence to different types of periodic 

solutions as gA varies, and we can predict the periodic solution of the membrane potential 

by observing the trace of h over cycles. The analytic solutions for the cases in Category 2 

can be derived in a similar way. A significant difference is that in Equation (14) or (22) vθ 

and wFP are no longer constants since their values change in a range around MB as the 

slope of MB changes due to a non-steep n∞(v). Therefore in order to find an expression 

for tm
n in each cycle, we need to express vθ and wFP as functions of time or other variables 

as the trajectory is traveling on MB.  

 

What do our results imply for the biological system? 

There are various types of A-currents in different nervous systems which have different 

ion channel structures, and correspondingly different effects on the membrane potential. 

For example, fast A-currents with a high-voltage-activation threshold can change the 

electrical pattern of activity from spiking to bursting (Toporikova et al., 2007), or increase 

the number of spikes in each burst (Hess and El Manira, 2001). Alternatively, slow 

A-currents with a low-voltage-activation (the activation threshold is lower than the 

threshold of action potential) are generally responsible for the delay to the onset of the 

action potentials on each burst (Hess and El Manira, 2001; Peck et al., 2001). Our work is 

focused on the mechanism and function of the slow A-currents with low threshold. As far 
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as we know this is the first time that the structure of the A-current is being studied 

systematically. This work provides a detailed classification of the slow A-current which 

can be used in research related to this kind of A-current. 

 

Our results provide mathematical tools for determining the activity phase (latency to 

firing normalized by cycle period) of a single follower neuron with A-current in an 

oscillatory system. Rhythmic biological networks in general and the crustacean pyloric 

network in particular may have many follower neurons that both receive periodic driving 

input and interact with one another. In the crab pyloric network, for instance, there are 

several PY neurons that interact through electrical gap junctions and other types of 

follower neurons such as the lateral pyloric neuron LP which interacts with the PY 

neurons through chemical and electrical synapses and provides feedback inhibition to the 

pacemaker neurons. The synaptic interaction between the LP and PY neurons lead to a 

phase difference between these neurons (Mouser et al., 2007), while the feedback synapse 

may regulate the pacemaker rhythm and therefore affect the phase and frequency of the 

follower neurons indirectly. Moreover, the presence of neuromodulators results in 

intrinsic or synaptic modifications and therefore changes the activity phase of the 

follower neurons. For example, dopamine can reduce the strength of the A-current 

therefore prolonging the duration of bursting (Harris-Warrick et al., 1995). Our modeling 

results provide a first-order approximation for understanding the activity of the individual 

PY or LP neurons but do not account for the interaction among the PY neurons or with 

the LP neuron. For a more accurate analysis similar techniques can be used to account for 

inputs from other network neurons in order to determine the activity phase of these 

neurons and the long-term fate of their trajectories. However, in some cases the 

dimension and complexity of the model will be increased, and therefore, for 

understanding the underlying dynamics, reduction and simplification of the type utilized 

here will be of critical importance. 
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Conclusions 

We have used a systematic mathematical analysis to explore the factors that determine the 

activity time of a neuron with A-current following periodic inhibitory inputs. Our results 

indicate that, even with a very simple model neuron, the interaction of the A-current 

parameters and other intrinsic parameters can be quite complex and lead to distinct and 

sometimes unintuitive model behaviors. Although the role of additional factors such as 

synaptic dynamics and the interaction with other network neurons that can affect the role 

of the A-current in determining the activity phase remains to be explored, we have 

provided the basic geometric tools that could be used for such analysis in more 

complicated settings. Our analysis demonstrates that depending on the parameter 

configurations—corresponding to different states of the biological neuron, different 

parameters could control the post-inhibition activity phase. This indicates that extrinsic 

factors such as neuromodulators that modify the activity phase of neurons may be 

targeted to change the appropriate parameter depending on the state of the follower 

