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0.  Abstract: 

 
     In order to test the hypothesis that the borders between sympatric pairs 
of plant species contain less overlap than do those between allopatric 
pairs, borders between 15 different combinations of competing plant 
species were investigated.  A grid transect method was used to assess 
above ground interactions between 9 pairs of sympatric species and 6 
pairs of allopatric species.   It was determined that sympatric pairs 
generally have borders with less overlap between them than those 
between allopatric species (p=0.0130).  It is postulated that the 
mechanism occurs through root interactions.  The experimental results 
were then matched to a simple mathematical model, which reproduces the 
observations witnessed in the field and provides a mechanistic 
understanding of the behavior according to certain physiological 
parameters.  The notion of a threshold, as relating to plant competition, is 
introduced and several novel extensions of the model are then formulated 
which account for fast and slow processes of plant competition, seasonal 
variation, and above and below ground coupling of biomass.  Also, an 
important problem on mixed spatial strategies of plants is outlined and 
here receives its first semi-rigorous mathematical formulation.   
 
Key words: allopatric, sympatric, borders, invasive species, plant 
competition models, threshold, biomass coupling, propagation 
optimization. 

 
I.  Introduction: 

     Invasive species, species that thrive in areas from which they did not 
originate, cause serious problems when they out-compete the native 
inhabitants.  The problems involve a significant reduction of biodiversity, 
the degradation of land, risks to public health, and economic losses.  The 
economic losses caused only by invasive plant species are particularly 
astounding, as they amount to approximately $137 billion per year in the 
US (Pimentel, 2000).   According to the National Council for Science and 
the Environment, of this $137 billion dollar loss, $72 billion loss is to 
agriculture alone.  Clearly, the dangers posed to agriculture affect all, as 
nearly everyone relies on agriculture for food.  Hence, the problem will 
continue to be a significant one, at least until science can synthesize food 
by combining molecules and energy, as hypothesized by Feynman (1999).     



     Despite the significance of this threat, solutions continue to elude 
modern biologists and ecologists, as dealing with these problems is nearly 
as difficult as dealing with the ones these species create.  One popular 
attempt to solve these problems is through biocontrol (biological control).   
Biocontrol deals with introducing other species, either nonindigenous or 
indigenous.  With biocontrol, there have been a number of successes, but 
also a number of dramatic failures.  An example of the former case is the 
control of the California cottony-cushion scale, a citrus pest, through the 
introduction of the verdalia beetle from Australia (Secord, 2003).  An 
example of the latter case is the small Indian mongoose, native to Iran, 
which was brought to Hawaii to control rats in the 1800s.  Since then, it 
has caused the local extinction of several birds, reptiles, and the rare 
Japanese Amami rabbit—not to mention that the mongoose is a vector of 
rabies (Lowe, 2003).  Clearly, biocontrol is a delicate matter.  In fact, the 
authors of this paper have been consulted by the ranger of Liberty State 
Park, in northern New Jersey, about problems regarding invasive plant 
species.  Thus, this work was conducted in this vein: to answer such 
problems about long term ecological dynamics of plants.   

     From numerous field observations, we noticed that two different plant 
species would often form sharp borders, that is, distinct regions where the 
population of plants of one species rapidly declined at a position where the 
population of another species began (See Figure 1).  In fact, a general 
pattern seemed to emerge: sympatric pairs of plants, plants originating 
from the same geographic location, tended to overlap less than did 
allopatric pairs of plants, plants originating from geographically different 
locations.  Interestingly, this remained true for sympatric pairs of plants 
which were both alien invasives, but originally from the same geographical 
location (a Déjà vu community).  Fallopia Japonica (Japanese Knotweed) 
and Microstegium vimineum (Japanese stiltgrass) is such a sympatric pair 
of plants whose borders were especially pronounced.  During this study, 
the analog to human immigration control (foreigners trespassing on native 
territory due to their crossing the border) was not missed. 

     Plant borders have been noticed in other contexts, like when there is a 
geological difference in the land (Dale,1999).  In the borders investigated 
in this paper, it is thought that the only significant variable in each case is 
the strength of the root interactions between the plants.  We postulate that 
sympatric pairs of plants tend to have borders with less overlap because 
they have evolved methods to communicate with each other.  One could 
imagine two plants competing for resources underground by having their 
roots foray for nutrients like nitrogen.  The actively expanding root tip is 
thought to be directed according to several factors, including water, 
nitrogen gradients, and especially gravity.  However, that the root tip is 
sensitive to chemicals in the environment makes it prone to being 
“deceived” or inhibited if another plant were to secrete a “counter-



chemical”.  Thus, if one plant were to exploit this by secreting such a 
chemical, it would have a clear advantage and would soon out-compete 
any other plant species in the community.  However, as a means of 
defense, a plant could, in response, develop its own “counter-chemical” 
and preserve its status in the environment.  Modern sympatric plants have 
likely fought this back and forth battle over the course of millions of years.   
Such co-evolution is a dominant theme in so many other areas of biology; 
it seems highly likely to sprout up here has well.  For example, it has been 
proven in numerous instances that plants evolved the ability to dispense 
exudates, chemicals secreted through plant roots which enable plants to 
inhibit the roots of another plant (Rice,1976. Rovira, 1969).   

     In addition to using exudates as a means for defense, it has been 
shown that chemical interactions occur between clonal plants, as well, via 
exudates or possibly non-alleopathic molecules (Holzapfel, 2003. Schenk, 
1999).  Since clonal plants often are still connected and sharing 
resources, they can be considered to be part of the same living organism.  
This leads to one conclusion that root interactions can also serve as a 
means of preventing intraspecific competition, that is competition within 
the same species.  In fact, Turkington and Mehrhoff (1990) have 
speculated that this can be extended to many, if not all sympatric 
interactions.  They provided evidence that plants tend to perform better 
under interspecific competition with their sympatric neighbors, as 
compared to competition with their allopatric neighbors.  This last fact 
helps avoid the fact that a back and forth struggle between two plants 
competing on an evolutionary time scale is not an evolutionary stable 
strategy (ESS).  If plants instead both competed with each other, they 
might both suffer from the extra difficulty in obtaining resources.  Hence, 
they would be more likely to be out-competed by other plants in the 
community.  If, however, the plants use chemicals to minimize the wasting 
of resources, then optimality is still achieved, despite the fact that active 
competition isn’t occurring.  It could be that chemical interactions, which 
have led to “respecting each other’s boundaries”, is still an unstable 
evolutionary strategy, but has delayed the competition for a lengthy period 
of time. 

     To test these theories, we examined the sharpness of the borders in 
each case (sympatric and allopatric) and compared the two groups, 
expecting to see sharper borders with sympatric plants.   It should be 
mentioned that it was never absolutely certain how long the plants had 
been interacting prior to our arrival.  It could be that the border was sharp 
only because the plants were still in the process of propagating toward 
each other.  Again, to avoid this we surveyed not only the border from 
which we gathered data, but also other interacting borders nearby.  It is 
unlikely that in 10-20 cases, all of the interactions would not yet be in a 
steady state interaction.   



     We then matched the measured border data with theoretical borders 
generated by a mathematical model, based on reaction-diffusion 
equations implemented so successfully in many other areas of ecology 
(Cantrell, 2003).  The development of an accurate theoretical model 
provides numerous advantages.  For one, it dispels any questions 
regarding how long the border has been there.  The model can simply run 
for as long a time as needed, forwards or backwards in time.  Also, this 
quality allows for the scientist to make predictions about long term 
behaviors of plants, on any scale.  This is commensurate with the goal of 
trying to solve the problem presented by invasive species.  Furthermore, it 
provides great simplification of the numerous complexities of any 
biological system, thus aiding in human understanding.   In addition to the 
quantitative insight provided by the model, we discuss in the Summary 
and Discussion of Numerical Experiments section several conjectures and 
extrapolations of the conclusions of the model which bear great 
physiological and ecological significance, if correct.  

    Overall, four factors were considered in building the mathematical 
model: growth, propagation, competitive exclusion, and inhibition 
(negative association through exudates or non-allelopathic chemicals).  
First, a non-spatial model is developed.  In this general model for any two 
competing plants, we characterize the final behaviors of the system in 
terms of the underlying parameters (growth rate, carrying capacity, 
inhibition strength, intraspecific competition strength).  The conditions 
necessary for the formations of permanent borders are proposed.  Then, 
we classify sympatric species, allopatric species, and invasive species 
according to the parameter ranges that characterize them.  The model 
shows how the extra inhibition between certain plant species dramatically 
changes the overall structure of the plant profiles (see figure 3).  Also, an 
important concept, called the threshold concept, is proposed as a means 
of describing the coupling between above ground and below ground mass.  
Essentially the idea of the threshold method is that roots are needed 
sustain leaves and stems, and stems and leaves are needed to sustain 
roots.   