neuron.  
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Figure 1 The effect of the A-current on the activity of a biological PY neuron in the crab pyloric 
network. Oscillations are caused by the synaptic inhibition from a set of pacemaker neurons (not 
shown). The orange boxes represent the active duration of the pacemakers. An artificial A-current 
was injected into the PY neuron, using the dynamic clamp technique, and its strength (gA, the 
maximum conductance) was increased from top to bottom (in nS: (a): 0, (b): 50, (c): 100, (d): 
200), resulting in an increase in the delay to the active state. When the maximum conductance was 
too large (d), the PY neuron was not able to reach the active state and there were no action 
potentials. Note that even without the dynamic clamp A-current, there was a delay to the active 
state of the PY neuron presumably due to its intrinsic biological A-current.  
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Figure 2 The oscillation cycle of the model PY neuron shown in the of the membrane potential trace 
and in the v-w phase plane. (a) The membrane potential of the follower PY neuron and the pacemaker 
PD neuron (modeled as a simple square wave). Tact and Tin represent the active and inactive durations 
of the pacemaker. (b) The related trajectory and nullclines in the v-w phase plane. LB, MB and RB 
respectively represent the left, middle and right branch of the v-nullcline without inhibition, while 
LB1, MB1 and RB1 represent the same three branches under inhibition (shown in grey). During the 
inhibition (Tact), the trajectory moves along LB1 to FP1. Following the inhibition, it jumps to MB and 
moves toward FP on MB; at the same time MB shrinks from its lower knee as h decreases. The 
trajectory stays at FP until the lower knee encounters FP and allows it to jump to RB (which is moving 
up as h decreases). The trajectory moves on RB until it reaches FP2. It then stays at FP2 until the next 
cycle of inhibition at the onset of PD activity. The three red curves represent the v-nullcline for 
different values of h with the solid curves representing the minimum and maximum h values. 
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Figure 3 Four possible traces of the follower neuron PY (left panel) and the dynamics in the v-w 
phase plane (right panel). In each case, points 1 to 4 represent the critical positions during Tin; and 
[1] – [4] represent the corresponding v-nullcline at these positions. (a) During Tin, the membrane 
potential reaches the active state from the middle state, which is represented as jumping to the 
right from the middle branch in the v-w plane. (b) During Tin, the membrane potential returns to 
the inactive state from the middle state, which is represented as jumping to the left in the v-w 
plane. (c) and (d) show the cases when the membrane potential can not leave the middle state 
during Tin. In (c) the membrane potential jumps to the inactive state at the end of Tin, while in (d) 
it can stay on the middle state even during the inhibition in Tact. The trace of the pacemaker neuron 
PD for all cases is shown at the bottom of the left panel. 
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Figure 4 Definition of FP in the v-w phase plane for two distinct cases. The trajectory lands on the 
middle branch MB after it is released from the inhibition and then moves along it toward the 
w-nullcline. At the same time, because of the decay of h, MB shrinks from the lower knee LK. If the 
trajectory encounters LK (UK), it jumps to the right (left) branch. (a) When the v- and w-nullcline 
intersect, the trajectory can never reach UK due to the fixed point in the v-w phase plane. Note that 
this fixed point can move along the w-nullcline as h decays; the set of all such fixed points is denoted 
as FP. (b) In this case there is no fixed point on MB and therefore the trajectory may reach UK. The 
trajectory still moves towards a set of points on the w-nullclines still denoted as FP. 
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Figure 5 The dynamics of Cases 1.1 ((a) and (b)) and 1.2 (c) and (d)) in Category 1 in the v-w and 
w-h phase planes. (a) In Case 1.1, since 0 < wFP < wUK in the v-w phase plane, the trajectory moves to 
FP with time constant τwm along MB. At the same time, MB shrinks from LK due to the decay of h. (b) 
In the w-h phase plane, four subcases are possible based on the relative size of the two time constants 
τwm and τhm. (c) In case 1.2, a shallow w-nullcline causes wFP > wUK. The trajectory moves toward UK 
because of the attraction from FP, and LK rises simultaneously as the MB shrinks. (d) Five subcases 
can be achieved in the w-h phase plane based on the relative size of τwm and τhm. The fate of the 
trajectory is unclear in Subcase 5 since it reaches the intersection of LK and UK. Insets on the right of 
panels (b) and (d) show the time traces of the pacemaker and the follower neuron in each subcase. 
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Figure 6 Two geometric possibilities in the v-w phase plane for the cases in Category 2. (a) LK can 
exceed UK in the w direction due to a shallow n∞(v). At the moment when MB becomes horizontal (or 
wLK = wUK), the fate of the trajectory becomes ambiguous. (b) In this case FP can exceed UK in the w 
direction as h decays, even though it starts lower than UK. This makes it possible for the trajectory to 
reach UK and then jump to the left. 
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Figure 7 The dynamics of Case 2.1 ((a) and (b)) and 2.2 ((c) - (f)) in Category 2. (a) In Case 2.1, 
since wLK ≤ wFP < wUK in the v-w phase plane, the trajectory moves to FP with time constant τwm along 
MB. At the same time, MB shrinks from LK with time constant τhm and its slope changes due to a 
non-steep n∞(v). (b) In the w-h phase plane, four subcases are possible based on the relative size of the 
two time constants τwm and τhm. The time traces for each subcase are shown on the right. (c) In Case 
2.2, the condition wLK ≤ wFP < wUK is satisfied, but wLK can equal wUK during the shrinking of MB due 
to a shallow n∞(v), and then the trajectory can jump either to the left or to the right. (d) Five subcases 
can be achieved in the w-h phase plane based on the relative size of the two time constants τwm and τhm. 
The fate of the trajectories in Subcases 1, 3 and 5 is unclear since they reach the intersection of LK 
and UK at w=w*. The time traces for Subcases 2 and 4 are shown on the right. (e) An example of 
numerical simulation for Subcases 1 or 3 over cycles, which demonstrates that in different cycles the 
trajectory (membrane potential) can jump to either RB (active state) or LB (inactive state). (f) The 
analysis of the trajectory for Case 2.2 ((c) and (d)) in the v-w-h space shows that the intersection of 
LK and UK (marked by w* in (d)) is in fact a line in the full 3D space. The trajectory of Subcase 3 is 
shown to demonstrate its ambiguous fate (arrows toward LK or UK) when it reaches the line w = w*.  
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Figure 8 The dynamics of Case 2.3((a) and (b)) and 2.4 ((c) and (d)). (a) In the v-w phase plane of 
Case 2.3, since wLK < wUK < wFP, the trajectory moves to UK with time constant τwm along MB 
because of the attraction from FP. At the same time, MB shrinks from LK with time constant τhm and 
its slope changes due to a non-steep n∞(v). (b) In the w-h phase plane, five subcases are possible based 
on the relative size of the two time constants τwm and τhm. The time traces for Subcases 1 - 4 are shown 
on the right. The fate of Subcase 5 (a rare case) is unclear since it reaches the intersection of LK and 
UK. (c) In Case 2.4, the condition wLK < wUK < wFP is satisfied, but wLK can equal wUK during the 
shrink of MB due to a shallow n∞(v), and then the trajectory can either jump to the left or to the right. 
(d) Five subcases can be achieved in the w-h phase plane based on the relative size of the two time 
constants τwm and τhm. The fate of Subcases 5 is unclear since it reaches the intersection of LK and UK 
at w=w*. This is not a rare case as it represents a family of trajectories in the v-w-h phase space 
(similar to Case 2.2 shown in Fig. 7c-f). 
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Figure 9 The dynamics of Case 2.5((a) and (b)) and 2.6 ((c) and (d)). (a) In the v-w phase plane of 
Case 2.5, wLK < wUK is satisfied but wFP exceeds wUK during the shrink of MB, which allows the 
trajectory to reach UK and jumps to the left. (b) In the w-h phase plane, six subcases are possible 
based on the relative size of the two time constants τwm and τhm. The time traces for Subcases 1 - 5 are 
shown on the right. The fate of Subcase 6 (a rare case) is unclear since it reaches the intersection of 
LK and UK. (c) In Case 2.6, wFP can exceed wUK during the shrink of MB, and wLK can equal wUK due 
to a shallow n∞(v). (d) Six subcases can be achieved in the w-h phase plane based on the relative size 
of the two time constants τwm and τhm. The fate of Subcases 6 is unclear since it reaches the intersection 
of LK and UK at w=w*. This is not a rare case as it represents a family of trajectories in the v-w-h 
phase space (similar to Case 2.2 shown in Fig. 7c-f). Note that, w , the point that FP crosses UK must 
be < w*; otherwise this case will be qualitatively similar to Case 2.2. 
 