     Finally, other topics relevant to plant competition are given 
consideration.  Seasonal variation is considered to some extent.  There it 
is shown how one can modify the existing model so as to include the time 
varying effects of winter and plant death.  Also, a more complicated model 
for the nonlinear coupling between above and below ground biomass is 
proposed.  The system is similar to the model analyzed throughout the 
body of this paper, but it has more equations and hence, more 
parameters.   

     Then, optimal propagation patterns of plants are discussed in some 
detail.  In particular, it is the problem of finding the optimal mixed strategy 



that we are concerned with.  The mixed strategy refers to the ability of 
many plants to propagate both near and far in space from the parent plant.  
Arguments are given which suggest that an optimal ratio exists, or 
perhaps several of them exist, depending on the other constraints.  The 
implications of this for plant evolutionary history are discussed.  It is 
discussed how the problem is important not only to ecology, but possibly 
mathematics as well.   

     Finally, we turn to a specific example of an interaction between two 
desert shrubs.  Again, another optimal dispersal strategy arises, this time 
pertaining to latent periods of seeds prior to germination.  Here, the 
delicacy of optimality in biological systems is addressed.  Our speculations 
provide an interesting example of natural selection working towards 
understanding and elucidating the mysteries of modern species.    

 

 
 
 
II. Methods: 
    Data Collection 
     
     Appropriate borders between combinations of sympatric and allopatric 
species were located in and around northern New Jersey.  9 pairs of sympatric 
species and 6 pairs of allopatric species across a total of 5 sites were included in 
the study (see Table 1).  For each pair, 2 sets of data were taken, resulting in a 
total of 30 plant profiles (see Figure 3.1).  Ideally, we would prefer examining the 
roots, but we found it to be too disruptive to the surrounding environment.  
Instead, we assume that above ground growth corresponds to root spread below.  
This is not true in all cases (such as with desert species), but for the plants we 

Figure 1.  Sharp Borders between Fallopia and Microstegium  



studied, it’s generally a good assumption (see Threshold Concept and Other 
Topics for deeper discussions on this matter). 
 
     Two transects were taken perpendicular to and centered on a given border 
and spaced around 1.5 meters apart as shown in Figure 2.  No special method 
was used to find the perpendicular direction but resulting errors will be minimal.  
Each transect was a 3.5 x 0.5 m rectangle and composed of seven 50 x 50 cm 
quadrats also shown in figure 2.  These dimensions seemed appropriate for all 
the plants that we investigated, but one should always carefully take into 
consideration the ratio of the average size of the largest plant in the study to the 
size of the quadrat before choosing the scale of measurement.  Percentage 
vegetation cover, average height, and the density of each species were 
approximated or measured separately for each species in each quadrat. 
 

   
Figure 2. Schematic representation of transect placement 
 
     Percentage vegetation cover is the percent of a quadrat’s ground space that 
is occluded if the point of view is directly above the plants in consideration (ocular 
estimation).  The measures for both plants did not necessarily add up to one 
hundred percent; if there was a bare patch, it would sum to less.  If the two plants 
grew one on top of another, it would sum to more. 
 
     The average height was an approximate average of the species canopy 
measured with a yardstick.  In cases without a clear canopy (such as low density 



Fallopia japonica) average height is the mean maximum heights of the plants in 
the quadrat. 
 
     Density is meant as a measure of the number of stems in the quadrat.  It was 
sometimes counted exactly but often approximated as follows.  A small typical 
and healthy patch, or “subplot”, was squared off and the number of stems 
counted.  The resulting Stems/Area ratio was multiplied by 
(Quadrat_Area)(%cover/100) to get the density of the quadrat.  In less uniform 
locations an additional coefficient representing the percent density of the quadrat 
relative to the subplot’s density was multiplied in.  

 
Table 1: Overview over the studied species and locations 
 
Type Species Site Date 

Solidago canadensis, 
Solidago rugosa, 
Penstemon digitalis, and 
Eupatorium rugosum (aka 
arrowleaf) 

Hamburg 6/27/2005 Sympatric (Native) 

Solidago canadensis and 
Solidago rugosa 

Hamburg 6/21/2005 

Fallopia japonica and 
Microstegium vimineum 

Lenape 6/24/2005 

Berberis thunbergii and 

Microstegium vimineum 

Morristown 
Park 

7/7/2005 

Sympatric (Asian and 
Asian) 

Rubus phoenicolasius and 
Microstegium vimineum 

Morristown 
Park 

7/7/2005 

Artemisia vulgaris and 
Centaurea maculosa 

Hamburg 6/21/2005 

Artemisia vulgaris and 
European grass 

Hamburg 6/21/2005 

Centaurea maculosa and 
Antoxanthum odoratum 

Hamburg 6/21/2005 

Sympatric (European and 
European) 

Artemisia vulgaris and 
Calamagrostis epigeios 

Liberty Park 7/1/2005 

Artemisia vulgaris and 
Microstegium vimineum 

Lenape 6/24/2005 Allopatric (European and 
Asian) 

Artemisia vulgaris and 
Fallopia japonica 

Black 

Meadows 

7/7/2005 

Artemisia vuglaris and 
Populus deltoides 

Liberty Park 7/1/2005 Allopatric (European and 
Native) 

Artemisia vulgaris and Liberty Park 7/1/2005 



 

 
 
III. Quantification of Collected Data 
 
      In figure 3 we show a graph of data collected from two different borders.  The 
transects are labeled on the horizontal axis and scaled values of percent cover 
plotted on the vertical axis.  The vertical axis can also include height and/or 
density (not shown).  The border of figure 3.1 is sympatric while the border in 
figure 3.2 is allopatric.  Such plots were made for each border we studied and for 
each measure taken.   We will now discuss a few methods tried for measuring 
overlap.  The two that showed the most correlation are presented later in the 
results section. 

 
 
     A ratio of the areas shown in figure 4, (Area_AB)/(Area_B) would be small for 
cooperating species and large for a competing one.  For example, no overlap at 
all would result in AB=0 so AB/(B)=0.  It could measure each species separately 
and determine their competition ratio.  Unfortunately, with this method error can 
easily be introduced when approximating the center of the border (for transect 

Solidago canadensis 
Festuca rubra and Solidago 
lancifolia 

Liberty Park 7/1/2005 

Antoxanthum odoratum, 
Eupatorium rugosum, 
Solidago rugosa 

Hamburg 6/21/2005 
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Sympatric 
Border 

Allopatric 
Border 

Figure 3.  Plant profiles, graphical presentation of border data.  The 
left border is sympatric and the right border is allopatric. In both 
figures 3.1 and 3.2, the solid lines represent the plot for Fallopia 
Japonica while the dashed line is Microstegium vimineum in figure 3.1 
and Artemisia in figure 3.2.  

A B 



placement).  For example the white area in figure 4 (labeled B) is larger than 
area A only because the transect was placed slightly right of center and not 
because species A is a stronger competitor.  It may be simple to define the 
center of a border once the data is collected, but the transect needs to be placed 
before taking data.  A catch 22: the problem can be solved by defining the ratio to 
be AB/(A+B).  In our case the extra area in B makes up for the lost area from A, 
unfortunately the individuality is lost in the process.  The results from this method 
did not follow predictions for the example graphs of % cover, density, and 
especially height.  The border portrayed in figure 4 may offer an explanation.  
Since the line above area B is comparatively erratic, the corresponding area is 
then less than it could be, although this is through no influence of plant A.   
For percent cover, this ratio was 0.23 for Sympatric borders and 0.24 for the 
allopatric borders.  It is smaller for sympatric species as expected, but the result 
is not significant. 

 
 
     The area AB was calculated for each border we studied for each measure 
taken (% cover, height, density) and scaled as a percent of total transect area.  
Results were averaged together for each of the five categories shown in Figure 
5.  The allopatric borders plotted are those between native species and Asian 
invaders and between Asian invaders and European invaders.  The sympatric 
borders were grouped into Asian, European and Native.  There is clearly more 
overlap with borders between allopatric plants.  The means of each pairing, the 
overall means of allopatric and sympatric pairs are shown as horizontal lines, and 
the p-value comparing overall means is 0.0130.  The smaller the p-value, the 
less likely to get the same results by chance.  We can interpret this to mean that 
sympatric species have ways of communicating that sharpen borders and 
decrease wasteful competition.   The full data is shown in Table 2 in the 
Appendix.  The results are summarized in Figure 5 below. 
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Figure 4.  An illustration of the Area method, one way of 
quantifying the degree of overlap of the border. 
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     There is another simple method that can be carried out which is perhaps more 
telling than the area method.  As shown in figure 6.1, the horizontal distance 
between the two plot profiles is calculated (in units of quadrats).  These lines 
should be wider for allopatric borders (large overlap) than for sympatric borders 
(small overlap).  An arbitrary threshold value of percent cover can be picked, and 
all the horizontal lines at that value can be measured for all the borders and 
compared.  One could take it away with this method and calculate the horizontal 
distance between the two line graphs for arbitrarily small increments of percent 
cover.  In the special case of figure 6.2, where the threshold intersects the curve 
at more than one point, the point closest to the plant’s side is chosen, as shown 
by the solid black line. 

 

Figure 6.1 
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Figure 6. Hypothetical plots for explaining the threshold method. 
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     Figure 7.1 shows the resulting overlap averages over all the sympatric 
borders and the allopatric borders.  It is clear that the sympatric borders had less 
overlap than the allopatric borders.  Even more can be learned by observing how 
the difference between the two lines changes vs. threshold as plotted in figure 
7.2.  The maximum difference is realized around the 50% threshold, that is the 
maximum difference between the allopatric and sympatric borders.  Since this is 
really what we aim to measure, future studies need only take data in the 50% 
cover range.  This would save great lengths of time and make it possible to 
measure many borders with minimal effort. 
 

Summary and Discussion of Quantification of Collected Data 
 

     Two simple methods for quantifying data taken in the field were 
proposed and implemented.  Both yielded the conclusion that sympatric 
pairs of plants tend to overlap less than do allopatric pairs, on the basis of 
percent cover.  The area method is affected not only by horizontal length 
of the region of overlap, but also by the average height of the region of 
overlap.  In most borders, the height decreased near or at the region of 
overlap, so this was not a major problem.  Nonetheless, to guard against 
uncertainty, we also implemented a threshold method (different from the 
threshold concept discussed in the Spatial Analysis section).  The 
threshold method proved once again that sympatric species overlap less 
than do allopatric species.  Furthermore, the startling conclusion is made 
that one can disregard measurements past the borders where the cover is 
less than 50%.  Of course, if one wishes to collect data to truly quantify 

Figure 7.1 

A graph of overlap average vs. threshold.  Overlap  
is larger for Allopatric borders. 

Figure 7.2 

A graph of the overlap difference between Allopatric 
and Sympatric borders vs. threshold 



and compare to a quantitative, predictive mathematical model, then the 
entire profile should be measured.   
     Overall, data needs to be collected on many more species.  Also, more 
accurate methods, involving less human estimation, are needed—
especially when the data is to be fit to a quantitative mathematical model.  
One would hope that precision is possible in at least one digit behind the 
decimal.  If the tendency is still seen after these considerations are 
accounted for, the next step is to determine how these plants 
communicate with each other.  That is a much more difficult task and 
there is undoubtedly much work to be done. 
     Despite the above statements, one can make some particularly 
interesting conclusions.  Our studies and studies involving other 
investigators (Northrup, 2005) show that the inhibition strength (strength 
of negative association) is particularly strong among Asian plant species.  
In the Modeling section, it is discussed how inhibition strength is 
correlated to history in evolution and how this affects the structure of plant 
profiles.  Basically, the idea is that since the plant co-evolved through 
many years in a back and forth struggle, their inhibition is strong.  When 
one plant secretes harmful chemicals that somehow inhibit the reaction at 
the rapidly dividing root tip, the other plant must retaliate over the course 
of time, for otherwise it would be itself removed.  Futhermore, when a third 
plant begins interacting with either of the two co-evolved plants, it must 
co-evolve as well and develop the ability to retaliate against either of the 
two co-evolved plants, whose reproductive potential would otherwise 
ensure the extinction of the third plant.  Thus, it is seen how such a 
mechanism could have been “transmitted”, in a sense, to all sympatric 
plants of a particular region.   
        With this theory, the information in figure 5 seems extremely 
informative and exciting.  Does the fact that Asian plants interact the 
strongest mean that they have the longest evolutionary history?  That is, 
have those species been in a form closest to what we observe today for 
the longest period of time, hence prolonging their co-evolution?  Perhaps 
that is why they have the strongest interactions, since their genetic 
composition is rather stable, in the evolutionary sense.  Or perhaps it is 
because the Asian environment inherently had more competition in the 
past.  Thus, when plant 1 and plant 2 were not fighting the attacks of one 
another (they attained stability), maybe a third plant entered the system, 
causing one of the two plants to respond which then led to a response of 
the last remaining plant.  Clearly, if there were many such plants in close 
contact, the co-evolution would be much faster and the inhibition would 
then be much stronger.  So, this would tell us a great deal about the 
evolutionary history of species in Asia.  Could this be extended to other 
forms of life on that continent?  Do they also form “borders” due to their 
prolonged and intensified periods of co-evolution?  It would be interesting 
to perform the same experiments that we did on other continents to get 
clues about the evolutionary history of the world on this basis.  For 



instance, is our data conclusive enough to establish that European plants 
are less distant relatives to Asian plants than American plants?  Does it 
prove that plants colonized Europe after they had colonized America or 
simply that there was more intense competition in America? 

     

 
IV. Mathematical Modeling 

 
     Now, a theoretical model robust enough to reproduce numerous observations 
witnessed in the field is presented.  In fact, though the analysis here pertains 
strictly to competing plants, it can be utilized to understand commensalisms and 
mutualistic interactions.  The model takes into consideration four fundamental 
properties of all interacting plants: growth, competition, inhibition (negative 
association), and propagation.  Also, we are only currently interested in the 
behaviors through one growing season.   

  
     Since the primary goal here is to obtain understanding of the general behavior 
and not exact precision (for which our experimental data is not particularly well 
suited), the simplest formulas will be employed.  The quantity in consideration is 
the density of plants of species u at a particular point at a particular time, which 
we denoted by u(x,t).  The spatial dependence will be addressed soon, but 
consider first the spatially homogenous situation, whereby u depends only on t.  
The development of the resulting ordinary differential equation model for the 
homogeneous case will provide important insight for the more complicated partial 
differential equation model in the spatially heterogeneous case.  
 
     The growth term will be modeled by the deterministic logistic equation, since it 
is both density dependent and it attains a maximal capacity, the carrying 
capacity. 
  

 ( )du ru c u
dt

= −     (0.1) 

 
     In most cases in ecology, especially with animals, the logistic equation is 
considered too simple for practical use due to the unstable fixed point at the 
origin (see Figure 8). 
 



 
 
Figure 8.  r is the growth rate [“births”/ plant/season]. c is the maximal capacity at 
any particular area (usually a quadrat).  Both of these values can easily be 
obtained by making observations in the field.   
 
     However, for propagating plants, the assumption is much better.  The 
unstable fixed point is rather appropriate and additionally, the initial exponential 
growth reflects the fact that many plants grow fastest per biomass in early 
development.  The logistic model has been extensively used in the literature (see 
Law (2003), Kot (2001), Leps(1987), Tilman(1997), and Cantrell(2003) for 
examples).     
 
     The next assumption is to include the presence of a second, competing plant 
v(t).  Still assuming the relationship provided by the logistic model, one obtains 
the following equation which includes competitive exclusion: 
 

1 1 1 1

2 2 2 2

( )

( )

du r u c a u b v
dt
dv r v c a u b v
dt

= − −

= − −
    (0.2)  

 
     The 1b and 2b  terms are the interspecific competition terms, that is, 
competition between the two species.  The 1a  and 2a terms are the self inhibition, 
or intraspecific terms.  The origin remains an unstable fixed point, and each 
species settles to the other fixed point, which is diminished in magnitude by the 
presence of the other.  For a more extensive discussion of these equations using 
phase plane analysis, see Haberman(2001), Kot(2001), or Neuhauser(2001). 
The final elementary manipulation of the equations is in including a term to 
capture association.  We assume the form suggested to us by the law of mass 
action.  One is left with the following pair of equations: 
 

( )du ru c u
dt

= −



1 1 1 1 1

2 2 2 2 2

( )

( )

du r u c a u b v k uv
dt
dv r v c a u b v k uv
dt

= − − −

= − − −
   (0.3) 

 
     The astute reader most likely realizes that this model is equivalent to the 
model of pure competition.  The substitutions 1 1 1b kΒ = +  and 2 2 2b kΒ = +  turn 
equations (0.3) into equations (0.2).  The reason for implementing this trivial 
modification is to provide a mechanistic interpretation with the underlying 
ecology.  That is, now the growth parameter has a direct effect on the long term 
behavior of the plants, whereas in (0.2) it does not.  Also, in the Other Topics 
section, a mathematical distinction between 1k and 1b  is made on the basis of the 
time scale of the process. 
 