 44



 
Figure 10 The 2-to-1 oscillation of the follower neuron due to a strong A-current. (a) The two time 
traces show the 2-to-1 solution of the follower neuron PY and the pacemaker PD respectively. Points 
1-8 represent the eight critical positions in a (doubled) cycle. This is the same trace shown in Figure 
3d. (b)-(c) show the dynamics in the v-w phase plane. [1]-[8] represent the relative v-nullclines when 
the trajectory reaches the correspondingly numbered critical point. (b) After the inhibition, the 
trajectory jumps from 1 to 2 due to the transient rise of the v-nullcline. Then it moves to 3 and stays 
there during Tin, and simultaneously the middle branch shrinks from LK. (c) The trajectory stays on 
MB1 during the next cycle of Tact (4 and 5), and jumps to the right (6) following the inhibition. The 
trajectory then moves upwards to position 7, and jumps to the left branch (8) when the cycle inhibition 
begins. (d) The dynamics on the middle branch as seen in the w-h phase plane. The inhibition causes 
LK and UK to shift to LK1 and UK1 at the onset of Tact. The trajectory reaches 3 as LK shifts to LK1 

and keeps moving to 5 at the end of Tact. Because the point 5 is below LK, the shift back from LK1 to 
LK at the end of Tact immediately releases the trajectory from the middle branch. 
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Figure 11 The analytic solutions of hn (left panel) and the numerical simulation of the membrane 
potential of PY (right panel). The boxes in the right panel represent the active duration of the 
pacemaker or Tact. (a1)-(a3) hn and the membrane potential shown for three values of gA (4 , 8 and 20 
nS, respectively). The periodic solution changes from 1-to-1 to 2-to-1 and then 3-to-1. (b) An unusual 
solution when gA = 5 nS (between the values in (a1) and (a2)). In this case, the solution is also 3-to-1, 
but different from the solution in Case (a3). The parameters we used in the recursive computation have 
the following values: (in ms) Tin = Tact = 500, τhl = 495, τhm = 810, τhh = 500; (in mV) vθ = -6, EL = -60, 
ECa = 120, vCa = -1.2, kCa = -18, EK = -84; (in nS) gL = 2, gCa = 4, gK = 8; (in pA) Iext = 75; wFP = 0.  
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