Nondimensionalized, (0.3) yields  
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     The nondimensionalization obscures the physiological/ecological 
interpretations of the parameters, but it greatly simplifies the mathematics.  For 
our purposes, all parameters are considered to be positive.  Note, however, that 
one could easily use this model to study commensalisms or mutualisms by 
making the values of 1k and 2k  zero or negative, respectively.  The steady states 
of the model are  
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     The first three fixed points are remnants of the fact that the model is based on 
a logistic estimation of plant growth and competition.  The (0,0) fixed point is 
always unstable.  The (0,1) fixed point, in which case species V dominates, is 
stable if 1 1β κ+ < (in which case the “cooperative” state of U* is negative.  This 

occurs if 2
1 1 1 1 2 1 1 2k r r b b k r c c+ < .  The (1,0) fixed point, in which case U 

dominates, is stable when 2 (1 )k α> −  and 2 1 (1 )k g α+ > − .  This implies 
1 ( 1)(1 )g α> − − .  This is likely to hold when 2c , the carrying capacity of v(t), is 
small and 1 1 2 1c r r >  or when 2c is large and 1 1 2 1c r r < .  In order for the fourth 
fixed point to be stable, the following inequalities must be observed: 

2 1(1 ) 1g α κ κ β− < + + −  and 1

1 2 1 2

g(-1+ + )*(-g+g* +k2) >0.
(g +g -g+ * + )

β κ α
αβ ακ κ β κ κ

  The fourth fixed point 

is rather complicated.  However, it is primarily the relative effects that interest us.  
One can see by algebraic manipulation that if 1c  is increased, then U* increases 
relative to V*, which grants species U a competitive edge.  For grasses and small 
plants, the capacities will most often be the largest parameter.  Also, U* again is 
favored to V* as 1r  is increased if, and only if 2 1 1 2 0b c b c− > .  That is, the 
competition strength of species v multiplied by the capacity of species u must be 
less than the product of competition strength of species u multiplied by the 
capacity of species v in order for the growth term alone to positively affect the 
resulting winner.  Also, notice that the denominators of the two steady states are 
identical.  Finally, we should point out that oscillations are impossible for all 
parameter ranges, and this can be proven by the Bendixon-Dulac negative 
criterion, or by the simple observation that one of the above inequalities must 
always be satisfied.   
      
     It is interesting to note that even in the mathematics, which was based on very 
simple assumptions, the resultant behavior of the interaction is a complicated 
expression in which the relationship to a single variable is not obvious at first 
glance.   See (0.6) which lists the steady states in dimensionalized form.     
.   
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The model can also attain the following factorization: 
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The parameters 21α and 12α  represent the net negative effect of plant v on plant u, 
or plant u on v, respectively.  Now, the global behavior can be explained by the 
following graph. 
 

 
Figure 9.  Global behavior for interspecific competition between species u and v.  
The relative carrying capacities and strengths of competition dominate the 
behavior.  The point on the graph and its trajectory shows the global behavior of 
the plants changes dramatically when inhibition is added.  In fact, if inhibition is 
added to either plant individually, or both together, each excludes the presence 
of the other.  Founder control simply says that whichever plant was present first 
in greater concentration will persist while the other will be eliminated.   Figure 
adapted from Neuhauser(2001).   
 
     Figure 9 confirms that this model has extremely desirable features which are 
reflected in the plant interactions that we are studying.   If any point inside the 
square depicting coexistence is considered, and if a sufficient amount of 
inhibition is added to either plant individually, 12α (or 21α ) would be sufficiently 
increased to exclude the existence of the other plant, provided that the initial 
value of 21α ( 12α ) wasn’t already strong.  Essentially, this means that no matter 
how the inhibition is added, competitive exclusion occurs.   
      



     In the context of our study, if two root systems are in the same territory, a 
sufficient amount of inhibition added to one plant will prevent the other plant’s 
roots from occupying that same territory.  However, we can be more precise, still.  
Let us associate large 12α  and 21α values with sympatric interactions, since 
presumably the inhibition evolved over the course of many years during a back 
and forth struggle.  When one plant would increase the potency of their inhibitory 
chemicals, the other plant would then retaliate or be removed itself!  Thus, it 
seems perfectly reasonable, from an evolutionary standpoint, to associate 
large 12α  and 21α  values with sympatric species.  By large 12α  and 21α  values, we 
mean 
 

 1
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2

K
K

α >  and 2
21

1

K
K

α >     (0.9) 

 
     So, sympatric interactions, ones that are likely to form borders, are those 
where both plants satisfy the equalities in (0.9).  On the graph, this corresponds 
to the region where the global dynamics are determined by founder control (see 
figure 10).  Remember that founder control essentially says that whichever plant 
roots were there first and in greater density are the ones that persist.  This allows 
for the existence of borders!  If one imagines a spatially heterogeneous 
distribution of plants, the roots are heavily concentrated locally (near the base of 
each plant).  However, when plants are propagating into newer regions, the roots 
are in a much lower concentration.  Since founder control is the dominating 
influence in the dynamics for the interaction of sympatric species, the plants are 
more likely to persist closer to their parent plants.  Hence, borders are obtained.  
The structure of these borders and how they depend on the parameters will be 
taken up in the Spatial Analysis section.   
 
     Allopatric interactions are the cases where the inhibition is either weak or 
nonexistent.  More precisely, for allopatric interactions, one or more of the 
equalities (0.9) are not satisfied.  Thus, when roots of two allopatric plants meet, 
no “recognition” occurs and hence they either grow into each other (coexistence), 
or the foreign species will successfully out-compete the native species (or vice 
versa if the foreigner is not a successful invasive species).  In either case, this 
explains why our observations in the field indicated that there was more overlap 
between two allopatric species.  The results are summarized in Figure 10. 
 



 
Figure 10.  The interactions according to the parameters that characterize 
them.  This figure, in combination with figure 9, explains the observations 
that sympatric species tend to form borders, while allopatric species tend 
to either have much overlap, or the foreign plant completely takes over 
and out-competes the native species.  In this case, the foreign plant is 
called an invasive species.  Coexistence can also describe interacting 
plants that don’t inhibit each other or compete to a significant extent.   
Figure adapted from Neuhauser(2001).   
 

     Clearly, the significance of inequalities (0.9) has been demonstrated.  So let 
us now explore them further.  In dimensional form, they are 
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     One should notice that if the inequalities are unsatisfied initially, they will 
become satisfied as 1a  and 2a  are increased.  This says that intraspecific 
competition has the ability to improve a plants competitive advantage by forming 
a border.  This has been suggested by much experimental evidence by 
Holzapfel, et. al. in the case of clonal strawberry plants (Holzapfel,2003).   Similar 
reasoning on these lines has also been put forth by Turkington and Mehrhoff 
(1990).   



     If the ratios 1
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b
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and 2
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 are small, then the 12α  and 21α values are roughly 

proportional to 1

1

k
r

and 2

2

k
r

.  That is, the likelihood of a plant successfully out-

competing its neighbor is proportional to the inhibition strength and inversely 
proportional to the growth rate of the other plant.  The inverse proportionality can 
be explained by arguing that since the growth rate is larger, more of the inhibition 
chemical is synthesized per biomass.  Also, a more quickly growing plant could 
more quickly repair itself in the case that the inhibition is allelopathic.  This has 
the consequence that if the inhibition from plant v is increased by the same 
amount that the growth for plant u is increased, there will be no net change in the 
final behavior of the system (and vice versa if u and v are interchanged).  This 
can be verified in equations (0.6).  The same effect is shown to hold true in the 
spatial analysis section. 
     Also, notice that the inequalities are less likely to be satisfied as the 
capacities, 1c  and 2c  increase, if the other is held fixed.  Essentially, as these 
values increase, the plant is becoming more “hospitable” to guests.  All the above 
claims can be verified to hold in the spatial case, which we now pursue. 

 
 

Spatial Model:   
 
The spatial model that we implemented simply uses the above ODE system with 
diffusive terms to produce the following system of partial differential equations.   
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With boundary conditions 
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And initial conditions 

  
( ,0) ( )
( ,0) ( )

u x f x
v x g x

=
=

         (0.13) 

 
     A second-order finite difference scheme with an adaptation to handle large 
changes on the boundary (the boundary layer method) was used to analyze the 
resulting model.  The boundary layer adaptation was included to minimize the 



effect of the Dirichlet boundary conditions in determining the final solutions (see 
below).  The model captures a wide variety of interesting behavior.  It displays 
nonlinear coupling of parameters, intuitive spatial behavior, and several other 
ecological observations.   However, this model also results in some unwanted 
behavior—namely shrinking densities of plants not caused by competition.  To 
help reduce this difficulty, the model fixes the endpoints of the two species at 
maximal capacity, rather than implementing Neumann, or no flux boundary 
conditions.  A discussion of the effectiveness of this approach and the 
effectiveness of using a diffusive term in general will be taken up further in the 
Other Topics section.   
 
 

Threshold Concept:   
 
      Before proceeding to the numerical simulations and conclusions of the model, 

we make use of a physical interpretation about plants.  Doing so also helps 
compensate for approximations in the model and the fact that in the form 
discussed here, competition and negative association (inhibition) are 
mathematically equivalent.   

 
      It was mentioned previously that the u(x,t) and v(x,t) functions can be thought 

of as density of roots.  Our experimental portions, however, relied solely on the 
observations of above ground interactions.  The truth is that in most cases, the 
two are strongly coupled.  The roots need the leaves for sunlight and carbon 
dioxide and the leaves need the roots for water.  In fact, the roots need the 
leaves to even accumulate water, which occurs through capillary action initiated 
by transpiration.  While the nonlinear functions can be quite difficult, the easiest 
way to relate the two is through what we term the threshold concept.  Basically, 
the idea is that in order for above ground mass to occur, there must be a 
sufficient amount of roots beneath it to sustain the life (a quantity which must be 
found experimentally).  Of course, one can point out a few hypothetical cases 
and exceptions, but overall the rule appears to be quite satisfactory.   Further 
refinements in this assumption are made and discussed in the Other Topics 
section.   
 
      One of the great triumphs of the threshold concept is that it helps to explain a 
particularly dramatic case of competition between a Japanese shrub and the 
grass Microstegium vimineum in Morristown Park in northern New Jersey (see 
figure 12).  There was actually a region of bare ground, rather than the usual 
small overlap.  Furthermore, when this patch of bare ground was dug up, 
numerous roots from both species were present.  We postulate that the shrub 
secretes exudates through its roots to which the grass, Microstegium vimineum, 
is particularly responsive.  Light competition can be ruled out at the most 
important factor since microstegium is able to grow with very small amounts of 
light (<18% total daylight).   
 



 

   
 
Figure 11. Identical plants with all parameters equal.  The horizontal lines represent the 

threshold, below which above ground plant mass can not be sustained.  The graphs show 
the initial functions (light blue, magenta) and the steady state solutions (blue, red).  Above 
the graphs are the expected above ground plant mass profiles.  (left) Sufficiently low 
threshold which enables significant overlap.  (right) Higher threshold, like that witnessed 
in Morristown Park which predicts a bare area.  Note that it is entirely possible for the 
thresholds to be different for the two plants, especially if the plants are differing species. 

 

     
Figure. 12. (Ieft) The dramatic observation witness at Morristown Park between a Japanese 

shrub and microstegium vimineum.  (right) A simplified aerial view of the interaction.  
Notice in both cases the bare patch of presumably inhabitable land between the two 
species.  This indicates the strength of the purported exudates.  Consistent with our 
threshold theory, the barren land, when dug up, was found to bear roots beneath the 
soil.     

 

Threshold 



 
Numerical Simulations: 
 

Here we show some of the resulting numerical solutions of the equations and then present a 
discussion of the conclusions. 
 
A possible experiment between two clonal plants: 
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Figure 13.  (left) All parameters are equal and there is no inhibition.  This may correspond 
to an experiment with two clonal plants whose stolon, or connection, has been cut.  Notice 
that even if a threshold is implemented, there still probably exists a high degree of overlap, 
especially in comparison to the graph on the right.  (right) When the inhibition is increased 
to 1 for both plants, the behavior remains the same, but the curves decrease more rapidly 
and further to zero at the opposite boundary (falling to near 0.1, as compared to 0.4 on the 
left). 
 
 
     Figure 13 shows a numerical experiment between two plants which are identical in all 
parameters.  In Figure 13 (left) there doesn’t exist any inhibition between the two plants and 
hence there is most likely a significant amount of overlap, depending on the location of the 
threshold.  In Figure 13 (right) the same experiment is run, except the inhibition was 
increased from 0 to 1 for both plants.  This seems more typical of an interaction between 
two clonal plants.  The height of the density for each plant has now plummeted to near 0.1 
and it is more likely to be below a threshold.  Thus, one concludes that it is not enough for 
each plant to be similar to each other, but a necessary condition that it must inhibit itself in 
order to reduce competition between itself.   
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Figure. 14.  (left)  A simulation indicating an allopatric border, in which the competition is maximal.  

(right) Data from the field which bears similar structure to the simulation.  Fallopia Japonica, 
an Asian invasive, interacts with the Mustard plant, a European invasive.   
 

 
     Figure 14 shows a hypothetical allopatric interaction, a worst case scenario.  In this, 
one plant inhibits the other, but is unaffected itself.  The graph bears a marked similarity 
to an allopatric border witnessed in the field.  Numerical experiment confirms that 
additional inhibition is necessary, in our model, in order for the observed qualitative 
behavior to occur, unless the diffusion constant of the red species is 10 times that of the 
blue species, which is unrealistic.  In fact, let us now further explore the relations in the 
model between the curve shapes and the parameters. 
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Figure 15.  (left) As k2 is increased, that is the red plant inhibits the blue plant, the overall curve 

moves downward and to the right.   Also at the point of intersection, the blue curve gets 
steeper in slope, which is necessary since it is fixed at the right hand boundary.  This has 
the interpretation that the drop off of the blue species is greater, thereby decreasing its 



region of existence at the border, particularly when the threshold has been implemented.  
(right) A simulation demonstrating the described behavior.  Notice that the red curve has 
the shape of a backwards sigmoid, like a negative tanh curve. 
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Figure 16.  A dramatic case of a possible allopatric interaction in which the inhibition k2 from red 

to blue is 5.  Though such plant profiles have been witnessed in the field, it is uncertain 
how likely this results from inhibition alone.  As will be shown in the successive graphs, 
other factors can contribute to this overall shape, so that no one particular parameter has 
to be outstanding (and therefore less biologically feasible) in order to attain this perfectly 
reasonable plant profile.   
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Figure  17  (left)  All parameters are equal and there exists inhibition.  When the growth rate is 
increased, the red curve shifts upward and to the right, while the blue curve moves in the 
same fashion as it did for when k2 was increased from 0 to 1—downward and to the right.  
One notices that the red curve develops a backwards sigmoidal shape.  Also, in the case 
shown above, the growth rate was quadrupled in order to produce a marked difference.  
Thus, while growth is coupled to inhibition, it produces less dramatic results than 
increasing the inhibition directly.  This has the physiological interpretation that the more 
quickly a plant grows, the less strong its inhibition needs to be in order to successfully 
compete.  In fact, in (right) the inhibition strengths are the same. 
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Figure 18. (left) All parameters are equal and the diffusion constants are 0.1.  As D1 is 

increased, the red curve moves upward and to the right, again developing a backwards 
sigmoid shape. (right) A simulation where the diffusion parameter is increased. 
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Figure 19.  (left) All parameters are equal.  (right) All parameters (i.e. growth, inhibition, and the 

diffusion constant) are doubled for the red plant species.  The resulting curve is 



something typical of numerous observations witnessed in the field, and resembles the 
dramatic profile in Figure 16, where k2=5.  The nice feature of (right) is that such strong 
competition can occur, and yet all parameters can still very likely reside in physiological 
ranges. 
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Figure 20.  Two observations from the field which carry the same qualitative plant profile as 

that in figure 17 (right), especially once the plant threshold is taken to account.   
  
 
Summary and Discussion of Numerical Experiments 
  

     The behavior of the red curve seems to be affected by each of the 
parameters—inhibition, diffusion, and growth—in the same way.  In each case, 
the intersection point moves to the right where the slope of the blue curve is 
steeper.  Also, as each parameter was increased, the curve increasingly 
resembled a negative tanh curve, or a flattened backwards sigmoid curve.  The 
curve was most strongly affected by the inhibition constant, k.  That is, if the ratio 
k1/k2 was significantly greater than 1, this would have the most important effect 
on the overall curve shape, as long as the other parameters were held constant 
at their default values (in the simulations, this was r1=r2=0.5 D1=D2=0.1 
k1=k2=1).  The next most significant parameter in defining the curve shape was 
the diffusion constant D1.  If the ratio D1/D2 was significantly greater than 1, the 
red curve would again form the “winning strategy shape”.  The result is 
summarized below. 
 
Inhibition constant > Diffusion constant > Growth.   
 
     All have the effect of increasing existing competition.  It seems reasonable 
that inhibition is coupled to growth for the reason given in Figure 15, but it is less 
clear why inhibition should be coupled to the diffusion constant.  The diffusion 
constant depicts the plant’s tendency to propagate.  This is done typically by 
sending out a shoot or a stolon, or by dispersing seeds locally.  The model 
predicts that plants with a high tendency for propagation also have a strong 
competitive advantage.  Perhaps it is that plants send out the most exudates 
(inhibition) when giving rise to a new plant, so as to give it a better chance of 



survival.  Perhaps it is that since everything in the developing plant is being more 
rapidly synthesized, the exudates are also experiencing increased synthesis.   
 
     If this is the case, then it seems that a seed’s chance of survival is enhanced, 
to a certain degree, if it is surrounded by other seeds from its parent plant.  Of 
course, the presence of other seedlings also creates more sources of 
competition, but it is possible that a mechanism analogous to human fertilization 
occurs.  In human fertilization, the ovum is prevented from being fertilized by 
more than one sperm by changing its internal Ca+2 concentration and then 
forming an impenetrable membrane, known as the fertilization membrane.  
Perhaps the first seed that begins establishing itself, while secreting the relatively 
high concentrations of exudates, inhibits the development of its neighboring 
seed, so as to prevent future competition within the same species.  The chemical 
which inhibits its neighboring seed may or may not be an exudate.  It is highly 
possible and maybe even probable that it is an altogether different chemical, 
which is secreted at a certain stage in the development process, for if it were 
secreted too early, the seedling would not make good use of the high 
concentration of exudates secreted by the neighboring developing seedlings.  
Also, there seems to be less of a reason to compete at the early stages since all 
the needed energy is stored in the endosperm.   
 
     A counterargument to the above hypothesis is that it would be beneficial to 
prevent development in neighboring seedlings at the earliest stages.  
Furthermore, if it were possible for a seedling to continue secreting exudates 
after it had been induced to stop developing by its neighboring, further developed 
seeds, then perhaps this induction chemical which inhibits development has no 
prescribed time.  All these considerations make for interesting optimization 
problems about seed dispersal and the advantages of clumping versus 
segregating, which are hot topics of debate in plant ecology.  In any case, it is 
interesting that the model makes predictions in this direction, whether they are 
correct or not.   
 

 
Other Topics Relating to Allopatric and Sympatric Borders: 
 
Distinguishing Between Competition and Inhibition on the Basis of Time 
Scales 
 
     As mentioned previously, the main model used throughout the paper gave no 
mathematical distinction of competition and inhibition.  Here, we provide one way 
to resolve this difficulty.  The crucial idea comes from experiments by Alpert and 
Holzapfel, which show that roots tend to overlap when exudates (negative 
association) are not implicated (see Figure 21).   
 



 
Figure 21.  21a.) shows cooperating clonal plants which participate in inhibition 
(exudates and such) but not competitive exclusion.  21b.) shows plants that do 
not cooperate and hence compete with each other for resources.  The latter case 
corresponds to k1 and k2 equal to zero.  Thus, the difference can be 
implemented by creating a delay in the competitive exclusion.  The additional 
equations (0.14) carry out this delay. 
 
     There is reason to believe that inhibition, through exudates or other 
processes, is a significantly faster process than competitive exclusion.  It seems 
that exudates and other forms of inhibition somehow keep the developing root tip 
from dividing and extending into the marked territory.  Competitive exclusion, 
however, operates through a sort of war of attrition.  The capacity of the 
intervening region slowly wears down until there are no longer sufficient nutrients 
in the general area to encourage further root growth in that direction.  This can be 
captured mathematically by scaling the capacity equations by factors 1ε and 2ε .   
 
The new set of equations is the following: 
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     The c1 and c2 equations above represent the competitive exclusion terms 
and are scaled by the parameters 1ε  and 2ε .  1M  and 2M  are necessary bounds 
on the capacity, for the case when u and v are both zero.  The carrying 
capacities never attain this upper bound unless u and v are both zero.  We 
conjecture that this behavior, which applies on the scale of individual plants, can 
be extended to frontiers of plants.  The analysis of this model will not be carried 
out in this paper.   However it is important to recognize that this provides us with 
a mathematical criterion for distinguishing between competitive exclusion and 
negative association.   
 
The resulting spatial system of equations would then be the following, with the 
same boundary conditions as before. 
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Problems with the Diffusion Approximation 
 
     Since we are currently only studying the behavior of plants through one 
growing season, shrinking, other than that caused by competition, must be 
rejected on physical grounds.  The shrinking stems from the diffusive term that 
was added for the spatial coupling.  However, even though the equations are 
constructed so that they do not conserve mass, the nature of the diffusive term, 
in that it obeys a conservation law, is problematic.  Consider Figure 22. 

 

 
 
Figure 22. shows the solution of the left boundary point for the problem 
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 with U(0,0)=1 and Neumann boundary conditions.  It is a 

consequence of the approximation in the model, rather than the ecology that the 
solution shrinks suddenly after reaching maximal capacity.  Such models have 
been analyzed by Skellam(1951) and others in contexts that do not include the 
dynamics of plants. 
 
The following calculation for the PDE system also demonstrates the nature of the 
shrinking: 
 
Let 

2( ,0) 1U x x= −   ( ,0) (2 )V x x x= −  and all other parameters equal to 1.  (0.16) 
On the line segment x=[0,1].   
 



Using the forward euler method, one obtains for the first time step: 
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Thus, at the boundary points, 
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     With a step size of 0.1, the values at the end points decrease by 20%.  As this 
is the first time step, this was not caused by any spatial interaction with the other 
species.  Rather, it is a result of the growth term dropping out due to the fact that 
U and V have attained maximal capacity at the endpoints.  As mentioned 
previously, such a sudden change is not physically realistic.  Thus, as a partial 
remedy, we will fix each species at the maximal capacity on the respective 
endpoints from which they are invading each other. 
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     In general, the problematic shrinking due to the diffusive term occurs only on 
small time scales. We will now derive a condition which assures us that the time 
during which U decreases is sufficiently small.  In general, we would like the 

following to always be true 
2
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Figure 22.  However, it is impossible if all initial conditions are allowable. We now 
derive a condition which guarantees that no shrinking occurs, though it places a 
restriction on the initial function. 
 
First, use the central difference approximation. 
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Combining this with the above inequality gives  
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Since U(x,t)<c for all U, the inequality is satisfied as long as  
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holds for all U.  If h is a distance measure of the length scale of a plant, then 
equations (0.20) shows a sufficient condition for the model to behave correctly, in 
the physical sense that is expected of plants.  Qualitatively, this means that if the 
plant rate of growth at a single location multiplied by the local plant density is 
sufficiently faster than it’s diffusion, shrinking will not be encountered.  It is also 
important to ensure that the time during which the shrinking occurs is small in 
comparison with the overall time of one growing season.  
 
     Overall, the correct way to implement spatial coupling with plants is by a 
nonconservative term, like an integral.  Then, the model problem 
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where k(y) is a kernel which determines the properties of the plant propagation 
and a is either a positive number, or it is equal to infinity.   
 
 
Seasonal Variation 
 
     Here we point out that the model can be used to extract information over 
longer periods of time.  This time varying model can then quite easily be 
extended to improve the spatial model for longer periods of time.  Our analysis 
here is restricted to numerical simulation.  
 
     Consider the problem of perennials versus annuals.  There are two significant 
time periods one must consider: winter and plant death.  For perennials, winter 
occurs every year, while death occurs only once every three years.  For annuals, 
death and winter are simultaneous.  We require a continuous periodic function 
that links maximal growth during the early spring to death, during the beginning 
of winter.  A suitable asymmetric (in height) periodic function is 

sin(2 )g mtc e π−− .  It is easy to fit to observations, since 
1m

period
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2
g −= − , and 

11 sinh (max min)
2maxc e

−− −
= − where max and 

min are known values, corresponding to peak growing season, or the middle of 
winter, et cetera. The graphs for several different parameter choices are shown 
below for clarity. 



 

 
Figure 23.  

sin(2 )g mtc e π−− versus time.  Several different values for g and c are shown. 
 
This periodic function can be used also to model death.  For perennials m=1/3, 
while for annuals, m=1.  The resulting system of equations is the following: 
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u(t) represents the number of perennials and v(t) represents the number of 
annuals.  The capacity is the sum of two time-varying periodic functions.  The 
longer one is the perennial death “clock”, while the faster one is the changing 
season.  The net function, one half of their sum is shown below: 
 

 
Figure 24.  In blue is the perennial death.  In green is the much faster changing 
of the seasons.  The red curve is the time varying capacity-- the superposition of 
the blue and green curves.   
 
     Intuition leads one to suggest that species u may have an advantage over 
species v because of its prolonged life span.  This coerces v to constantly have 
to ‘catch up’ to u.  Numerical experiment confirms this assertion.  For parameters 



where both u and v are equally well fit when bearing constant carrying capacities, 
u tends to win when the time varying capacity is added.  This is yet another 
strategy that plants can employ to successfully compete.   
 
Here is the resulting time plot (for a duration lasting 13 seasons): 

    
Figure 25. Previously, U and V were equally competing with each other—the 
steady state indicated mutual cooperation for the case with constant capacities.  
Once the time varying capacities, due to death and winter, were added U 
acquired a distinct advantage, since it is a perennial.  Ecologically, this is 
because it does not ‘start from scratch’ each time.   

 
 
Alternatives to the Threshold Method: 
 
It was mentioned that the nonlinear coupling between above ground mass and 
below ground mass is most likely very complicated due to the myriad of 
complexities that would be required to be considered.  However, below is one 
possible way of going about the problem.  All the factors we will take into 
consideration are depicted in Figure 26 shown below. 
 
 
 
 
 



 
 
Figure 26.  A picture of all the physiological processes taken into account in our 
model which treats the above ground and the below ground biomasses 
independently.  Figure from Shenk et al. (2001). 
 
 
     Let au and bu represent the above and below ground densities of biomasses, 
respectively.  For both the above and below ground masses, a form of the logistic 
equation shall be implemented, though it will be slightly modified.  Also, for now 
we still use the diffusive term, with the knowledge that it should be replaced by 
an appropriate integral. 
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Shading/competing for above ground resources 

Competing for below ground resources 
and inhibition. 

Positive/excitatory effects. 



 
     In the equation for au there are two differences in the logistic term.   One is 
the addition of 1 bd u .  This refers to the positive effect that root mass has on the 
growth of the plant (as roots provide nitrogen, water, etc.).   The other is the  

1bu T−  multiplying 1 1 1 1a a a bc a u b v d u− − + , the capacity for growth terms.  1T  is a 
threshold.  So, multiplying 1bu T−  to the capacity for growth terms has the effect 
of changing the stability of the fixed points for au .  That is, when there is more 
than a certain threshold of roots below ground, a plant begins growing above 
ground.  Also, the 1 buδ  term is there to prevent the zero fixed point from being 
permanently stable, regardless of the amount of roots beneath to support life 
above ground.  This would occur simply because initially there was no plant 
above ground ( au =0 is a fixed point).  The equation for av has an identical 
explanation.  
 
     While we are discussing above ground interactions, it should be pointed out 
that there is no inhibitory term present, because in most cases it is presumed that 
competition is at work above ground (for light, for instance).  However, several 
theories have been proposed which claim that plants are sensitive to the light 
reflected off of other plants (in the red or far red frequencies) and actually use 
this sensory information to direct their growth.   It is obvious how one could add 
this to the model and even incorporate the fact that such an interaction is on a 
different time scale.    

 
     The equations for bu and bv  are almost the exact same as the ones used in 
the body of this paper.  In each of their respective logistic terms, there is an 
additional positive/excitatory term from the fact that leaves help acquire raw 
materials needed for root growth (like carbon and sunlight).  The inhibitory terms 
do not make use of the differing time scale between inhibition and competitive 
exclusion, but again, it is clear how this can be done.  However, if the inhibition 
with differing time scales were included in this model for both the above and 
below ground interactions, we would have 8 PDEs and 36 parameters total!  
While many things could be nondimensionalized and certain reductions could be 
made on the basis of differing time scales, the resulting system still remains 
taxing for analysis.  However, an interesting property of plant physiology that is 
captured in the above equations is the fact that the plants can redistribute the 
concentration of their biomass to allay the affects of a competing plant.  That is, if 
a neighboring plant has a particularly effective, better root strategy, a plant can 
retaliate by consuming much of the above ground resources, such as light.  That 
such a method of retaliation does occur with some plants has been shown by 
Northrup, et. al., particularly between Fallopia Japonica and Microstegium 
vimineum (Northrup, 2005).   

 
Mixed Strategy Optimization 
 
    We now introduce a problem that is a particular favorite of the authors.  It is 
not known exactly how important the problem is, primarily because the solution is 



not yet known, though there is some hint of what occurs in simple cases.  It is 
suspected that the solution, if found, would be widely applicable.  Some 
preliminary work, though not mathematically rigorous, was carried out by 
Makihiko, et al. for the special case of density dependent propagation of clonal 
plants (Makihiko, 2000).  Consider a map of plants scattered on a two 
dimensional plane as shown below in Figure 27.   
 

 
Figure 27. Actual maps taken from spatial patterns of plants.  (left) Map of two 
desert plants that propagate solely through seed dispersal.  The actual size of 
this map is about 8.5’’ x 11’’, so the plants are quite tiny.  Measurements taken 
by Claus Holzapfel.  (right)  Field measurements of 11 different species of plants 
in California.  Figure from (Hozapfel and Mahall, 2001).   
 
 
     As shown in the figure, some plants tend to clump and some tend to 
segregate.  Furthermore, some manage to form segregated clumps.  If a plant 
only propagates locally, then it is highly subject to local disturbances (for instance 
from a geological change or an alteration by an animal).  Also, if the propagation 
is much too close to the parent plant, then strong intraspecific competition is 
inevitable and the offspring has a small chance of survival.  Thus, a certain 
amount of dispersal seems advantageous.  On the other hand, there are many 
ways in which clumping of plants helps them survive.  Some plants, like 
strawberry plants, share resources among their clones.  In fact it has been shown 
that these strawberry plants can obtain resources from another 10 connections 
away! (Holzapfel, 2003)  Sharing of resources is postulated in many other plants 
as well.  Also, in the Summary and Discussion of Numerical Experiments section, 



we speculated one possible physiological explanation for the clumping and 
segregation of a single species of plant.   
 
     Basically, the idea behind mixed strategy is to find what the optimal ratio 
between large scale dispersal and small scale dispersal is in a given competition 
among plants.  The following situation, shown in Figure 30, is a story of one 
possible such competition between plant A in blue, which can disperse far and 
near, and plant B which can only disperse near.     
 

 
 
 
The game: 
 
     Define plant Am to be a blue circle of radius am on the finite plane.  The rules 
of this game are as follows:  
 
1.) At the end of each iteration, a plant of type Am gives rise to another plant of 
type Am at a position within radius R of the original plant. 
 
2.) The distance from the offspring plant to the parent plant after each iteration is 
equal to Cm(xn)*R, where Cm(xn) is a probability distribution which maps 
[0,1] [0,1], xn is a the result of the nth experiment of randomly choosing a 
number in [0,1], and R is the maximal radius of dispersal.  The exact location of 
the vertex on the circle resulting from Cm(xn)*R is completely random.   
 

Figure 28. A simulation of the Mixed Strategy Game for The specia
case when plant B (green) only propagates locally, whereas plant A
propagates near and far.  Notice that plant A begins to “encase” pla
B.   
 



3.) No two plants are allowed to overlap.  If this occurs, the plant that was there 
first stays and the second one disappears.  If both reach the same point 
simultaneously, both disappear.   
 
Note: Cm(x) is not necessarily the same function for all plants.  That is, for all m.   
 
The problem: 
 
     To find the optimal function Cm(x) that promotes, with the highest probability, a 
“winning solution” as a function dependent on other factors including plant area, 
the other possibly known functions Cj(x) j≠ m, domain size, and initial conditions.   
 
     A “winning solution” can satisfy one of many definitions.  Most likely, in 
different geographical areas, different definitions would be preferred.  Below are 
a few examples. 
 
A “winning solution” is: 
 

1.) Covering the majority of the area on a prescribed finite domain.   
 
     In this case, the game ends when rule 1 can not be satisfied without breaking 
rules 2 or 3.   
 

OR 
 

2.) “Encasing” all plants of other species in some finite square (not 
necessarily predefined in size) which encloses every plant species. See 
Figure 30 (5) to see what is meant by “encasing”.  A rigorous definition of 
“encasing” is not hard to provide from the picture.   

 
     In this case, the domain would be finite only if a winning strategy exists.  
Also, the size of this finite domain is not specified at the beginning of the 
game.  Rather it depends on the properties of the plants.  This has the 
interesting consequence that should optimal strategies exist in certain cases, 
they may never be seen in nature because the domain for which they are 
optimal is larger than any domain in their habitat. 
 

OR 
 
3.) Covering the majority of the area on an infinite domain.   
 

Definition: If Area covered by plant Am is greater than the area covered by 
plants Aj j≠ m for all finite squares about the origin with area greater than 
some M∈Z , then it covers the majority of the area on an infinite domain.   

 



     This specification has its importance in classifying the behaviors 
mathematically, since no ecological domain is infinite.  It can distinguish 
differences between solutions which display a significant amount of encasing, 
though not complete encasing, and solutions which display little or no encasing. 
 
     Clearly, the problem is beyond current methods known to the authors, but 
special cases seem amenable to rudimentary attack.  Also, certain reductions 
can be made.  For instance, the problem can be studied on the real line, with 
intervals replacing circles in the descriptions above.  Also, discrete experiments 
and discrete probability functions can replace their continuous analogs described 
above.   Finally, it is clear that the problem can be studied computationally.   
 
     Should the above problem be solved, it can be made more realistic by 
allowing the plants (i.e. circles) to grow in radius with each iteration up to some 
limiting value.  Also, the methods from the body of this paper discussing overlap 
could then be incorporated into the problem.  Multiple seeds could be taken into 
consideration, and so could the differing time scales of plant growth and seed 
dispersal.     
 
     We believe that this problem is not only important, but fundamental to 
understanding modern plant ecology.  Furthermore, it could provide startling 
insight into the problems about the evolution of plants.  Is there a universal 
optimal strategy?  Or does optimality depend on what plants are being competed 
against?  If it is plant dependent, are there only a finite number of optimal 
strategies?  Do all the plants that exist today have one of these optimal strategies 
because all others were selected against?  Are invasive plants better than native 
plants because their mixed strategies are better?  Are certain strategies optimal, 
but unattainable by plants because in order to get there, a plant must tread 
through a sequence of strategies which are not successful ones (or optimal 
ones)?  How does the mixed strategy depend on the properties of the 
geographical area?  If something can be said on this, does this explain why 
Asian invasives have been more successful than European invasives?   
 
     What types of interesting mathematics may arise from the study of this 
problem?  On the line, the problem seems like an ergodic theory where the 
mappings are multiple valued at each step.     
 
 
Desert Shrubs in the Mohave Desert (a sympatric interaction) 
 
     Bromus madritensis ssp. rubens and Schismus barbatus are two desert 
shrubs in the Mojave desert that have been studied extensively by Claus 
Holzapfel and other investigators (Holzapfel et. al. 1999).  These desert shrubs, 
both invasive species from Europe (hence a Déjà vu Community), have a 
peculiar interaction with each other and their environment.  Bromus encourages 
growth of Schismus, while Schismus inhibits Bromus.  Also, both plants are 



highly sensitive to rain, and if little precipitation falls during the year, or if the 
precipitation is not evenly distributed over the course of the growing season, both 
plants will suffer heavy losses in the number of seeds available for germination in 
the next growing season.  Also, their seeds typically do not last for more than one 
or two years in the desert.  Finally, a bird has recently come and begun eating 
the seeds of the Schismus plant.  This information is summarized in the following 
diagram.   
 

 
 
 
Figure 29.  The arrows represent positive association, while the bar represents 
inhibition.  Not shown above is the effect of death, the distinction between first 
and second generation seeds, and the dying off of old seeds.   
 
     There are two more intricacies about the plants that aren’t captured in the 
above diagram.  When there is no rain, the Schismus plants tend to dry up in a 
hibernating state until there is a period with more rain.  Thus, very few of them 
die during this time, and hence the population is somewhat stabilized, despite the 
large loss of seeds.  Also, the rain will not be predicted in our model and must be 
used as input.  For future predictions, one must list several possible guesses of 
what next year’s precipitation will be.  Since we have 11 data sets, many of the 
parameters which remain after the nondimensionalization can be fit accurately.  
Thus, the model has the amusing consequence of being able to relate data on 
precipitation in past years, simply from knowing the data about the Bromus plants 
and their seeds.   
 
     As our data consists of yearly observations performed at the end of each 
growing season (which is much shorter than the span of the entire year), it 

Bromus 
Schismus 

seeds seeds 

If rain is sufficient 



seems appropriate to model the problem using the theory of discrete dynamical 
systems.  Thus, the resulting system is the following. 
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     nB  and nβ are the numbers of Bromus plants and Bromus seeds, 
respectively, while nS and nσ are the numbers of Schismus plants and seeds, 
respectively.  1γ  and 2γ  are the probabilities of a one-year-old seed and two year 
old seed germinating, respectively.  Clearly, nB should somehow be proportional 
to these quantities.  The factor 

21( )nBe ε− is multiplied to these terms to avoid issues 
of infinite capacity required to support Bromus plants.  Similarly, the other 
exponential terms are there to impose a boundedness on the appropriate 
quantities.  The functions 1( ( ) )r n τ−  and 2( ( ) )r n τ−  are positive or negative 
depending on whether or not the amount of precipitation, r(n), was greater than 
some threshold, 1τ or 2τ , necessary for seed production for each respective 
plant.  1ϕ  and 2ϕ  are the probabilities of the Schismus seeds germinating after 
one and two years, respectively.  b  is the percentage of seeds that the birds are 
eating per year.  1δ  is the death constant and is proportional to the number of 
Bromus plants, nB .  A much more interesting term is the death term for 

Schismus, 2
2(1 tanh( ( ( ) ))

2
nr n Sδ ψ τ+ − .  It has the property that in high levels of 

rain, the death term decreases rapidly.  Notice that this system can be reduced to 
have only two dependent variables: nB  and nβ .   
 
     Holzapfel has data which shows that the Bromus plants are “being reckless in 
a dangerous world”.  That is, the Bromus plants have too high a probability of 
germinating during the first year, thus putting themselves in danger whenever a 
drought arrives because they have less of a reserve in their seed bank.  In the 
model, this corresponds to a large 1γ .  Schismus, on the other hand, also loses 
many seeds during periods of drought (perhaps not as many), but it has the 
ability to d Also, a known relation among some of the parameters is the following: 
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     This is true because the seed fertility decreases as years pass.  The model 
assumes that by the third year, germination of the seed is not possible.  How well 
the model captures the actual dynamics witnessed in the field is to be left for 
future work.  The important question is whether or not Bromus will tend to 
extinction from the Mojave desert, since there were several consecutive years of 
little rain.  Perhaps the influx of birds will reduce enough seeds so as to reduce 
competition with Bromus so that it may make a comeback.   
      
     A few other discussions in this paper focus on the question of optimal 
behavior or seed dispersal.  That the dynamics of Bromus and Schismus are so 
heavily influenced by the germination of latent seeds is yet another clue to the 
importance of this fascinating topic.  It seems that here, too, there exists some 
optimal program encoded in the plant’s genes which prescribe the seed’s latent 
period.  For if a plant germinates too many of its seeds and leaves no reserve 
bank, it will be subject to droughts or other transient environmental conditions like 
Bromus.  If a plant waits too long before germinating the majority of its seeds, 
then it is more apt to be out-competed by plants that takeover the territory during 
the intervening absence.   
 
     One could also imagine a situation where a “lazy” plant with latent seeds waits 
too long to germinate and is out-competed for nutrients by an opportunistic plant.  
The seeds of the “lazy” plant, after some time, are then no longer viable.  
However, the opportunistic plant, having too short a latent period and essentially 
no reserve bank, encounters a particularly bitter winter/drought which then wipes 
it out.  Hence, both species lost in this case by trying for their solutions which 
were advantageous in certain respects, but not optimal.  That optimality is such a 
delicate quality may explain why over 99% of all species that ever existed on 
earth are now extinct.  It also may help explain why humans are such 
extraordinary creatures.  Very few scientists have not wondered why the human 
body is so much better than it needs to be in order to persist.  One needs only to 
contemplate why they can understand this sentence in order to confirm the 
previous statement.  That competition among plants through these optimal 
algorithms may provide the crucial insight into these biological problems is 
certainly an exciting prospect! 
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Appendix 
 

     

Table 2 
Area 

Calculations    
          

  Sympatric   Allopatric 
  A B AB   A B AB 

1Cover 221 45 164 Cover 205 330 70
1Stems 195.4745 195.3589 210.4078 Stems 181.7437 326.213 123.787
1Height 28.2051 219.4872 365.1282 Height 205.5556 266.6667 161.1111
2Cover 335 260 10 Cover 0 340 120
2Stems 267.5113 258.6149 11.6554 Stems 82.4543 313.1593 197.5457
2Height 193.1169 206.4935 152.5974 Height 14.4444 268.8889 357.7778
3Cover 308 140 17 Cover 335 260 75
3Stems 298.7705 233.4426 26.2295 Stems 226.7857 273.2143 35.7143
3Height 0 292.9487 291.6667 Height 285.3659 98.6696 219.5122
4Cover 292 0 123 Cover 175 290 85

 Stems 235.7143 75.7143 314.2857 Stems 156.2675 404.2296 60.0561
 Height 14.6341 51.1047 548.8953 Height 150 187.7833 216.6667

5Cover 285 200 40 Cover 55 320 100
 Stems 292.9239 162.5 12.5 Stems 133.3333 292.0792 150
 Height 333.3333 161.5 33.3333 Height 0 282.4561 384.2105

6Cover 245 275 0 Cover 170 320 195
 Stems 290 295.7552 0 Stems 100 516.0714 0
 Height 190.6667 330 0 Height 128.5714 298.6417 244.2155

7 Cover 265 110 80     
 Stems 171.2421 200 71.615     
 Height 211.4035 160 183.3333     

8 Cover 443.3 0 106.7     
 Stems 208.7059 127.5294 192.4706     
 Height 180.7692 26.2821 427.5641     

9 Cover 89 280 46     
 Stems 272.743 323.839 53.5728     
 Height 68.5714 133.8095 381.4286     

10 Cover 221 33 139     
 Stems 217.4268 129.4592 162.4052     
 Height 52.5641 169.2308 430.7692     

11 Cover 300 330 20     
 Stems 280.2083 273.9583 26.0417     
 Height 263.5606 219.697 142.803     

12 Cover 295 45 25     



 Stems 289.0984 275.3279 30.9016     
 Height 106.044 253.2967 232.4176     

13 Cover 440 0 0     
 Stems 197.1154 87.5 287.5     
 Height 44.7266 29.2769 578.1305     

14 Cover 180 285 65     
 Stems 244.456 294.4254 27.7968     
 Height 217.1429 292.1429 82.8571     

15 Cover 225 248 0     
 Stems 250 243.2323 0     
 Height 235 350 0     

16 Cover 245 125 55     
 Stems 199.9492 166.8598 73.3841     
 Height 200.9091 177.2727 162.7273     

17 Cover 230 0 185     
 Stems 232.0122 23.8894 207.3606     
 Height 129.8246 32.1272 449.1228     

18 Cover 89 70 116     
 Stems 203.6538 110.3365 161.9712     
 Height 89.1866 63.1579 392.6316     
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